CONTRIBUTIONS TO GENERAL ALGEBRA 7
Verlag Hdlder-Pichler-Tempsky, Wien 1991 - Verlag B. G. Teubner, Stuttgart

G. Cupona and S. Markovski
FREE OBJECTS IN THE CLASS OF VECTOR VALUED GROUPOIDS
INDUCED BY SEMIGROUPS

Abstract. The class Sem(n,m) of vector valued groupoids (v.v.g.) induced by semigroups
Is defined in [3], and there some properties concerning subgroupoids and homomorphisms
are established. Here we consider two kind of free objects in the class Sem(n,m): (1) free
objects, which have “usual” properties, and (2) weakly free objects which behave "un-
usual”. (For example, it is shown that there are nonisomorphic weakly free objects with

same “"weak"” basis.)

0. Introduction

Algebraic structures with vector valued operations (more specially: (n,m)-opera-
tions) are treated by several authors, and a review of papers on this topic can be found
in [2]. Every structure with an (n,m)-operation, i.e. every (n,m)-groupoid, is essentially
equivalent with a universal algebra (its component algebra) with m rn-ary operations.
This connection implies that each “universal algebraic notion" can be translated to
corresponding “(n,m)-groupoid notion”. But, vector valued algebraic structures can be
generalized in such a way that this strong connection with universal algebras to be losed.
Fully’commutative (n,m)-groupoids (quasigroups, semigroups and groups) were the first
kind of such generalized vector valued structures ([5], [B1). All known classes of dif-
ferent kinds of (n,m)-groupoids are subclasses of Sem(n,m). The main purpose of this
paper are free objects in Sem(n,m).

We proceed by stating some necessary preliminary definitions.

Let S=(S5,-) be a semigroup with a generating subset Q, i.e. S=1J{Q,| 21}, where
Qy={aj ay: ... ag|l a,€Q). If nand m are positive integers and f a mapping from @, into
Q. then we say that (Q;f) is an (S;n,m)-groupoid, or a semigroup-(n,m)-groupoid.
More precisely, the ordered triple Q=(S;Q;f) is a semigroup-(n,m)-groupoid. (We say
that Q is the carrier and fis the operation of Q.) The class of semigroup-(n,m)-groupoids
will be denoted by Sem(n,m), and the members of this class will be called simply objects.

1491



1492

88

Further on, we assume that n and m are given positive integers.
Let Q=(5;Q;f) and Q =(5";Q";f") be two objects. A mapping ¢ : Q 2 Q" is said
to be a homomorphism from Q into Q' if for arbitrary a,,.b5€ Q the following implication

holds:
flay...ra)=by ... ob,, = flela)- .. cpla))=elb) ... elb,) (0.1)

A homomorphism ¢ is called an isomorphism if it is bijective and ' Q' »Qis a
homomorphism too.

Let Q=(S;Q;f) be an object and P a nonempty subset of Q. Then, for every a1
we have a subset P, of S defined by R, ={a-...-ay| €P}. Pis called a subobject of Q
iff F(P,) € P, I.e. If Qinduces an object P= (T;P;f"), where T is the subsemigroup of $
generated by P, and ' is the restriction of fon P. Fis called a strong subobject of Q
if, for every a€f,, by,....bn€ Q, the following implication holds:

fla)=by- ... By = by, ... ,DEP. (0.2)

We state some results which are either trivial or proved in [3].

(i) A bijective homomorphism is not necessarily an isomorphism.

(i) A strong subcbject is a subobject too, but a subobject is not necessarily a
strong one.

(i) A nonempty intersection of strong subobjects is a strong subobject too, but
a nonempty intersection of subobjects is not necessarily a subobject.

(iv) A homomorphic image of a subobject is a subobject too, but a nonempty
complete inverse homomorphic image of a subobject is not necessarily a subobject.

(iv') A nonempty complete inverse homomorphic image of a strong subobject is a
strong subobject, but a homomorphic image of a strong subobject is not necessarily a
strong subobject.

(v) If Q QeSem(nm) and :Q > Q is a homomorphism and P is a subobject
of Q, then ¢* : P> Q' is a homomorphism as well, where $*=¢|P is the restriction
of ¢ on P.

In what follows we denote by Q" the semigroup freely generated by a nonempty
set Q,i.e. QF is the set of nonempty words on an alphabet Q. Then Gr(n,m) denotes
the class of all objects Q=(S;Q;f) € Semn(n,m) such that S$=Q" and then Q is usually
said to be an (n,m)-groupoid (C2]).

(vi) If QeGr(n,m), then every subobject of Q is a strong subobject as well, and

every bijective homomerphism is an isomorphism.

1. Free objects

Let Q=(S;Q;f) € Sem(n.m).
A nonempty subset B of Q is said to be free in Q iff for every object Q' =(S';Q";f") €
Sem(n,m) and every mapping @ : 8= Q' there is a homomorphism ¢ : Q 2> Q' such that
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(VbeBR) Y(b)=w(b), i.e. ¢ is an extension of ¢.

A subset Cof Qis called a generating subset of Q iff there does not exist a proper
subgroupoid P of Q such that CSP. (According to O0.(ii) we can not state that "every
subset of Q generates a subgroupoid of Q".)

We say that Q is a free object in Sem(n,m) iff there is a generating subset B
of Q which is free in Q. (In this case we say that B is a basis of Q.)

The next theorem gives a complete description of free objects.

Theorem 1. (i) Let B be a nonempty set and denote by ([B);f,f,, ... .f,,) the (absolutely)

free algebra with basis B and m n-ary operations f,f;,...,f,. Define an object
F(B) = ([B]";[BL;f) by:
flug...ou)=vye oo, & =hilug, .oy, o vy =il o). (1)

Then F(B) is a free object in Sem(n,m) with a basis B.
(i) Two free objects in Sem(n,m) with a same basis are isomorphic.
(iii) The basis in a free object in Sem{n,m) is uniquely determined. )
(iv) Let m=22. There exists an object' Q =(S';Q';f') such that any mapping
¢ : B> Q" can be extended to infinitely many homomorphisms?) § : F(B)= Q.
(v) Every subobject of a free object in Sem(n,m) is a strong subobject as well.

Proof. (i) We note that F(B) is a free (n,m)-groupoid with a basis B in the class Gr(n,m)
of (n,m)-groupoids ([2]). Following [1], we can take that [B] Is the set of words on B
of type {f,fy, ... .f}. But, we prefer to give an explicite construction of the set [B],
as follows.

Define a collection of sets {B4,|a20} by

Bo)=B.  Blast) = BlayY N By, (12)
where N,,=11,2,...,m}, and By, Is the n-th cartezian power of B(4,. Put
[B]=U1B x| «20} (1.3)

and define a sequence of n-ary operations f,,fs,...,f, on [B] by:
£ (x) = (/%) (1.4)
for every i€N,,, x€[B]"

Then ([B):f.fs, ... ,£y,) is an absolutely free algebra with a basis B and with m
n-ary operations, and the (n,m)-groupoid [B]=([B]:f) defined by
(Vx€[B]7) flx) = (,x) ... -{m,x) (= L) ... -, (x)) (1.1)

is a free (n,m)-groupoid with a basis B. (Note that [B]=([B]*;[B]:f) =F(B).)
We will show that F(B) is a free object in Sem(n,m), as well.

Let Q' =(S;Q";f") € Sem(n,m), and let ¢ : B Q' be an arbitrary mapping. We have

D Certainly, the class of objects with such a property is infinite.

2) Thus, in the case m22, it is not true that “if Bis a generating subset of Q€ Sem(n,m),
and §y,¢, are two homomorphisms from Q into an object Q € Sem(n,m) such that
(YBEB) dy(b)=y(b), then dy=ds,".
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to show the existence of a homomorphism ¢ : F(B)=2 Q' which extends «.

Put ¢ =@ and assume that for each a, such that a<y, a mapping ¢y : B2 Q'
is defined with these properties:

1) §5+y extends ¢, for each §<v;

2) F(dgley)- ... dglu,)) = bgeq(1,x) - . .. - bgyeqlm,x), for each 3<y and any

Ups .« o UnEB(g), where x=uy ... u,.

Let u€B(yiy). If UEB,), then we put . y(u) = (W), If UEB, . 1\B(vy), then there
are uniquely determined /€N, and x=u-... U,€ B(Q). such that u=(i,x). By the above
assumptions, there are uniquely determined elements a € Q" such that ¢ (u,) = a, for
every velN, (={1,2,...,n}). Then a'=a;-...-3,€ Qn, and therefore f'(a')=c'€Q),. This
implies that there exists a sequence cj, ...,c;, of elements of Q' (not necessarily unique
one), such that ¢'=¢j ... ¢,,. We choose such a sequence and put . . (j,x)= ¢ for

JEN . bysy is well defined since if (/,x)€B( 44, for some i€EN.,, then (i, x)€B . for
every /€N,,. By the definition of ... it follows that the properties 1) and 2) hold also
for each §<v. I

Denote by ¢ the (unique) extension of the chain of mappings (§|«20). By 1) and 2)
we have that ¢ : [B]= Q' is a homomorphism which extends . Thus, Bis a basis of F(B).

(i) Let Q=(S;Q;g) be a free object in Sem(n,m) with a basis B. There exist homo-
morphisms £ : F(B) - Q, 0 : Q - F(B) such that (VbeB) E(b) = n(b) = b, and thus [ =nE is an
endomorphism of F(B) such that (Vb€B) [(b) = b. Since the identity automorphism of F(B)
is the unigue such an endomorphism of F(B), it follows that T is the identity automorphism
of F(B). Thus E : F(B) = Q is an injective mapping, and by 0.(iv} we have that E(F(B)) is a
subobject of Q such that BSE(F(B)), which implies that E is bijective. Thus n=E~', and
therefore E is an isomorphism.

(iii) Clearly B is the unique basis of F(B), and this, by (ii), implies that the basis
of any free object in Sem(n,m) is uniquely determined.

(iv) Let S! be the variety of semilattices, i.e. commutative and idempotent semi-
groups. If Bis a nonempty set, then we denote by SI(B) the free semigroup in S with
basis B. We can assume that SI(B) is the family of nonempty finite subsets of B, where
the operation is the usual set theoretical union. If {by,...,b.}€SI(B), then we write
{by,....B )= by ... b Denote by S (B) the set {by:... b,|b,€B, p<k}. Define a se-
quence Big), By, - - . by Broy = B, Bras1) = Bae) Y Non X Sln(Byy) . and let €=U (Bl a20).
An object C=(SI(C);C;g) € Sern(n,m) can be defined by

glx)=(1,x)-...-(mx).
It can be easily seen that there exist infinitely many homomerphisms ¢ : F(B) 2 C such
that (VbeB) (b} = b.

(v) By 0.(vi), every subobject P of F(B) is a strong subobject too. By (i), the same

holds in every free object with a basis B. O
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2. Weakly free objects

Replacing "subgroupoids” by "strong subgroupoids” we obtain a corresponding
notion of "weakly free objects” in Seml(n,m).

Narnely, if Q=(S; Q:f) € Sem(n,m), and if A is a nonempty subset of Q, then A is
called weakly generating subset of Q iff Q is the unique strong subgroupoid of Q such
that ASQ.

An object Q € Sem(n,m) is said to be weakly free iff there is a weakly generating
subset B of Q which is free in Q. Then we also say that B Is a weak basis of Q.

The following two statements are immediate consequences from the given

definitions.

Proposition 2.1. Every free object with a basis B is a weakly free object with a weak
basis B. O

Proposition 2.2. An object Q€ Sem(n,1) is weakly free iff it is a free one. O

The main purpose of this section is to obtain a class of weakly free objects in
Sem(n,m) which are not free ones.

First, we prove the following

Proposition 2.3. /f Q€ Sem(n,m) is a weakly free object with a weak basis B, then there
Is a subobject P of Q such that the corresponding object Pis a free object with a basis B.

Proof. Let Q be a weakly free object with a weak basis 8, and let F(B) be the free object
with a basis B defined in the proof of part (i) of Theorem 1. Thus, there exist homo-
morphisms E : F(B) =2 Q, n : Q2 F(B), such that (YbeB) E(b) = n(b) = b. Then nE Is an endo-
morphism of F(B) such that (VbeB) nE(b)=b, and therefore nE is the identity auto-
morphism of F(B). This implies that E is injective, and 7 is surjective. By O.(iv), P=E(F(B))
(= E([B])) is a subobject of Q and BE P, and the corresponding restriction E* : F(B) =2 P of
£ is a bijective homomorphism; the restriction n* : P = F(B) of 1 is also a homomorphism
(by 0.(v)). Moreover, the equality 1€ =1 (= the identity automorphism of F(B)) implies that
n* is surjective; thus wa have n*€*=1,i.e. B*lag*isa homomorphism from P in F(B).
Thus, F(B) and P are isomorphic. (m}

Now, we will describe a relatively large class of weakly free objects with a given
basis.
Let B and A be given nonempty sets and n, m positive integers such that mz2.
Define a sequence (B4l @20) of sets and a sequence (S| a20) of semigroups
such that B, is a generating subset of S,,, as follows:
Biy=B.  By= By AXN,,xB",
S =8" S =<BuiZw>

1495



1496

92

where:

B" is the n-th cartesian power of B, B*=J{B | k21} is a free semigroup with a
basis B,

Sy Is a semigroup given by the presentation <B,;Zy,> In the class of semigroups,
where the set Zy, of defining relations is given by

Sy =Ml 1x) . lamx) = (B ,x) .. (B.m.x)| a.BEA, xEBT).
Clearly, we can assume that

(1) By is a generating subset of Sy, and 8% =Sg is a subsemigroup of Syj).

Moreover, the following statement is evident, as well.

(2) If y,z€B(), then y=z in S¢y Iff y=z in By or y=wo Wy ... Ve We,
ZEWG Zyt Wyt L. 2t W, Where MEB",)},%EB(T} and y,=z,€Xy) for every jeN,. (As usually,
we denote by X* a free monoid with a basis X, i.e. X*=XTu (1), where 1 (¢ X™1) is the
identity of X %)

MNow, assume that p is a positive integer and that the following seguences are
defined: )

By < By < ... C By — a sequence of sets,
S0y Sy €+ < S(py — & sequence of semigroups,
Z(1)CZ(z)C ... C E(p) — a sequence of semigroup defining relations,
satisfying the following conditions:
By = B, S(0y=B". B(; is a generating subset of S(;), and
Sin=<BuyiZy, (2.1)

Bije1y = By W AX N, X (B jy)p,, 2.2)

Zijan = a1 L lamx) =B, 1,x) ...« (B.m,x)| a,BEA, XE(BpaVZ, (2.3)
for every i,j: O<isp, Osj<p.

Define B(pe1), S(os1)r Z(pe1y in such a way that (2.1), (2.2) and (2.3) hold for
i=p+1, j=p.

Then we have:

(1) B(puy) is a generating subset of S(.q) and S(,,) is a subsemigroup of Sipen)-

It is also clear that replacing By, Sy, Z(yy in (2) by By, S¢iyr Z(jy respectively,
then the corresponding generalization (2') of (2) also holds.

Define [B;A], £ and S as follows:

[B:A1=UJ {B(p)| pz0},
Z=UZ(,lp20},
S=<[B;AL;D>.

Then it can be easily shown that

(1) [B;A] is a generating subset of S, and S, is a subsemigroup of S, and
moreover §=J{S,|p20}

A corresponding statement (27) obtained in such a way that By, S¢yy, Zy in (2)
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are replaced by [B;A], S.Z respectively, is also true.
Finally, we define an object F(B;A) = (S;[5;A]:f) € Sem(n,m) as follows:
flx) = (ag, 1,x)Mep,2,x) - . . . (e, m, x) (2.4)
for every x€[B;A],, where ag is a fixed element of A.
It follows from the definition of S that (2.4) holds for every a€A.
The next statement shows that F(B;A) has the desired properties.

Proposition 2.4. F(B;A) is a weakly free object in Sem(n,m), and B is the unique weak
basis of F(B;A).

Proof. Let Pbe a strong subgroupoid of F(B;A) such that BSP. Suppose that B4 S P and
take UEB;+1)\B(y)- Then u=(a,i,x) for some a €A, €N, xE(By),, i.€. XZUpta® ... Uy,
where us€B()SF. Then

flx)= (e, ,x)- ... (a,mx)ER,,
which implies u=(a,i,x)€P. Thus [B;A]€ P (S[B;A]), i.e. B is a weakly generatin
subset of F(B;A). .

It is clear that, if bis a fixed element of B, then [B;AI\(b} =P is a strong sub-
groupoid of F(B;A), and therefore we obtain that B is a subset of every weakly generating
subset of F(B;A).

Thus, we have to show that 5 is free in F(B;A).

Let ¢ : B> Q' be a mapping, where Q' =(S';Q";f') € Sem(n,m). We will show that
there is a homomorphism E : F(B:A) =2 Q' which extends .

Put Eg=@ and suppose that for all pst, we have well defined mappings E, :
B(p) = " such that the following three conditions hold when p<t:

(a) Ep is a restriction of §p+1.

(b) fleg-...-ug) = (o, 1,x)- ... -(a,m,x) =

= f'(EP(u1l T 'Ep(u_..,)) = Ep+1('1.1.)<}‘ oS 'Ep+1(a,m,x1 for every € B{P),

(€) Epuqlat,ix) =Epuy(B,iyx) for every (a,i,x),(B.i,x) € Bipuy).

(Note that (a), (b), (c) hold trivially when t=0.)

Now define E4iq @ Bieep) = Q as follows. E; is the restriction of E,. over B(y. Let
UEB s \Bry, i-€. u=la,i,x) for some a€A, i€N,,, x=ui: ... u,, where u,€B,,. (Note
that then we also have (B,j,x)€B¢41)\B(q. for every BEA, jEN,,.) Put

a3 =E ) e Q' for AeN,,.

Then there are by, ... ,b,€Q", such that
f'lay-...-a))=bp-... b (2.5)
We fix a sequence by, ..., b,,€ Q such that {2.5) holds and put
Eeat(Bjx)= b for all BEA, jEN,,.
E¢+1 is well defined, since if x=u- ... U,=v ... v, is an equality in S, then by (2") and

(c) we have E.(uy) = E.(v,) for every AEN,,. It is clear that E,,, satisfies the properties
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(a), (b), (c), which implies that if we put E:UPEOEP, then € is a homomorphism and E

is an extension of ¢. a

It follows from Proposition 2.3 that there exists a free subgroupoid of F(B;A) with
a basis B. We will show that for every a€A there exists a free subgroupoid [8;a] of
F(B;A) with a basis B.
Namely, if ot is a given element of A, then we define a subset [B;a] of [B;A] as
follows:
Cy=B,  Dyy=Ulla,jix)| jeN,,, xe(Cpt
Cieny =CpVDyy,  [B;a]=U{C,l iz0}.

Proposition 2.5. For every a€l, [B;a] is a free subobject of F(B;A) with a basis B.
If a+B, then [B;aln[B:pl=B.
Proof. [B;a] Is a subobject of F(B;A) since [B;a] € [8;A] and we[Bia] = fluy- ... u,) =
(o, 1,x) ... -(a,m,x) €[ B;a],,, where x=uy- ... U,. Itis clear that BS[8;a], and suppose
that P is a subobject of [B;a] such that BSP. Let C(,SP and U€C 1 q\Cyy. Then
w=lat,i,x) for some i€N,,, xE(C'“,)n, and
flx)=(B x).. (B.mx)EFR,.

Then there are uy, ... ,u,,€P such that (B,1,x): ... (B,mx)=u ... u,, holds in S, and
the definition of Z implies that this is possible only if v =(a,j,x), i.e. uEP.

Thus B is a generating subset of [B;a]. To show that B is free in [B;a] one can

use the same construction as in Proposition 2.4, with needed restriction, certainly. O

Remark. Note that the assurnption m=2 is essential only in the last conclusion a*p =
[B;a]ln [B;p]=B. Namely, in the case m=1, we have [B;a]l=[B;p]=[5;A], for every
a,BEA.

As a summary of the above results we got the following

Theorem 2.6. Let n and m be two positive integers, such that mz2, and let B be a
nonempty set.

(i) For each cardinality o 2 max{IBl, &) there is a weakly free object Q=(5;Q;f)
with a weak basis B, such that |Q1=6. Moreover, ¢ is the cardinality of the collection
of free subobjects of Q with the same basis B.

(i) There exist nonisormorphic weakly free objects with same weak basis B. [0

In the next example we will show that there exist weakly free objects which are
not isomorphic to any object of the form F(B;A).

Example. Let A={ay,...,a,,} be a given set such that 1Al=mz2, An[B;A]l=@. Fix
elements xg€[B:A],, ag€A and define a semigroup T generated by [B:AJUA and an
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object G=(T;[8;A]u A;g) as follows:

T=dB;AluAf{a- ... a,=lag,1,x0) - ... -(og,m,xg) U ED,
gluy . oocug) =y . .o-uy),
where . fu if uelB;Al,
= { (ag.i, xg), if u=gq€A.

Then B is a weakly generating subset of G, since
glxg) = flxg) =(og, 1,x9) - . . . (etg,m,xg) = a4+ .. . - a,.
We can use the construction in Proposition 2.4 to show that Bis free in G. Namely, we
can use E to get a mapping 1 by putting n(a,) = Eletg,/, xg) and nlu) =E(u) for uelB;Al.
Thus, n will be a homomorphism from G into Q', which extends ¢ : 8> Q".
In such a way we obtained a weakly free object G, not isomorphic to F(B;A). As
before, the weak basis B of G is uniquely determined. i

We note that the obtained results about weakly free objects in Sem(n,m) are not
complete. For example, in all above examples of weakly free objects, the weak bases are

unique, but we do not know whether this is true for every weakly free object.
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