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ON (r+is)=-ANALYTICAL FUNCTIONS WITH LINEAR
CHARACTERISTIC FUNCTION

Borko Ilievski

Abstract. In this work, we determinated generalisated analy-
tical functions in an areolar form of the third class with linear
characteristic function.

" It is known that the equation

M - Aw + BW + F, (1)
3z
where
aw _ Ledu _ 3v . 4 dv . du
= = 2[ax 5y + i(ax + ay)] (2)

is the operator derivative in z=x-iy of the function w=u(x,y)+iv(x,y)
in the simple connected domain D, define different classes of ge-
neralised analytical functions in the sense of G.N.PoloZii [1].
For example, the equation (1):

a) if A=F = 0 and B = y = r+is is a continuous function of
the complex variable z=x+iy in D, determine so called generalised
analytical functions of the third class or (r+is)-analytical
functions in D with given characteristic y = r+is;

b) if F = 0, A = A(z) and B = B(z) are continuous functions
in D determine so called generalised analytic functions of the
fourth class;

¢c) if A=B = 0 and F = F(z) is an analytic function in D,
then (1) determine so called beanalytic functions (in the sense
of Goursatt [2]) e.t.c.

In the sense of itterations, the equation\(L) was treated by
I.N.Vekua [3].

In this work we established the problem to determine the
generalised analytical functions of the third class with linear
characteristic function u = r+is = az+b, which are defined by
equation )
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3W - (az+b)W (a,b€EC) (3)
32
The problem will be solved in two steps.
Step 1. Since in the known books there are not algorithams
about the quadratures of the equations
F(z,E,E,gg) =0,
9z
where the unknown function w is under complex conjugation, we
using the method of areolar series [4,5] and we look for solution
of the equation

L (reC) (4)
9z
in the form .

w= 1 c_zFz9 (5)

p.g=° pq
1f we put the function (5) into (4) we get the identity

: qc_zPz3"'zaz ¢ T _ zP2

p=o,q=1 P9 p.q=o P9

Since the coefficients of zuEB in two sides of the identity must
be equal, we get the infinite system:

C,, — arbitrary

C,o — arbitrary

C,, =0

[ - arbitrary
- aC
2c.' =0 °°

- arbitrary

(6)

gno - arbitrary

n-1 1 ACO n-a

0l

2Cn_3 2 = ACy n-a

3Cn_3 3 =G, n-s

ol

(n=1,2,...)

e

= A
11 n-2 o
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(a) the coefficients

Cpo (p=0,1,2,...)

are arbitrary
(b) the coefficients
Coq (g=1,2,...)
are zero, which implies

nai-0
2 nte -0
Chtz » =0
Cy pes =0 (n=2,3,...)
Chts s = 0
CG n+s =0

(c) the coefficients Cpq’ which does not appear in. (a) and

(b) can be expressed in an uniquelly way by the above coefficients
C by formulas

po
C1n = %AEn—1 o
Cn+1 P %161 n
ca 9+z = 5%7A6n+1 2
cn+3 4 %AE: n+2
= 1,c (7)

. _ 1 _

Ck n+k-1 n+k-1kcn+k—a k-1
_ 1 .=

Chek k+1 ~ Tk n+k-1
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To state precisely, the formulas (7) by succesive change, give us
to express the coefficients of the left side of these eguations

0" This is valid for n=1,2,...

via arbitrary coefficients Cn—1

The areolar series(5) in development form (6) is

w = 400

+ ¢, .2 + 0

+
Q
N

+
a 0O O
N
~

Ty

If we classify the members in w in a way like in (8) and after

that by formulas (7) express all coefficients Cpq via arbitrary

Cn-1 o (n=1,2,...) we get )
® o —p+1
w= 1C_zP+2rz:C PLi +
p=o PO pmo PO P¥I
. —_ @ p+1 3 ® _ Ep+3
+ a2z 3z c. E— 4+ |al®r 3T + (9)
[x]2z 7.5 Cpo b1 Y 3L, e BFD (pFD)
—4 = p+3 s © _ —p+s
o z z o Z Z +
* T2 a E G Rt T T o G R )
- » pw - © —pH
6 Z Z 6 2z = Z
+ Ial°z 7475~ Coo B 67 5950 * Ia1ea 2555, - o G (53 (5990 (7Y
+ iy,

We take the coefficients Cpo (p=0,1,2,...) arbitrary, so that the

series

o

g c_ 2P
p=o P°
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converge in some disc D={z: |z| < R}. In the disc D, the series
define an analytic function ¢ (2):
]
T Cpozp = ¢(2) - arbitrary analytic function
p=o
We can integrate this serie in D term by term and so the formula
{(9) can be write in the following form ’

w=¢$(z) + AzJ?(z)dE +

> 2 3
+ |A] %2 Eff¢(z)dz + (A% ETJ?dEJ$(z)dE +

=4 s
+ a4z %szzdzj¢(z)dz + |al“a %TIJEdEIEd?J$(z)dE +

BV ET%Tgfzdszdzj¢(z)dz + |[a] % 77§;3J§dEIEdEJEdEII(z)dE +

+

cee +

or, shortly,

fl

w=6(z) + xzf?(z)di +

+

® |A|zn ~2Nn
2z I ——I[z szzIzdz...szzJ¢(z)dz + (10)
n=12"-n! R P

! x—
xz’“J?dEJEdE...JEdEfEdEI$(z)dE]

>

+

~
n+1

Since the integral of an analytic function is also an analytic
function the succesive ‘integrals in (10) are bounded in every
closed domain D* = {z: |z| < p < RleD. Since the serie

2n_an
RYPHRNTON LY i e
2%.n!

converge, the estimate
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I|X|2n —2n[ f
—H———[z zdz|2dz...|zdz|¢ (z2)dz +
2" .n! J J
s - WV
n

+ Az szz[zdz...IEdE(?dEI?(z)dz]|

\

—
2n_za2n +1

< (M+[x|N)“I L "

n .

implies that the serie in (10) converge in every closed subject
of D.

Theorem 1. Generalised analytic function of the third class
with characteristic u = r+is = Az, defined by equation (4), are
given by the formula (10). The function ¢(z) is an arbitrary
analytic function.

Step 2. In the equation (3) make the change

az + b =g (11)
By the operation rulles for the operator derivative 2: and (11},
we have 3z
92 3z 3z 32 9% 32 3z
So, the equation (3) is transformated in
w oo L (12)
R4 a
Since the equation (12) has the form (4) (A=é) and is solved
a
it in the step I, we get the following
Theorem 2. The function
_ aztb. (— —
w = ¢(az+b) + ——g—[j¢(;)dglc=az*b +
e 1 ——=, 2N
+ (az+b) = . 75 (az+b) [J‘d’;J‘d""f‘dcj‘“”)d;]c=az+b +
n—1 2%.nt-lal \ ;
( b) 2 n
az+b) " (== [== (oi={=.—l-—
+ chchdc...fcdcjcdch(;)dcig_aﬂb}. (13)

a

. b )

such that ¢ is an arbitrary %nalytic function of its argument,

is generalised analytic function of the third class with characte-
ristic y = r+is = az+b linear function from z = x+iy.
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Here [ ] signes that after solving these

g=azt+b"’ _
integrals, on the place of ¢ we put az+b.

Note 1. By the connection
B = 28
3z

which exist between the areolar derivative (2) and Bilimoviches
operator B [6] as a measure of disagree of the analicity of
nonanalytical functions in the way of the papers of S. Fempl
{7,8,9], the functions (10) and (13) can be intepreted also as
a class of nonanalytical functions which disagreement of the
analicity is proportional to it’s complex conjugate value. So
then, the coefficient of the proportionality is a linear function

of z = x+iy, and this value is a constant for the operation 3:.
9z
Note 2. If we put A = a+iB, z = x+iy and w = u+iv, then the

equation (4) is a complex form of the partial differention
system of equations

au IV _ _

X Ay 2 (ax=-8y)u + 2(Bx+ay)v
au v

-3-? + B-X = 2(8x+ay)u - Z(GX"BY)V.

The solution of this system is
u = Rew
v = Imw,

where w is the function defined by (10).
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3A (r+is)-AHANHTHYKH OVEKIUU CO
KAPAKTEPHCTHKA JIMHEAPHA OYHKUUJTA

B.Il. HnueBCckn

Pesume

Bo oBaa patora, CO MeTOfla Ha apeoJylapHH pPeloOBH, Ce OlpeleyIeHH
OGOMuUITEHH AHAJMTHUKKE QYHKUHUM on TpeTa kKjaca (10) m (13) co kapak-
TePHCTHKA U JiHeapHa $yHkuuja Az ¥ az+b coonmBeTHO.
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