G. Cupona and S. Markovski
ON QUASIGROUPS

The main object of this paper is a convenient generalization of the
notion of binary quasigroups to the w-quasigroups for arbitrary ordinal o.
At first, in 1—4 simple generalizations of ,,binary* definitions and results
are given. The theorem 5.1 is the main result of this paper. It seems to us that
the proof of this theorem is simpler than the known proofs of the corresponding
theorem for binary quasigroups. (For example, [1] I.2) Identities in the class
of a-quasigroups are considered in the last part of the paper.

Special classes of x-quasigroups may be obtained by adding some new
axioms: thus, a-groups may be defined as asssociative w-quasigroups. In
the papers [4] and [5] it is shown that there exist only trivial w-groups; this
results sugest the question whether the same is true for every infinite ordinal «,

1. x-sequences. Let o be an ordinal number; as usual, we assume that:

« = {818 is an ordinal such that§ < a}. (1.1)

If P is a set then the elements of P* are called a-sequences on P. An «-sequence
on P is denoted by <ag:B € o> = a; if y € « then we write:

a = <ag:Bcy>aya, (1.2)
where

a = cayy148:BCa—(y + 1) (1.3)

also if y,d €« and y+3, then by as, . is denoted the «-sequence b=
= <bg: B € x> suchthat by = ag forB £y, 8 and b, = a3, by = a,.

2. Partial x-quasigroups. Let P be a set, D a subset of P* and 4 a mapping
of D into P. Then # is said to be a partial e-operation in P, and D is called the
domain of h. Let <hg:f €« + 1)> = H be an « + 1-sequence of partial e-ope-
rations of P. The partial algebra (P, H) is said to be a partial a-quasigroup iff:

b=hya & ay = hy<ag:By>b Ya, 2.1)

for each y € a, and a = <ag : B € o> € Dy. (Dy is the domain of Ay).
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It is easy to see that the following four statements hold:

2.1 Let H= <hg:BCa + 1> be an o + I-sequence of partial «-opera-
tions on P. The partial algebra (P, H) is a partial a-quasigroup iff the following
two statements are satisfied:

aCDy=> ay—=hy <agPy>h,aYa (22)
aE Dy=> ay= hy<agBcy>hya Ya, (2.3)

for every yC o, a = <ap:fCo> € P* g
22 If (P, H) is a partial a-quasigroup and ify, 8Ca, v 5 then:

ay, 5C Dy = ay = hy<ag:BEY> hy ay,3 Ya. " (2.4)

2.3 If (P, H) is a partial z-quasigroup then the partial u-algebra (P, hg)
is cancellative for each d< o + I, i. e. (foranyy o, a=cag:Bcoa>cP%
b€ P):

hsya = hy<ag:BCy>bYa = a,=b. B 2.5

24. Let (P, h,) be a cancellative partial «-algebra, and let for each
¥ € o ‘a partial -operation h, on P be defined by (2.1). Then the obtained
algebra (P, <hy:y€a + 1>)isa partial x-quasigroup. g

3. a-quasigroups. A partial c-operation & on P is called an «-operation
on P if P* is the domain of A, i. e. if & is a mapping of P*-into P. A partial
a-quasigroup (P, H) is called an a-quasigroup if h, is an «-operation on
P for each y € + 1. By 2.1 and 2.2 we obtain:

31 Let H= <hg:B€ao+ I> be an « + l-sequence of a-operations

on P. The «-algebra (}?, H) is an «-quasigroup iff for any yC« and a =
= <ag:B & > & P* the following equalities hold:
ay = hy <ag:BCy>hya Ta

= hy<ag:BEy> hya Ya. § (3.1)

32 If (P, H) is an a-quasigroup a = <ag:B € andif v,8 Ca, vy 73
then: :

ay = hy <ag:B € > hyay, 32, g 3.2)

An a-quasigroup may be defined as an algebra with an «-operation
in the following way:

3.3 Let h, be an a-operation on P and for each yCa« /., be defined
by (2.2). Then the algebra (P, H) is an «-quasigroup iff:

(VaEPH(VyYEw) (N XEP) hycagBEy> xVa =a,. B  (33)
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4. Words. Let ¢ be an ordinal number, and £, the least infinite ordinal
whose cardinal is larger than the cardinal of «. Let P(4(/)) and Q={f3 8 € w41}
be two disjoint sets; the elements of ) are called a-operators. Denote by
W(P; Q) the set of all -sequences on P!_£ where n £ %,. The intersection
of all subsets C of W(P;{)) which satisfy the statements:

PG,

YEa+ l,u=<ug: BE>CC*> fLu€C, (4.1)
is said to be the algebra of Q-words on P, and is denoted by (Jp Below we
give a more detailled description of Qp .

4.1. Let [B)Ja¢ £,) be a collection of subsets of W(P,Q) defined
in the following way:

By P,
By =B UffyulyCa+ 1, ug B} “4.2)

and if ACE, is a limite ordinal, then

B, = \, B, (4.3)
vER
Then, the folllowing equation is satisfied:
Qp= 1 B;. (4.4)
AEE,

Proof. Assume that C is a subset of W(P, (), such that (4.1) holds.
Then, we have B, C C for eact A€ E, and thereforel JB, C Qp. Clearly the
right hand side of (4.4) satisfies the statements (4.1). §

If u¢ B,, and u & B, for any v € A, then we say that A is the range of u
and write X = r(u).

42 Ifu = f, <ug : B C o>, then (VB E a) r(ug) < r(u).

Proof. First, note that the range r(«) of a word « is not a limite ordinal,
and r(u) = A+ 1 & u€ By "\ B,. Therefore, if u=f,<ug:B€a> and
r(u) = A + 1, then <uﬂ:ﬂria> EB* e (VBca) rlug) <h <A+ 1. K

5. Embeddings of partial o«-quasigroups into «-quasigroups;

If an a-quasigroup (Q, H) is generated by a partial «-quasigroup
(P, H) and if every homomorphism & of (P, H) into an «-quasigroup (Q’, H') can
be extended to a homomorphism o:(Q, H) »>(Q’ H'), then (Q, H) is said to
be freely generated by (P, H).

The main result of this paper is the following theorem.
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5.1 If (P, H) is a partial e-quasigroup, then there is an «-quasigroup
(0, H) which is freely generated by (P, H),.
Proof. 1) Let Qp be the algebra of Q-words defined as in 4. The notion

of subwords is defined in the usual manner. An Q-word v € Qp is said to be
irreducible if neither of its subwords has one of the following four forms:

SacugBEY> fyuTu (5.1)
fy<ugBEY fyuTu (52)
fr cug:BEY> fyuy, - Tu | (5.3)
fy a (5.4)

where u€Qp, a€ D, CP* v, 8, vCa and y 7 .

2) Denote by Qp the set of all irreducible words, and define a colle-
ction <hy:y €a+ 1> of a-operations on Qp as follows.
Let u = <ug:f€a> € Op, €+ 1 and v =/ u. Then:

vEQp=>V =" u (5.5)
uy = fy<ug:BEY uNus u="p,u (5.6)
Uy = fo<ug:pEY>uTu= u=jhyu 5.7
Y8, W=cug:Bi y>u'u, uy=fi, Wy, 5=>u=hyu (5.8)
tCca+1,acP* b="hain (P,H) > b= a. (5.9)

By 4.2 and (5.5) — (5.9), <hg:P €« 1> is a collection of a-operations
on Qp.

By a straightforward computation it can be shown that the identities
(3.1) are satisfied, and this would imply that (Qp, H) is an «-quasigroup.

3) Clearly P C Qp, and if a=h.a in (P, H), then a="7, ain (Qp, H)
Thus, (P, H) is a partial «-subquasigroup of (Qp, H).

Let u ¢ Qp, and denote by @ the continued product in the quasigroup
(Qp, H) which is obtained from u in such a way that each operator symbol
f~ is replaced by the corresponding operation .. By (5.5) we have u = u.
This implies that (P, H) is a generating partial «-subquasigroup of (Qp, H).

4) LetA:P— Q' be a homomorphism from (P, H) into an «-quasigrou p.
(Q', H'). We extend 2 to a mapping ¢: @p — Q' in the following way:

at P = ¢(a) = Ma),
v=fy<ug:BEa> = o(v) = h,' <pug): B €.
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It can be easily shown that ¢ is a2 homomorphism from (Qp, H) into (Q’, H')

Thus, (Qp, H) is freely generated by (P, H). i
Now we can state the following three corrolaries.

5.2. Every set P freely generates an «-quasigroup (Qp, H).

Proof. If we put D,=(’) for each y € «+1 we get a partial «-quasigroup
(P, H) and then apply 5.1. |§

5.3, The category of x-quasigroups admits free products.

Proof. Let {(P;, Hi)|i < I} be a collection of partial «-quasigroups, such
that {P;|i€ I} is a collection of disjoint sets. Put P=(JP; and define a
colection <hy: v € & + 1> of a-operations on P by:

h7a=binP<:>(3i€I)hl'Yaw——binP‘.

Then (P, H) is a partial x-quasigroup, and the a-quasigroup (Qp, H) freely
generated by (P, H) is the free product of the given collection of «-qua-
sigroups. #

5.4. If « is finite then the word problem in the variety of e-quasiproups
is soluble.

Proof. This is a consequence of 5.1 and the main result of the paper [3].

6. Identities in the varieties of quasiproups. Let X be a well ordered set
with type £,, where £, is defined as in the begining of 4. Elements of X are
called free variables. If u €y, i.e. @ is a word on X, then (as in the proof
of 5.1) by uis denoted the continued product in the free quasigroup (Qy, H)
which is obtained from u replacing each operator symbol f3 by the corre-
sponding operation g. We say that u= v is an identity (in the class of «-qua-
sigroups) iff # = ¥ in the quasigroup Qyx.

6.1. If v and v are different members of Qy then v = v is not an
identity.

Proof. If u € Qx, then we have u = . §

6.2. Let u, v be two words on X such that v is obtained from « in such
a way that some subwords of « of the forms (5.1), (5.2) or (5.3) are replaced by
the corresponding subwords uy. Then u = v is an identity.

Proof. If w is any word with one of the forms (5.1) — (5.3), then we
have w =, B

6.3. For each Q-word u there is a unique v € Qx such that ¥ = v is
an identity.

Proof. By 6.1 we need to show the existence of v € Qx with the desired
property. This will be shown by induction on the range A of w. If A =0,
then u€ X C Qx. Assume that u = f,, <ug:P ¢ «)>; then r (ug) <A, and the-
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refore there exists an a-sequence <vg: B¢ Q> ¢ QF such that ug = vg is an
identity for each € «; then w=v is an identity too, where v=/f., <vg:B( o>;
if v does not belong to Qx then it has one of the forms (5.1) — (5.3) (for,
vg is reduced), and thus there is a8 ¢ o such that w = v isan identity. |

6.4 Let o be a finite ordinal. There is an algorithm for answering the
question whether an identity ¥ = v holds in the class of x-quasigroups.

Proof. Let u & Qy and denote by R(u) the word which is obtained from
u when the first occurence (from the left on the right, say) of a subword which
has one of the forms (5.1) — (5.3) is replaced by w.. Denote by k(u) the least
positive integer such that R(R¥(*™)(u))=n=R*¥) (u). Then, R¥®)(u)¢ Qy,
and u = R¥(")(u) is an identity. Thus u = v is an identity iff 7 = v. (We
note also that 6.4 is a special case of 5.4.)
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Iopru Yynona u Cvuse MapkoBcku
3A KBABUI'PYIIUTE

(Pesume)

Bo paGortasa ce BoBelyBa MOMM 3a w-Keasuwipyuu, Kaue o € (KoHedeH
wiu Geckoneven) opaunaneH 6poj. Bo npeuTe ueTupu dena ce W3HecyBaat
nprpoAHH obOMIUTYBaka HA COOABETHUTE ,,OMHApHM AehHHHIMH H pe3yl-
TaTH. Bo meTTHOT men ce mokaXkyBa [deKa CeKoja desiyMHa «-KBasHIpyna Moxke
[1a ce CMeCTH BO ®-KBasurpyna, LITO € W [JIaBHHOT pe3yJTaT Ha osaa paboTa.
CmeTaMe Jeka [A0K430T H4 0BOj Pe3yJITaT € MOeJHOCTABeH O/ MO3HATHTE
JOKa3H Ha COOMBETHHOT pe3yiaTar 3a OuHapuuTe KBasurpynu. Hekosky
pe3yJITATH BO BPCKA CO MOEHTHTETHTE BO KJIACATA «-KBA3HIPYNH CE JOKaXy-
BaaT BO MOCJEOHHOT Jell.

Ha cnomeneme geka o paborute [4] u [5] e nokaxauno meka nocrojart
caMo TpUBHMjaJIHM (T. e. eHOeJeMeHTHH) w-rpynu. [IpupoaHo ce HamMeTHyBa
MpalIakeTo Jaji WCTOTO BaXH M 3a «-rpynuTe MpH OecKOHeuYeH OpAMHAJIEH

6poj o.



