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AN EXAMPLE OF SEQUENCE OF BLASCHKE
PRODUCTS WHICH CONVERGE UNIFORMLY
AT A UNIT DISK

Ljupto Nastovski

Abstract

The question of existence of sequence of Blaschke products
which uniformly converges on the whole unit disk D = {z:]z] < 1}
is an important one. So, in this paper it is given an example of
sequence of Blaschke products which uniformly converges on the
whole unit disk D = {z:]z] < 1} and even more whose boundary
value is Blaschke product.

The definition of Blaschke product and some of this properties are
given in the following:

Theorem A ([2]). Let ay,as,... be a sequence of compler numbers

such that 0 < |ay] < lag] < -+ < 1 and Y (1 = |a,|) < . Then the
n=1

infinite product

 lan| an — 2
B(Z) = H I‘:‘_‘d:
n=1

(2% oA

converges uniformly in each disk |z| < R < 1. Fach an is zero of B(z),
with multiplicity equal to the number of times it occurs in the sequence;
and B(z) has no other zeros in |z| < 1. Finally |B(z)| < 1 in |z| < 1, and
|B(e*?)] =1 a.e.
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The function B(z), in the theorem above is called Blaschke product.
We mention that for real numbers ay,as,...,a, the form of the Blaschke
product is

o]
Uy — 2
B =1 7~
n=1 m
Now, we will give the example.
Let
(m) =
/\ng) =re” “ , where Z(l -1y < oo, 7 E€R
k=1

and

m : 1
(,L(k ) = (1-r.)*—, meN.
' m

We consider the Blaschke products

o] {(m) -
AU

bu(z) = ] —, meN. (1)

, (m)
puie 1 — /\km =

We will use Cauchy’s criterion for uniformly convergence at sequences
at functions to show uniform convergence on the unit disk for sequence of
Blaschke products (1).

The next inequalities will be used in the subsequent work.

i)If r € (0,1) and |z] < 1, then 1 — r < |1 — 72|.
ii) If z > 0 and y > 0 then |e™" —e7Y| < |x —y|.

iii) Let ay,as,...,a, and ¢1, ¢, ..., ¢, are complex numbers, all having
module less than 1. Then the inequality

n n 1
H(L]‘—HC]‘ SE la; —c;].
j=1 j=1 =1

holds.
We will do the next estimations:

lbm(:’:) - bm+p(z)| =

o0 )\(m) s )\(m+p)_z

:Hk—znk

B N (AT S
k=1 L~ /\gcm)z k=11 — ’\(km+p)3 -
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A(km) -z ,\gcm—&-p) _
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1- /\gcm)z 1~ /\gcm+p)z
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Il
—

/\Sc’m) /\(m+P) ("\(km) )\(7"""7))‘)22
( /\(m) )( /\("H'P) )

M

Eod
1
—

()‘Scm) )\(’”‘H‘P) 2)
(1- A‘k’"’z)(l - ASJ"*”’z)

M

L
Il
—

o I/\im) _ /\Scm+p)|

<2 <
pcll VD VCO P TR

X |/\(m) )\(T’H'P)'
<2 =
S =AM A

= |7 ema i€ “im+p)| <
{m} Yy, —
S—re s L= e

=2

0 (m) _gimm)

<2}, 3 k(1__er)2k | <

k=1

(o, @)
(mtp) _ (m)) _
<2 Zl—r ™" —a;] =

Taking into consideration plenous estimations and because series
O

Y- 7&(1— 7)) converges, (it is true Z (1 —7r, < 00), we obtain that the se-
k=1 k=1

quence of Blaschke products (1) uniformly converge on the whole unit disk
D, using Cauchy’s criterion for uniformly convergence on the sequences of
functions.
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A question for the nature of the function hm b,,( ) arises. Tumarkin

in his paper proves the next criterion for the ndtme of the [unction which
is limit of a sequence of Blaschke products which uniformly converge on the
compacts in the unit disk.

Theorem B ([3]). Let

)_,ﬁkl‘I o =2 o

2 I =@z ag;

+
is sequence of Blaschke products which uniformly converge on the compacts
in the unit disk towards function B(z). Necessary and sufficient condition
for « function to be Blaschke product are:

L) In every disk {z:]z] < r}, 0 < r < 1. the number of zeros of the
Sfunctions (Br(z)) is uniformly bounded.

2) Given any positive number ¢, there exists R, 0<R< L, such that

Jor all k € N holds:
> (= jar,) <
low i I>R

We verify the conditions 1) and 2) for the sequences 01‘ Blaschke prod-
ucts (1).

If there exists R € (0,1) so that in {~| | < R} the number of zeros
of the sequence of Blaschke products (1) is not uniformly bounded, we can
choose a sequence of integers (ks), who is strictly increas sequence, and

(1= )P L
for some natural number m holds r ¢~(="%)" % .« R, (m depends on

kg). Because k; — oo when s — oc and rp, — 1 when & — o¢ we obtain
contradiction. So the number of zeros of the sequence of Blaschke products
(1) is uniformly bounded on each disk {z:]z| < R}. R € (0.1).

[t remains to show that for the sequence of Blaschke products (1)

condition 2) of the above criterion hold. For given ¢ > 0, the convelgen((‘
)

of the > (1 - Ai_])) implies that there is p € N so that Z - /\ ) < e
k=1 k=p

Let R = r,. Now, because /\w < /\5)” < 7y for m € N, we obtain that
So(1- /\(kfm)) < ¢ for all m € N.
:\im I>R
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This shows that the sequence of Blaschke products (1) converges to-
wards function which is Blaschke product.
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NPUMEP HA HU3A O BJIAIIIKEOBUM-
IIPOMN3BOJU KOJA PAMHOMEPHO
KOHBEPI'MPA HA EJVMHNYHNOT OJUCK

[

Jbymuo HacToBcku

Pezume

Bo Tpymor e mameH unpwmep Ha HM3a on bBnaumrkeoBu mnpo-
W3BOJM KOja pPaMHOMEPHO KOHBeprupa Ha [eIHOT eIAHUYeH IUCK
D = {z:|z| < 1}. Tloxamano e meka HU3aTa o1 birallkeoBU IPOU3BOIM,
JaseHa BO TPYIOT, KOHBepIUpa KOH (GyHKIHMja Koja e Buamkeos mpo-
U3BOL.
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