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JIMHEAPHH JHOEPEHIHJAJIHH PABEHKM O5l TPET U YETBPTH' PEJ
YHH HHTETPATIM CE [IPOM3BOJIM O HHTET'PAJINTE H HMBHHTE
U3BONHM HA JIMHEAPHH JUOEPEHINUJAJIHK PABEHKM OJl BTOP PEJ

Enena C. ATaHacoBa

Bo 0BOJj Tpyn ce GOPMHMPAHK YeTHPH GYHKIKH H € onpejaesieH yc—
JIOB 3a HHMBHA JIHHeapHa He3aBHCHOCT. Kora QyHKLHMHTE Ce JIMHEeapHO
He3aBHCHH, THe NpPeTCTaByBaaT NapTHUKYJNapH¥ HHTerpanmu Ha audepeH—
nHjanHa paBeHKa Of YeTBPT pefl, a Kora ycJIOBOT HE € 3ayoBOJIeH,
TOram TPH OIl HHB C€ JIMHeaPHO He3aBHCHH NAPTHKYJIADHM HHTerpanm
Ha OupepeHuMjasiHa PaBeHKa OO TPeT pexn.

Bo [1] ce HaofaaT nuHeapHH IDudpepeHUnjaNHl PaBeHKH OH TPEeT H
4yeTBPT pel, YUH HMHTErpaJii Ce€ BTOPHM OOHOCHO TPETH CTEHNeHH Of HH—-

TerpaJuTe Ha JiIMHeapHa aOudepeHuMjaNnHa paBeHKa Of BTOpP pen.

MHTPHHOBHUK M I'OKOBHK [2] uMaaTt ao6ueHo pubdepeHuMjayiHa pa-
BeHKa On NeTTH PeX, 4YUH HHTerpaJii ce YeTBPTH CTENEeHH Q) HHTerpa-

JIUTEe Ha JHHeapHa audepeHuHjasiHa paBeHKA On BTOpP pen.

Wimja A. llankapeB [3] uMa Ho6ueHO mocTanka 3a RoGHBake J-
HeapHa pudpepennujayHa paBeHKa on (k+1)-BM pen, UMM HHTerpanu ce
K-TH CTENEeHH OI HHTeTpPaJiuTe Ha NUHeapHa AHPepeHOMIaNiHa PaBeHKa
on BTOP ped; BO [4] mMa pO6GMEHO JHHeapHH OUdepPeHIMIaHM DaBEHKH
yMY HMHTETpPajd ce BTOPH KM TPETH CTENEHH Ol MHTErpajiuTe Ha JIMHeap-
HHM OudepeHLMJasHM PABEeHKH OO TPEeT Ped ¥ KBanpaTH OJ HHTerpajuTe
Ha JIMHeapHH IUdepeHNUHJaslH¥ PaBEHKH Ol YeTBPTH pel; Bo [5] uma
KOHCTPYHPAaHO JIMHeaPHH AudepPeHLHjasliM PaBeHKH OX TPeT pel, UHH
HHTErpajii ce IPOHM3BOOH O HHTErpajuTe M HHBHHUTE M3BONM Ha JIMHeap-—
HKM OudepeHLMjasHu PaBeHKH OO BTOD Pen.

Bo oBOJj TpPyI HHe Ogo6uBaMe JIHHeapHM IOubepeHUHjasiHH PaBEHKH Of
TpeT W YeTBPTH pell, YMH HHTerpasyid ce IPOH3BONH OX KBaJpaTHTe Ha
HHTEerpaJXTe M M3BOAM Ha HHTerpaiMTe Ha nudeperuujasiia paBeHKa OR
BTOP pexn.
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1. Hexa y1(x) d yz(x) ce OBe HEeHYJITH JIMHEapHO HEe3aBUCHHU

NapTUKYNAapHK pemeHMja Ha pgudepeHnuiarHaTa paBeHKa

T.€. HeKa

y

Y,

= hi{x)y (h(x)#0),

y, - ¥y, # 0.

(1.1)

(1.2)

Co y(X) ma o3HauuMe Koe OBHIO HEeHYJITO peueHue Ha IudepeHn-—

janHara paBeHka (l1.1) m co derosa nomom jga ja dopMupame GYHKLHA-

jaTta

Z

- yzy: .

(1.3)

Ia BHOUMe cera KOY ce ycyosBuTe 3a dyHxumjarta (1.3) ma ja

3ad0BOJIyBa GapaHaTa paBeHKa.

Kafe uTo A ¥ B ce INPOHU3BOJIHU KOHCTAHTH,

z = A%y3y!+A®B(2y v,y +y3y!)+AB2 (2y, v, v ty2y!)+B3y3y).

y

= Ay,6 + By,

3a Taa uen,

ce not6usa

OTTyKa ce riena HneKa YeTHPUTe OGYHKLHUH

A1‘l

A13

= yiv),

= 2
Ay, = 27,¥,¥) + ¥iYo

= 2Y,Y,¥5 *+ Yiv!, A, = Yivs,

ako Bo (1.3) craBuMe

(1.4)

ce MapTUKYJapHH HHTerpanu Ha 6Gapadarta nudepenuujanHa paBeHKa.

UaBoguTe Ha OyHkuunre (1.4) ce:

Als
’
A1 2
Als
’
A1“
n
A1 1
n
A1 2
A"

13
w

A

14

2y,v32
2y,y)?
2y,y,*
2y,¥:%
2y:® +
6y 2yz
6y y3?

2y 3 +

+ hy?,

+ 4y yly, + 3hy?y ,
+ 4y, yiyl, + 3hy,y2,
+ hy3,

7Thy2y! + h'y3,

+ l4hy, vy, v; + 7hyfy;
+ 14hy,y,y; + Thy3y,
Thy3y! + h'y3,

+ 3h'y2y,,

+ 3h'y,y32,



= 40hy y'y, + 20hy,y;?
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10h’y2y! + (7Th®+h")y3,

+ 20h’y,y,y; +

+ 3(7h2+h")y2y, + 10n’y3y!,

40hy vy, + 20hy1y;2+ 20h'y,y,v5 +

+ 3(7h2+h")y y2 + 10h’'y3y!,

All’ = 20hy y:% +
Ay
AT =
13
Al.' = 20hy,yl® +

10h'y2y! + (7Th?+h")y3.

Co IUPEKTHO NpecMeTyBawe HaolaMe

BAAly T ALAL, S
A AL, —ALAL =
BiaAly — B AL, <
AH1A:3 - A13A:1 =
A AL, - A13A:2 =
A Al — AgLAL, =

AKO cTasuMe

(y,vs-¥,¥5)ya(2y.2-hy?),
(y,vi-v,¥;)y2(2y;2-hy}),

20y, ¥2-y, Y ¥, (¥, ¥ 2+y,yivi-hy,v3),
2(y,¥a=y, ¥y, (v, ¥4 2+y, v vi-hy3y,),
(v,v2-v,v)) [2(y2y 2 +y v, v]vi+y2yi?) -
3hy3ivil,

(Y ¥3-Y,¥1) (2y,y, Y ys-hy3y2).

’
'A1“A{3)-A:3(A12A:“—A1“A12)+A:“(A12A;3-A13A:2),

"
2 T A (ARl -A AL SRS (A AL -A AL D HAY (AL (AT, -A AL ),

4, = A7, (A 54,

A, =

by = A:1(A12A:H-A1HA;2)
- " r o

8, = AT (A AL -A AL

no6uBame

A1 = 2(Y1Y2"Y2Y1')3(2Y;3

:

A =

2 = 2(y,yi-y, vy 2 [2yiyi2-hy, (2y,yi+y,¥;) +h'y,v3],
by = 2(y,vi-v,vi)?[2y;?
8, = 2(y,yi-v,y5)%(2y:3

BO BpCka CcO OBHe pejauum,

Me neka

-A" r oo ’ " [ ’
A12 (A11A1“ A1l-tA11)+A1l-o(A11A12 A12A11)’

A" [ - r L r r
A12(A11A13 A13A11)+A13(A11A12 A12A11)’

-3hy3y +h'y3), (1.5)

(1.6)

y -hy, (2y,yi+y,yI)+h'y3y,], (1.7)

43hyfy:+h'y?). (1.8)
CO HeNnocpenHo mnpecMeTyBame, Haola-
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iA11 L L L
AI AI A' AI
11 12 13 14 - rrr rrrs 115z grr -
An AN AW An =oAL IA KA TA AL TALTALLTA, =
11 12 13 14
rrze rrr rrs rrr
A11 L L Ala

= (y,¥5-y,v5) % (3p3-n"). (1.9)

OrTyxa, nopaau (1.2), 3akjayyyBaMe OeKa YeTHPHTE QYHKLHHU
(1.4) Ke 6unaT NUHEapPHO HE3aBMCHUM AKO € HCToNHeTa penanrjaTa

3h2 - h" # 0. (1.10)

dyukuuuTe (1.4) Ke 6umaT JIMHEAPHO 3aBHCHK axo He e HCIOoJHeTa
penanujara (1.10), T.e. ako 3h2-h"=0.

HcTO Taka Ke mnoxaxeMe Ieka TP on obyuxuuure (l.4) ce cexoram

JIYHeapHO He3aBHCHHM. 3a Taa uUeJy Oa NpeTrnocTaBuMe Ieka

Ay = A, = Ay = A, = 0.
) Y, .
AKO craBpuMe —~— = U, — = V, Ke uMaMme
y1 y2
2v3=3hv+h’ = 0, 2uv2-h(2v+u)+h’ = 0,
2u2y-h(2u+v)+h’ = 0, 2u®-3hu+h’ = 0.

On mpBaTa ¥ YeTBPTATa paBeHKa cljlenysa OekKa
(u-v) (2u®+2uv+2v3-3h) = 0,
a om BTOpaTa M TpeTaTa

(u-v) (2uv-3h) = 0.
. Yi Y
Bugejku u-v = §T - ;: # 0, on no6ueHuUTe PAaBEHKH CllenyBa pa-
BeHKaTa
u? + v =0,
KojamTo e 3amoBOJIeHA kKora u=v=0, a Toa € CIHPOTHMBHO HA YCJIOBOT
(1.2). .
Cnopen Ttoa, penauuure (1.5), (1.6), (1.7) u (1.8) He Moxe
na 6HOAT CHTe HMCTOBPEMEHO PaMHHM Ha HyJla, a TOA 3HAUM feKa TPHY On
dynkunuTe (1.4) ce cexoram JHHEeapPHO He3aBHCHH.



49

Ja ja xoHcTpyHpame cera nudepeHuujajiHaTa paBeHKA YUHH HH-
Terpany ce NPpOHU3BONH OO KBaIPATHTE HA HHTer'pajluiTe W H3BOIAH Ha

HHTerpanuTe Ha JgageHaTa pasBeHka (l.1l).

Ja craBuMme

A, = z, A, = z’,
A, = z" - 7hz, A, = z'"' - 10hz’ - 10h’z,
A, = z'V - 10hz" - 20h’z’ - (13h"-9h?)z.

Ke nokaxeme pexa paBeHKHTe A,=0 3a h"-3h?=0 u (h"-3h2)A“—
—(h"—3h2)’A3 = 0 3a h"-3h%2#0, T.e. paBeHKHUTEe
z’’’ - 10hz’ - 10h’z = 0, ‘ (1.11)
(322-h")z1V=(3h2-h") 7z’ " +10h (h"-3h2)2"~10 (hh’’"~2h'h") 2’ +
+(27h*-48h*h"+60hh’2~10h'h’’/+13h"2)z = 0 (1-12)
MMaaT MHTerpaZjii KOM Ce MPOU3BOLM O KBAOPATHTE HA HHTErPaJIiTe H

M3BOIOH Ha HHTErpajJuTe Ha paBeHkarta (1.1).

3a Taa uen 3emMame z=y2?y’, Kage WTO y e KOe BWIO HEHYJITO pe-

umeHne Ha pasBeHkaTa (1.1).
Co pudepeHuUpame JobGuBame

A, = y%y’'; A = 2yy’2+hy®, A, = 2y’3+h'y3,

A
3

(hu_3h2)y3' A“ = (h"—3h2)y3.
AKO He e ucnonHet ycJyioBoT (1.10), Toram A3=0, T.€. ce Nob6H-

Ba paBeHkaTa (l1.11). Axo ycnosoT (1.10) e ucrnonwer, rtoram CO eNH-

MHMHau#ja Ha y* om mocnemHuTe OBe PaBeHKH ce NoSMBa paBeHkaTa (2.12).

OO HAYHMHOT Ha KOj r'W no6usMme paseHKkutre (1.11) u (1.12) e
jacHO neka DBeTe MMAAaT HHTEr'PaJyi¥ KOM C€ NDPOM3BONY OO kBaOpaTHUTE
Ha HHTerpajiuTe M HU3BOOY Ha HHTerpaJiiTe Ha paBenkaTta (1.1).

JIuHeapHO He3aBHCHM NMapTHKYNApHH HHTerpasau Ha papenkarta (1.12)
ce uveTupHre O¢yHKUHMH (l.4), a Ha paBenkaTa (l.11) Tpu OYHKIHH On
(1.4).
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2. Heka y (x) u y,(x) ce NBe HEHYJITH NIWHeapHO HE3ABHCHH Deue-
HMja HA paudpepenuujanHata paBeHka (1.1), T.e. TAaKBH WTO Oa BakXH
(1.2).

Co y(x) na o3HaumMe KOe OGHJIO HEHYJITO pemeHUe Ha AudepeHUHU-
janHaTra paBeHkKa (l.1) ¥ cO Herosa mnomom cera pa ja dopmupame QyHK-
ugjarta

z = yy'2. (2.1)

YeTHpuTe PYyHKIIHH

Ay, = ya¥i%, A, = 2¥,y5y; + YzYIZ' (2.2)
As = 2¥,¥1Y2 + ¥4Y23 By = ¥2Y3?
ce JIMHeapHO 3aBHCHH aKo He e HCHOoJIHeTa pejauujara
hh" - 3h’2 + 3h3 # 0 (2.3)

¥ Ce JIMHEapHO HEe3aBHUCHM aKO € HCIIONIHeTa oBaa penauuja.

UcTO Taka, 3axkjyudyBame feKa KOH 6uiio TpH ox dyHxkuuuTte (2.2)
ce JIMHEapHO HEe3aBHCHH OYHKUUH M Ce JIMHEApHO HEe3aBUCHH MNapTHKYy-
JIapHH HWHTerpajyii Ha paBeHKaTa

hz’’’ - 3h’z" - 7h®z’ + 10hh’z = 0. (2.4)

AKO e ucmonHeTa penauujata (2.3) oyuxkuuute (2.2) ce JuHeap-—
HO HE3aBUCHH TapTHKYJIAPHH HHTErpasyli Ha paBeHKaTa
hAle-(hA)’z"'—(10h2A+4h"A—3h’A’)z"—(llhh’A-7h2A')z'+
(2.5)
+(20h’2A+10hh"A+3A2-10hh’A’)2z=0, (A=hh"+3h®-3h’2),
Op HAYMHOT Ha KOJ r'¥ JobuBme paBeHkuTe (2.4) um (2.5) e jac-
HO [exa ¥ OBeTe HMaaT HHTerpaJil KOHW ce NPOW3BOOH Of HHTeTrpaauTe

U KBajpaTuTe Ha M3BOOHTE HA HHTErpaNHTe Ha paBeHkarta (1.1).
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LINEAR DIFFERENTIAL EQUATIONS OF THIRD AND FOURTH ORDER WHOSE
SOLUTIONS ARE PRODUCTS OF SOLUTIONS AND THEIR DERIVATIVES OF
SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS

Elena S. Atanasova

Summary

Let y,(x) and y,(x) be particular solutions of the second
order linear differential equation (1.1) such that (1.2) is sa-
tisfied.

In this paper we form functions (1.4) and determine a condi-
tion (1.10). When condition (1.10) is satisfied the functions
(1.4) are linearly independent and they are particular linearly
independent solutions of inguired differential equation (1.12).
When the condition (1.10) is not satisfied then three functions
of (1.4) are linearly independent and they are particular linear
independent solutions of the equation (1.11).

Also we form functions (2.2) and establish the condition
(2.3). When the condition (2.3) is satisfied, the four functions
(2.2) are linearly independent and they are particular linear
independent solutions of the differential fourth-order equation
(2.5). When the condition (2.3) is not satisfied then three func-
tions of (2.2) are linear independent functions and they are par-
ticular linearly independent solutions of the three-order diffe-
rential equation (2.4).



