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APPROXIMATION FOR THE SOLUTIONS OF LORENZ
SYSTEM WITH SYSTEMS OF DIFFERENTIAL
EQUATIONS

BILJANA ZLATANOVSKA

Abstract. Using the systems of difference equations from [1] and [2]
as approximation for the solutions of the Lorenz system of differential
equations we obtain three new systems of differential equations whose
locally behavior is close to the behavior of Lorenz system. By computer
simulations we give examples where locally behavior of the systems is
analyzed by comparing of behavior for the different time step. By
increasing the time step can be seen that behavior of systems is farther
away from the behavior of Lorenz system.

1. INTRODUCTION

Lorenz system is a system of three differential equations who depends
of three parameters. Its explicit solutions are not known. Behavior of the
Lorenz system as nonlinear autonomous dynamic system is studied in the
mathematical literature, like in the papers [3], [4] and [5].

The use of power series is one of the oldest methods for examining dif-
ferential equations. It is used for numerical calculations and for theoretical
results. In the mathematical literature there are numerous papers concerned
with such a use of power series, as example [6], [7] and [§].

In [1] and [2] we have used power series combined with difference equa-
tions to find local approximations to the solutions of the Lorenz system of
differential equations:

& =o(y—1)
y=x(r—z)—y (1)
z=uxy— bz
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with parameters o, r,b. For initial values ap = 2(0), by = y(0), co = 2(0) by
[9], [10], [11] we assumie that the solutions of the system (1) are expanded
as Maclaurin series,

t2 n
I(t)—ao+a1t+a22l—|— +anﬁ+

12 g
y(t) =bo+bit+bogy 4+ by 4o (2)

t.2 tﬁ
Z(t):CO+Clt+02§+"‘+0nm+"'

By consecutive differentiation of (1), for the coefficients a,, by, ¢, from
(2), we obtain the following system of difference equations:

an = U(bn—l - an—l)

n—1
—1
bn =Tranp—1 — bn_1 — E <7’L . )aicn—i—l (3)
1

=0
i n—1

cn = —bep— 1+Z< . >a1bn i—1
=0

In [1] and [2] of (3) with some mathematical transformations and for-
getting some parts from ay, by, ¢, with the initial values ag = z(0),by =
y(0),co0 = 2(0) = 0 and parameters o,r,b, it is obtained the system of
difference equations for a, (=), b, (=), cn(=):

an (%) = 0(bn-1(%) — an-1(%)) + Ao (bn—2(%) — an—2(%))
—Bo(bn-3(~) — an-3(=)) + Co(bn-4a(~) — an-a(=))
—Do(bp—5(~) — an—5(=~)) — Aap—1(~) + Bay—2(~)
—Cap—3(=) + Dap—y(~), n>7
ba() = (rn-1() — bu1(=) + Alrap_2(~) — bu_2(~))
—B(rapn—3(~) — bp—3(x)) + C(ran—s(=) — bp—a(=)) (4)
—D(ran_5(=) — bp_5(=)) — Abp_1(=) + Bbp_s(=)

—Cbp_3(~) + Db,—4(x), n>6
cn(r) = —Acp—1(x) + Bep—a(x) — Cep_s(=) (), n>>5

where A=1+0+bB = or — aO,C = oagby, D = —O'Qb% . The coeffi-
clents ap(~), by(~), cs(=~) for p € {1,2,3,4,5,6,7},q € {1,2,3,4,5,6},s €
{1,2,3,4,5} are calculated direct of (3) as the exact values a,(~) = a, =
z)(0),

by(=) = by = y\D(0), cs(x) = cs = 2(4)(0) and they are:
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a)p = O‘(b(] — ao), b1 =rag — bo, c1 = aob(],

az =o(by —a1), by = rai — b1 — apci, = —bc) + aob1 +aiby
agzU(bg—ag), b3:7’a2—b2—211 0(2)66162 i :—bCQ-i-Z ( )azbg i
ag = o(bs —az), bs=raz—bs— 37, () aics_s, =—b03+z< >azb3 i
as = o(by —ay), bs=ras—bs— Y5 o (5)aicai, :—bC4+Z ( )azb4 i
ag = o(bs — as), bg=ras—bs— > 0 (5)0405 i (5)

ar = o(bg — ag)

2. SYSTEMS OF DIFFERENTIAL EQUATIONS

In this section, we will present systems of differential equations which
approximated the solutions of Lorenz system.
For the initial values

2(0) = ag, 21 (0) = ay, 2@ (0) = as, a;<3>(0) = a3,z (0) = a4,
y(0) = bo, y™M(0) = by, yP(0) = ba, y¥(0) = b3,y (0) = ba, (6)
2(0) = co = 0, 21(0) = ¢1, 22(0) = 2,23 (0) = 3

calculated directly from (5), the system of difference equations (4) is trans-
formed in the following system of differential equations:

20 = oy — M) + Aoy — 2®)) — Bo(y? — @) + Co(y™) — 2V
—Do(y —x) — Az + Bz®) — 0z —|— Dz

y® = (ra® — @) 4 A(ra® — ) = Bra® — y@) 4 C(rz® — 4Dy (7)
—D(rz —y) — Ay + By® — cy® 1 Dy(l)
2 =420 + B:® _ ) 4 D2

By differentiation of the system (7), we obtain a new system of differential
equations

29 = 5(y® — 20 4 Aoy — W) = Bo(y® — 23 + Co(y® — z?)
—Do(y™M — :1:(1)) - Ax(5) + Bz — Cx(?’) + Dz®
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—D(rz®M — yMy = 4y®) 4 By® — cy®) 4 Dy
20 = — 4 1 B2®) — 02?4 D)

with the initial values

#(0) = ao, ' (mzah(mmza%ﬁWm—a&(Wm—n4ﬁ®:%,
y(0) = b,y (0) = by, 5@ (0) = b2,y (0) = by, 5 (0) = ba,y® = b5, (9)
2(0) = ¢ =0, Z(l)(o) =1,z (2)(0) — 9,2 (3)(0) —y 2 — g,

calculated directly from (5).
If we differentiate and of the system (8), then we will obtain a new system
of differential equations

2D = o(y® — ) + Ac(y® — 20)) — Bo(y™
—Do(y® — x( ) — Az(®) +

_ D(m( ) (2>) Ay + By<5> _ oy Dy<3>

20 — _ 4,00 L B2@ _ 0, 4 D@

™) 4+ Co(y® — 2))

)
) 4+ Be® _ 0p® + D$<3>

¥)(10)

with the initial values

2(0) = ag, 21 (0) = a1, 22 (0) = ag, 2 (0) = a3, 2V (0) = a4, 2 = as,

x(G) = ag,

y(0) = bo, ™M (0) = b1, yP(0) = by, y® (0) = b3,y (0) = by, (11)
y®(0) = b5, y'9(0) = bs,
2(0) = ¢ = 0, 2(0) = ¢1,22(0) = ¢, 23 (0) = ¢3,2(0) = ¢4, 29 (0) = ¢5

calculated directly from (5).

Normally, with further differentiation can be obtained larger number sys-
tems as systems of different equations (7), (8) and (10). Any future system
of differential equations will be of a higher order and it will has larger num-
ber of exact initial values.

The systems (7), (8) and (10) are linear systems and their global behavior
is far away from the behavior of the Lorenz system. But, we have the
opinion, that local behavior of the systems (7), (8) and (10) for the small
time step is close to the local behavior of the Lorenz system.

3. COMPUTER SIMULATIONS FOR THE SYSTEMS OF DIFFERENTIAL
EQUATIONS

In this section, we will give the local behavior for the systems of differ-
ential equations (7), (8) and (10) for different time step compared to their
global behavior.
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At this moment the question of what conditions would imply the con-
vergence of these power series is open. For the systems of differential equa-
tions, for given parameters o,r,b and initial values ag, by, co = 0, we have
the Maclaurin series (2).

For given parameters o, r, b the procedure for looking at the local behavior
of the systems (7), (8) and (10) are as follows. Let T be a positive real
number as the time step.

We take the solutions x(t), y(t), z(t) for t € [0,T] of the systems (7), (8)
and (10) obtained by the program Mathematica, for:

— the initial values (6) for the system (7);

— the initial values (9) for the system (8);

— the initial values (11) for the system (10).

Let xp(t) = x(t), yr(t) = y(t), 27 (t) = 2z(¢t) for t € [0, T]. Let xp(t), yr(t),
zp(t) be defined for t € [0,kT]. We extend them on [0, (k + 1)T] by
defining them for t € [kT,(k + 1)T] as follows. We take the solutions
x(t),y(t), z(t) for t € [0,T] of the systems (7), (8) and (10) obtained by
the program Mathematica, for the initial values ag = z(0) = zp(kT),
bo = y(0) = yp(kT),co = 2(0) = zp(kT) and:

— ap, by, ¢s where p,q € {1,2,3,4},s € {1,2, 3} for the system (7) calcu-
lated from (5);

— ap, by, cs where p,q € {1,2,3,4,5},s € {1,2,3,4} for the system (8)
calculated from (5);

— ap, by, cs where p,q € {1,2,3,4,5,6},s € {1,2,3,4,5} for the system
(10) calculated from (5).

Then, we define: xp(t) = x(t — kT),yr(t) = y(t — kT), zp = z(t — kT).

In examples, by computer calculations, for given parameters and initial
conditions, for different small values of time step T, we obtain functions
xr(t),yr(t), zr(t) for the systems (7), (8) and (10). We compare these so-
lutions with the solutions of the Lorenz system (1), for the same parameters
and initial conditions, obtained by the program Mathematica for different
time step T and we obtain that they are close.

Example : Parameters ¢ = 5,7 = 25,b = 0.8 and the initial values
ap =0,bg=1,cy = 0.

Figure 2 and figure 3 show that the local behavior of the system of dif-
ferential equations (7) for two different time steps of the time interval [0, 6]
is close to the behavior of Lorenz system.

In Figure 4, the local behavior of the system of differential equations (7)
of smaller time interval [0,1.2] moves away from the behavior of Lorenz
systermn.
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F1GURE 1. Results obtained by the program Mathematica
for the system (1) of time interval [0, 6]

In Figure 5 the global behavior of the system of differential equations
(7) of the interval [0, 6] is not like the behavior of Lorenz system (fig.1),
but its behavior characterizes the linear nature of the system of differential
equations (7).
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FIGURE 2. The solutions z7(t),yr(t), 27 (t) where T' = 0.1
for the system of differential equations (7) of the time inter-
val [0, 6]



APPROXIMATION FOR THE SOLUTIONS OF LORENZ SYSTEM WITH SDE

Space curve [<r (B .- (0.2 ~(5)
sa

o
—so

Sraphics of the fTunctions x> (.3 (O Z (1)
prs - *°

E DA —— Y

=

10 o —10

FIGURE 3. The solutions zr(t),yr(t), zr(t) where T =
0.125 for the system of differential equations (7) of the time
interval [0, 6]
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FIGURE 4. The solutions z7(t), yr(t), 2r(t) where T' = 0.15
for the system of differential equations (7) of the time inter-

val [0,1.2]
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FiGURE 5. Results obtained by the program Mathematica
for the system of differential equations (7) of the time inter-
val [0, 6]
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In figure 6 and figure 7, the local behavior of the system of differential
equations (8) of the time interval [0, 6] is close to the behavior of Lorenz

system.
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In figure 8, the local behavior of the system of differential equations (8)
of smaller time interval [0,1.05] is all farther away from the behavior of
Lorenz system.

In figure 9 the global behavior of the system of differential equations (8)
of the time interval [0, 6] is far away from the behavior of Lorenz system
(fig.1). In figure 9, the system of differential equations (8) reflects its linear
nature.
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F1GURE 6. The solutions zp(t),yr(t), zr(t) where T' = 0.1
for the system of differential equations (8) of the time inter-
val [0, 6]

Space curve (7 (8.3 (0,272

Graphics of the functions x (1. ¥y (1).Z- (1)

o
= i \ /’\}f{\_/\ ]
10 J’ ‘ N o

v 2 3 4 [

N1 ] 5 ]
-10 oF i
H10

FIGURE 7. The solutions zr(t),yr(t), zr(t) where T =
0.125 for the system of differential equations (8) of the time
interval [0, 6]
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FIGURE 8. The solutions z7(t), yr(t), 2r(t) where T' = 0.15
for the system of differential equations (8) of the time inter-
val [0, 1.05]
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FiGURE 9. Results obtained by the program Mathematica
for the system of differential equations (8) of the time inter-
val [0, 6]

In figure 10 and figure 11 the local behavior of the system of differential
equations (10) of the time interval [0, 6] is close to the behavior of Lorenz
System.

In figure 12, the local behavior of the system of differential equations (10)
of smaller time interval [0, 1] is farther away from the behavior of Lorenz
system.

In figure 13, the global behavior of the system of differential equations
(10) of the time interval [0, 6] is far away from the behavior of Lorenz system
(fig.1) ie in figure 13, the system of differential equations (10) reflects its
linear nature.
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FIGure 10. The solutions zr(t),yr(t), zr(t) where T =
0.125 for the system of differential equations (10) of the time
interval [0, 6]
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Ficgure 11. The solutions zp(t),yr(t), zr(t) where T =
0.175 for the system of differential equations (10) of the time
interval [0, 6]
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FIGURE 12. The solutions z7(t), yr(t), zr(t) where T' = 0.2
for the system of differential equations (10) of the time in-
terval [0, 1]

We conclude that: If the system of differential equations is of a higher
order and incorporates more exact initial values then its local behavior will
be closer to the behavior of Lorenz system for a larger time step. Normally,
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F1GURE 13. Results obtained by the program Mathemat-
ica for the system of differential equations (10) of the time
interval [0, 6]

by increasing the time step the local behavior of these systems of differ-
ential equations are moving away from the behavior of Lorenz system. As
expected, their global behavior reflects linearity of systems of differential
equations.
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