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Abstract

Bilinear Hilbert transform in appropriate Colombeau algebras
Grr1 X Grroo are given. The relations of bilinear Hilbert transforms
with the corresponding definitions in Colombeau algebras are given
through special regularizations.

Introduction and Preliminaries

The Hilbert transform (HT), as a simplest singular integral and a pro-
totype of a pseudodifferencial operator, is used in many branches of anal-
ysis. We refer to the monograph [11] for the study of HT of Schwartz
distributions and its subspaces.

Recently, bilinear Hilbert transform (BHT) on LP spaces became in-
teresting. Important papers of Lacey and Thiele [6]-[8] strongly stimulate
the investigations in this direction. In [3] is given the extension of BHT on
distributions.

Problem of multiplication in distribution spaces and the inconvenience
of distribution spaces for nonlinear problems, motivate Colombeau to con-
struct an algebra of generalized functions in which the multiplication of
smooth function is the usual multiplication and in which the distribution
spaces can be embedded and then multiplied. For this theory we refer
to [4,5], (2], [9,10] and [12]. Distributions are embedded into Colombeau
algebra under a proces of regularizations using special delta nets.

In this paper we are interested in the definition of BHT in Colombeau
type algebras. For this reason, we consider weighted Colombeau algebras
Gr». With suitable regularizations we analyse the relations between the
embedded BHT of distributions and the BHT of embedded distributions.
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Breafly:®we define the BHT in Colombeau’s algebra Grei X Grr.. We
use the results of Lacey and Thiele in [6]-[8] and Butkovska, Pilipovié in [3]

for definition and properties of bilinear HT. Then we prove the association
of Ho(f *6.5a%6.) and HZ(f,a) * ..

In the sequel for 1 < p < oo we will write ¢ =

p T and denote by

}» the dual of the space Dyq.. We will not recall the definitions (cf. [14],

[11]).

2. Hilbert transform in Colombeau algebra G;.

We refer to monographs given in the literature for the definitions and
properties of general Colombeau type algebras. Here we will recall def-
initions of those algebras needed in the sequal. They are introduced by
Biagioni in [2] and Oberguggenberger in [9].

Let © be an open set of R™. Denote by £[?] the set of nets (F,)., € €
(0,1), of smooth functions on Q.

Definition 2.1 The set 15[ consists of all nets (F,). € E[Q] with
the following property:
For every a € Ny there ezxist a > 0 and ¢ > 0 such that

IF|, < c- ™.

The set of all LP - null functions Ns[Q] consists of all nets (F,), €
ELo[2) such that for every a € Ny and every a > 0 there ezist ¢ > 0 such
that

”Fs(a)”p <ec-e

For the sake of simplicity, we will write F, instead of (F;)..
Theorems 2.1 and 2.2 which are to follow, are proved by Biagioni and
Oberguggenberger.

Theorem 2.1 £, [Q] and N»[Q] are vector spaces and algebras under
the pointwise multiplication of representatives. Moreover with the differen-
tiation defined by the differentiation of the representatives:

[Fsl(a) = {Fc(a)]’ a € Ny,

they are differential algebras. N»[9] is ideal of £15[S).
Definition 2.2 The space of generalized functions on Q, Gr»(R) is

defined by
Gre () = €[/ N1 [9).
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Elements of Gr» will be denoted by f = [F,], g = [G.], ... -

D
S

Theorem 2.2 G () is an algebm under multzplzcatzon [FE] [Ge]l =
[Fe - Gel.

Definition 2.3 Let f = [F,]; g = [Gc] € D},. It is said that they are
associated if v

AR oy
EANE

/(Fs—Ge)zp—»O
ase — 0, ¥ € Dya. oLy

2.1. Embeddings

The space ’DL,, is embedded into Gr» by the use of a special net of
mollifiers, which is a delta net, but constructed via a function wzth special
properties. We will denote it 6.

Letpe S, [¢=1, f¢>a: =0, for k> 1. In the sequel we will put

TN
g(b('s—), € € (0, 1)

Regularizations of elements in D}, by this delta net will lead to embeddings.
Let f € D},. Then the corre¢pondzng element in GLP is denoted by
Cd f and it-is deﬁned as . ,

Caf=1f+el
Then » | | )
H(Cd f) = [H(f%6.)] = [(f *ae) *p.v.;].

3. Bilinear Hilbert ti‘énsform in Grey X Gres

Definition 3.1 Let F. € Epm and A, € Eps2. Then
HQ,AE(FE'):p.v./ (z—t)A (m+at) aeR\{-1,0}.

We have proved in [3] that if @ € Dys. and ¢ € Dpsy then . |

) o
1o a) ™l <€ Y- ()™l [Py ¥meN. (1)
k=0 o : E



80 v - Aneta Buékovska

Theorem 3.1 (i) Let F, € £1» and A, € Epsa. Then Hy a,(F.) €
Ers. .

(i) Let R, € Npsy and A, € Epvo. Then Hy 4,(R.) € Np».
(iil) Let A, € Npso and F, € Eppr. Then Hy s, (Fe) € Npo.

Proof: (i) We have to prove that for every m € Ng, there exist b € R
and A > 0 such that:

(o)™ <4, cen

Using (1) we obtain

| (Fen ) | <€ 3 (7Y NS 14

k=0

m
m
SCZ (k)cl gTH *Co Lg%
k=0

(ii) Similar to the proof of (i), we have to prove that for every m € Ny,
and for every b € R there exist B > 0 such that:

” (H“vf‘r(&))(m)”p <B-&, ¢€(0,1).

Using (1) we obtain

(o (R) ™ <C kZmI () 1B - 41,

IA
Q
™
—
> 3

(iii) Now we have to prove that for every m € Nj, and for every b € R
there exist B > 0 such that:

”(Ha,A,(Fs))(m)“p <B-&, ¢ e (0,1).
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Using (1) we have

[ (Fentr) ™), <c > (’}Z) 1B, - 140,

-

IA
s I
> 3

C )cl ceTM ey g2

E
1]
=}

IA

B.&°.

Now we can define Bilinear Hilbert transform in Gre1 X Grra.

Definition 3.2 Let f € G1», and a € Grro. Then
Ha(fa a) = [Ha(Fe, Ae)]

In the Theorem that follows we’ll use the same notations as in section
2.1.

Theorem 3.2 Let f € Dy, a € Dpee. Then Cd Hy;, , f is assoociated
with He o(Cd f).

Proof: Let f € D},,, and a € Dps,. Then, for every ¢ € Dp»; using
Th.3 (ii) in [3] we get

(Hgof) % be,9) =(HZ o f % * be)

:(fa Ha,a(¢ * 65))

Then
iﬂ)(fv Ha,a.(w * 66)) = (H;,af’ Q/))

From the other side we have:

(Hoal f* be)s 1) =<"H:1_a,a(f * 8¢), %)
=(f * b, _H—-l-—a,a"/)) = <f7 (_H—l—oﬂ/’) * 65)7

and if € — 0 we have
ll_g})(fv _H;l—a,a¢) = <—H:1—a,af, Q,b)

So, we prove the above asertion.
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Definition 3.3 Let f € D},, and a € D,,, then

Ho(Cd f,Cd a) = p.o. / Cd f(z - t)Cd a(s + at)-“-’t-t-.

Theorem 3.3 Let f € Dy,, and a € Di,,, then H,(Cd f,Cd a) is
associated with Cd HX(f, Ac).

Proof: Let f € D},,, and a € Dy,,. Then, for every 1[) € Drry, when
A, = a* 6, using Th.3 (ii) in [3] we get

((Ha(f, Ae)) * 8e, ) =(H () Ae), ¥ + 6c)
=<f’ Ha(¢ * 0c, Ae))-

Then
lim (f, Ha(9 * be, Ae)) = (Ha(f, Ac), ¥)-

From the other side we have:
(Ho(f % 6e, Ac)y¥) = (—HZ1_o(f # 8, Ae), ¥)
= (f+be,—H-1-a(, Ac)) = (£, (- H-1-a(¥, Ac)) * &),
and if ¢ — 0 then

im (f, —H_1-a(¥, Ae)) = (—HZ;_,(f, Ac), ¥)-

So, we prove the above asertion.
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BUJIMHEAPHA XMNJIBEPTOBA
TPAHC®OPMAIIMIA BO G X Grss

Anera ByukoBcka

Peszume

Bo oBoj Tpya ce pa3riaenyBa GuivAeapHaTa XUIGEPTOBA TPAHC-
dopmanuja Bo KonomGooBuTe anre6pu Grei X Grey. Pemamumre mery
bunmreapHaTa XuiabepToBa TpaHCcHOPMAIMja U COONBETHUTE dedUHU-
muu Bo KosoMmbGooBuTe anredbpu ce HaleHM IOpeKy cOelMjalHU pery-
JNapu3anun.
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