ON SEMILATTICE DECOMPOSITIONS OF TERNARY SEMIGROUPS
P. KrZovski

- The notion of a ternary semilattice is introduced, as wel. as that of a
semilattice congruence in a ternary semigroup. It is then shown that almost
all known properties relating semilattice decompositions of binary semigroups
generalise to the ternary case.

1. Semilattice congruences. Let S be a ternary semigroup,
i.e. an algebra S with an associative ternary operation

(x, y, 2) — xyz,

S is called aternary semilattice if S is commutative. idempotent
and satisfies :
x2y = x)R
A congruence « on a ternary semigroup Sis called a semilattice
congruence if S/« is a ternary semilattice.
A subset 7 of Siscalled a completely simple ideal if

xyz€Iexeloryclor z€EL

F(C S)iscalleda filtre in Sif 7= S\ F is a completely simple
ideal.

We shall first show that the semilattice congruences can be characte-
rised by the class of completely simple ideals.

1.1. Let > be the set of completely simple 1dcals in S. Theu the rela”
tion defined by
xaeysVIED)x p,Clorx,y & 1)
is a congruence on S.

Proof. Clearly, « is an equivalence. Since the elements of 3 are com-
pletely simple ideals, one obtains easily that « is a congruence on S, so it
remians to show that o is a semilatice congruence.
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Let /¢ T and x. y, z € S. Since I is a completely simple ideal, we have:
Xclexcl, xyzcloyxzelexzye]; xyele xyicl
It follows that

X} ax, xyzayxz o xzy, xiy o xy?

i.e. « is a semilattice congruence. [
Denote the congruence o of 1.1 by ax.

We shall now show that the converse of 1.1. is also true, i.e. that:

1.2. If « is a semilattice congruence, then there is a family 2 of comple-
tely simple ideals in S such that « = ay.

Proof. Let « be a semilattice congruence on S and let associate to each
element x C S the subset F, of S defined by

F,={y€S | xax}

We shall show that F, is a nonepty filtre in S. Firstly, it is clear that
xE F,. Then, if w,v,w¢F, we have

x o x®we x (x2u) w, x2(x%) vw o x2uvw

from which it follows that www € F,.

Conversely, let uyw € F,. Then we have
x o X3uvw o x2uvw® = x2uvww? g xw?,

i.e. wE F,. We obtain similarly that w, v € F,. Thus, we proved that F, is
a filtre. Put I,= S\ F, and let 3, = {I,| x€ S}. So 3, is a set of comple-
tely simple ideals in S. We shall show that « = %g,.

Let yoz, I, 2, and y & I,. Therefore y € F,, ie. xax®, from
which, since x®y « x%z, we get z€ F,, i.e. z ¢ I,. We have thus shown that
«C oy Conversely, let Xy ¥ then by x € F,, we have y € F,, i.e. x o x2y.
For the same reason. y « F,, implies x € F, i.e. y« y%x. But x?y « y*x, so
Xey.

Therefore « = 55 ]
Let us note that:

13. If S¢ 3,5 & I, then ag=ay & 2, =3, |

2. Least semilittice congruence.

Clearly, the intersection n of all semilittice congruences is a semili-
ttice congruence. So:
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2.1. x oy if and only if for every completely simple ideal 7 in S we
have x, y€I or x, y & L

We shall give another description of p.

Let us first denote by N(x) the minimal filtre in S in which x is con~
tained, i.e. N(x) is the filtre generated by x.

A direct consequence of. 2.1. and the definition of N(x) is:

22. xny= N(x)=N@). §

The classes of the congruence n are called pclasses. If xS,
then the n-class which contains x is denoteed by N,. Therefore we have:

23. i) Npy, = Nyzy = Nigy; i) N,3=N,;

ili) Nzy® = Ny, %, iv) is a subsemigroup of S.

As in the binary case, we say that Sis n-simple if S has no proper com”
pletely simple ideals.

Properties analogues to those in the binary case are vilid in ternary
semigroups. These, in the author’s opinion, justiyfy the difinition of the noti-
on of a ternary semigroup. Governed by the fact that the proofs of these pro-
perties are similar (as was the case with the previous ones) to those in the bi-
nary case, we shall only formulate some of them.

The folloving theorem gives a constructive way of obtaining N(x)
which has an inductive nature.

2.4. Let x be any element in S. Let N;(x) = {x%+* | k =0, 1, 2,...}
and let N, ,(x) be the ternary semigroup generated by all elements y in S such
that N,(x) (\ J(¥) # e, where J(y) = y U S%y U SyS U yS?! ) S2yS?, Then

N; = N, (x). l
n

|
=
=

2.5. If I is an ideal of some j-class of a ternary semigroup S, then
I has no proper completely simple ideals.

Proof. Let S be a ternary semigroup, z € S and 7 an ideal of N,. It is
enough to show that 7 is the only filtre of I. Let F be a filtre of I, a any ele
ment of F and let

T={x€S|ax*C F}.

We shall show that 7" is a filtre of S. Let w, v, w& T. By the inclu
sion FCIC N, we have

Nosug = Ngu = Ny = W=
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. Since F is:a filire, we easily-gonclude that’ a®uvw; uvwa?® & F. But then

ala®(uvw)] [(uvw)a®] = [@*(uvw)*|aa & F

so a*(uvw)? € F. Therefore uvw € 7.
Conversely, let uvw € T; this implies that a*(wvw)® € F. From

Nas(um)z = Na(um)z e Nas(uvw) = N,
we get a*(uvw)EN.. Since
- ala®(uvw)] [(uvw)a?] = [@®(uvw)®?aa € F

it follows that (uvw)a® € F. From there we easily get that w,v.wCT We
have thus proved that 7 is a filtre.

It is clear that FC T I. Let x£ T " I. Then a*x2€ F. Since F is
a filtre, it follows that x € F. But fromac N, T wehave N, CT.SoT (" [
— [ and finally F= I .

2.6. If I is a completely simple ideal in S and if /"N, = o, then INN,,
is completely simple. §
As a concegence of 2.6, we get:

2.7. Every completely snmpie ideal of a ternary semigroup S is a union
of u —classes. §

If Y, denotes the set of all , — classes of a ternary sermgroup S 4 we
have.

2.8. If 7 is a completely simple ideal of a lernary semigroup S, then
J = {N CY,|xCI}is a cornpletcly simple ideal in Y. Convcrsely, of
Jis a completcly sxmple ideal in Y,, then I = {xc S|N,CJ} is a comple-
tely simple ideal in S. § :
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NOJYMPEJXKHH JTEKOMITIO3UIIUHN HA TEPHAPHUTE
MOJYIPYIIN

IT. Kpxoscku

Peszume

Hexa S e TepuapHa monyrpyna, T.e. airebpa co eHa TepHApHA aco-
unjanTHBHA onepaumja (X, y,z) — xyz. 3a S BelMMe Jeka ¢ TepHapHa
NnonymMpexa ako S e HAEMIOTEHTHA W KOMYTATHBHA TepHAPHA IOJIY-
rpyna, BO Koja BaXmW WACHTHTETOT X%y = x)%. 3a eaHo HEMpPa3HO MOAMHO-
xecTBo [ of S BenMMe JIeKa €e KOMINJAETHO NpocT HAeal]HasS ako

X»zES, xyz€I>x€E1L yel, z€1

Enna teprapna nmornonyrpyna F on S ce Buka G miTe p, ako S\ F e KOM-
IJIETHO HpocT Haean Ha S wiH S\ F =o.

Co 1.1. u 1.2. e naneHa KapakTepH3alHja Ha TePHAPHUTE MOIYMPEKHH
JAEKOMIIO3HIHK Of S CO MOMOII Ha KOMIJIETHO MPOCTHTE HieanH oA S.

3a x €S, vexa N(x) e HajmanHOT QHATEP LWITO TO COAPKH X M Heka
N, ={y€S|Nx) = N}

Axo co Y, ro o3HauMMe MHOXECTBOTO OJ CHTe Pa3iM4YHH MHOXECTBA
N, n axo Ha Y, neduuupame onepaunja co: N,N,N,= N,,,, Toram Y, cra-
HyBa TepHapHa noJympexa (2.3). Hatamy, co 2.4. e majeH eaeH KOHCTPYK-
THBEH Ha4ymH 3a foduBame Ha N(x). Bo 2.5. nokaxpame Jeka Hema HIean
Ha N, KOJIITO COApXKH BHCTHHCKH KOMILIETHO TpocT Haean. Ha kpajot, co
2.8 ¢ moKaxaHO JeKa MOCTOM ODPAaTHO eJHO3HAYHA KOPECTOHAeHUMja Mmely
NapOUjaiHO NOAPEICHOTO MHOXECTBO O CHTE€ KOMILICTHO TPOCTH MAeasn o
S H napuMjajiHO MOAPEEHOTO MHOXKECTBO OJI CHTE KOMILIETHO IIPCTH HACANIH
on Y, :
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