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Abstract

Using the results in papers [2] and [3] in this paper we prove
the existence of the interpolating spline-function by the null space
codimension of operators A and 7T'.

Introduction

Let X,Y, Z be Bannach spaces. Suppose A is a bounded linear operator
of X into Z and T is bounded linear operator of X into Y. The null space
and the rang of operator A will be denoted by N(A) and R(A).

Let R(A) = Z. For fixed element z € Z we write by

L={z€X: A, =2} =A7(2).
Deﬁnition 1. The element s € I, for wich

|Ts|| = inf{||T;||: = € I.}

is called the znterpolatzng spline-function for z in connection wzth the op-
erators A and T and is denoted by s = s(2, A, T).
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The following theorem have been proved in the case that X,Y and Z
are Hilbert spaces (see [1]).

Theorem 1. Suppose:

(i) N(A)+N(T) is a closed set in X ”

(i1) N(A)N N(T) = {0}. Then for each z € Z there ezists a unique
interpolating spline-function s = s(z, A, T).

If X,Z be Banach spaces and Y is a reflexiv Banach space is proved
the following theorem (see [2]).

Theorem 2. Suppose:
i) TA™Y(2) is a closed and bounded set in Y ’
(i) N(A) N N(T) = {0}, then there ezists a unique interpolating spline-
function s = s(z,A,T).

The main result

If X is a reflexive Banech space, it is proved the following

Theorem 3. Suppose:

(i) N(T) is a finite codimensional subspace in X

(i) N(A)N N(T) = {0}, then for each z € Z exists a unique interpolating
spline-function s = s(z, A, T).

Proof. According to Theorem 2 it is enough to 'show that the set
TA Y(z) (2 € Z) is closed in Y. Since TA!(z) is a translation of the set
TN(A) it is enough to show that the set TN(A) is closed in Y.
Let yo €cl TN(A), then there exists a sequence (y,) CTN(A), ||yn—yo|| — 0
(n — o0). Hence there exists (z,,) C N(A) such that Tz, =y, (n € N).
Since N(T) is a finite codimensional subspace in X then exists finite di-
mensional subspace F in X such that X = N(T)+F. The subspace F is
Banach space because it is finite dimensional subspace in Banach spaces
X. We denote by T the restriction of operator T in F. Operator Th 1s
biection. Accordmg to Theorem of continuity of inverse, the inverse T1
exists and is bounded. Since z, = t, + fn(tn € N(T), fn € F) (n € N),
Tz, = Tifn = fn = T7'Tz, (n — o). Consequently the sequence
(fn) is bounded in F. Further, we denote by A; the restriction of the
operator A in N(T). Operator A is a biection. Let us prove that A is
1-1. Let z,y € N(T) = z —y € N(T), then Az = Ay implicies that
z —y € N(A). Since N(A)n N(T) = {0}, then z = y. According to The-
orem of continuity of inverse, the invers A;! exists and is bounded. Since
Ty = tn+fn(tn € N(T), fn € F) (n € N)7 Aty = _Afn >t = _Ai-}fn
Consequently the sequence (t,,) is bounded in N(T'). Hence (z,,) C N(T)is
a bounded sequence in reflexive Banach space X. Therefore, the sequence
(zy) contains a subsequence (z;,) which converges weakly to z9 € X.
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Since foT € X*(f € Y*), (Tx1,,) converges weakly to Tzg € Y and
Tzo = yo. Also, the sequence (Az; ;) is weakly convergent to Azg. Since
A1, =0(neN), Az =0=> 29 € N(A) = yo =Tz € TN(A).

0

This completes the proof.

Corollary 1. Suppose: [ ' AR
(i) N(T) is a finite dimensional subspaeae inX ! IR
(11) N(A)NN(T) = {0}, then for each z € Z exists a umq;we ’mterpolatzng
spline-function s = s(z, A,T).

Proof. Since N(T) is a finite dimensional subspace in X, then exist
a closed subspace F'in X such that X = N(T)+ F.
The subspace F is Banach space, because it is closed subspace in Ba-
nach space X.
]

Analogues results stay for the case of null-space N(A).
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INIPOCTOPH CO HYJIA KOIMMEH3MUJA N
IIOCTOEIBE HA MHTEPIIOJIAIIMOHA CIIJIAJH
PYHKIINJA BO BAHAXOB ITPOCTOP

Pamagan Ix. 3ejrynnaxy

PesuwmMme

Tpraysajku ox pesyaTaTute Bo Tpyrosute [2] u [3], Bo oBaa pab-
OTa JIOKa)KaHa € er3uCTeHNMja Ha WHTEpHOJMOpayKa CIUIajH GpyHKOHMja
CO mOMOII Ha HyJia IPOCTOPHATa KOIMMeH3uja Ha onepatopure A u T.
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