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ON SOME AXIOM SYSTEMS FOR »n-GROUPS
Naum fC elakoski

ABSTRACT. The subject of this paper are systems of axioms for n-
groups. Some necessary definitions and results are given in the first section.
The main result in the second section is the theorem 2.2: ..A covering of an
n-semigroup Q is a group if and only if Q is an #-group”, which makes possi-
ble to prove most of the results of the third section and also to give shorter
proofs of some known results. The main results in the third part are the theo-
rems 3.2 and 3.5, which generalize and (in a sence) improve the respective
results of [4], [5] and [6].

1. PRELIMINARIES

An n-semigroup is an algebra (Q, []) with an associative n-ary
operation [ ]:(%y,...,X,) — [¥;...x,]. By the associative law, [ ] indu-
ces an associative k (n — 1) 4 l-ary operation

[ Ie: (a5 -« o5 Xkgu—ry1)—> P21+ - - Xetnzrys 1)

i.e. a k(n—1) + l-semigroup. As usual we shall write [ ] instead of [ ];
and the symbols a», B, A,... A,, B—a Br—, for any element a € Q and
non-empty subsets B, A, , ..., A, of O, will have the usual meanings.

Any semigroup S = S(.) can be considered as an n-semigroup for
any integer n _>2. A semigroup S is called a covering of an n-semi-
group Q iff* Q is an n-subsemigroup of S (i.e. 0 C S, O» C Q') and the set
Q generates S. A covering M of an n-semigroup Q is said to be maximal
one iff every covering of Q is a homomorphic image of M. Any two maximal
coverings of an n-semigroup are isomorphic.

It is well-known that for any n-semigroup Q there do exists a cove-
ring semigroup ([3], [9]). Namely, let U = Uy be the semigroup which is
freely generated by the set Q, i.e. U is the set of all finite sequences,

over O,
U={(@a,....a0) |kEN, ay€ Q)

1 iff* stands for ,,if and only if*.
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and the operation is the concatenation of sequences. Two elements ¢ = (ay. . . .
ay) and b = (by, ..., by) of U (where a,, by, € Q) are said to be strongly
linked (in Q), shortly a sl b, iff there exists an element e = (e;, ..., €)
of U (e,€ Q) and two sequences of nonnegative integers k,,...,k; and
my,...,my such that

3-1:[91---9&,], aﬂ=[ek1+l"'ekz]!"'v ai::["'el];
b;z[e,...eml], bg—*-:[e,,,]_,.l...em!],.... bj=[...8g].

The transitive extension / of s/ is a congruence on the semigroup U.

The mapping : Q — U/l defined by A (a) = a' is a homomorphism,
and its restriction A;: Q — Q! = {a'|a€ Q} is an epimorphism. Moreover,
) is a monomorphism, i.e. A, is an isomorphism, which means that the 7-semi-
group Q can be considered as an n-subsemigroup of the semigroup UJl.
Clearly, Q! generates U/l and so UJ! is a covering of the n-semigroup Q.

The semigroup U/l is a maximal covering of Q. It is also called the
free covering (or universal semigroup) for the n-semigroup Q and it is
denoted by Q*. Since Q and Q! are isomorphic, it is convenient to iden-
tify the /-class @' with its representative a, i.e. to assume that Q! = Q.
Writting the elements of Q" in the form a, ... a; instead of (ay,...,q)!
and putting

Ql':Q! Qm:{al-*-am|av€Q}‘ s M) e e
Oke—+:CQr (AKr<n (1.2)

(LD

we get

so that the free covering QO of the n-semigroup Q obtains the following form:
Q" =0:U Q... U Qu (1.3)
where Q; N Oy =@ for iz~

2. COVERINGS OF »n-GROUPS

An n-semigroup Q is called an n-group iff for any sequence a,
vvs@p_1, b€ Q there exist elements x,y € Q, such that

[xay...ap] =5, [a1...ap ¥yl =b, (2.1)
i.e. for any sequence a,,.... a1 € Q
Qal vy 1= Q =dy...05-3 Q. (2.2)
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If an n-semigroup Q is an n-group, then the free covering semigroup
Q" is a group ([2], [3] and [9]). We shall show that the converse is also true.
First we shall prove the following: '

2.1. Lemma. An n-semigroup Q is an n-group iff Q isak(n—1) -+ 1-
group for any positive integer k.

Proof. Let the n-semigroup Q be a k (n—1) + I-group for some k
and let [xa, . ..a,_,]= b be any equation on x in Q. Since any element of a
k (n—1) + l-group, by (2.2), can be represented as a (non-trivial) product,
we can put @y = [¢e¢y . .. Ckn— 1] and then, putting d=[cy¢; ... cpyl,
we get the equation

[Xﬂ'l e ly g d{-‘n *ea (.'k(,,_;)] = b,

which, as an equation on x in the k(n — 1) -+ l-group Q has a solution in
Q. Symmetrically, any equation [, . ..a, 4] = b on y has a solution in Q
Therefore, the n-semigroup Q i1s an m-group.

The direct part of the lemma is obvious. fi

2.2. Theorem. A covering G of an n-semigroup Q is a group iff Q
is an n-group.

Proof. If O is an n-group, then Q" (as we mentioned before 2.1)
is a group. Therefore, if G is a semigroup which is a covering of O, then G,
as a homomorphic image of the group 0", is a group.

Conversely, let G be a group and a covering of the n-semigroup Q.
Since the set O generates G and Q is an n-subsemigroup of G, we may write

G=0:1U&U...U 0
where 0, =0, 0; = {a;...a;|a,€ Q). Denote by m >>2 the smallest

positive integer such that 0™ C Q, i.e. Q is an m-subsemigroup of G. Then

G‘T-'QIUQSLJ'--UQM‘-I:

and so the identity ¢ € G belongs to some of the sets Q;, 1< i<<m—1.
Let ec O, and let x;,...,x, , € Q. Then

XieoeXmep =Xt Xmp € =X3... %y p€;...5C0,C0,

i.e. Q™2 C Q. Since mis the smallest integer such that Q is an m-subsemi-
group of G, it follows that p =m—1, ie. e € @, ;.

Let x & Q. Then the inverse x—! in G is an element of Q; for some
Jil<jKm—1. Since eC Oy, and e = xx 1€ @ O; = Qy4,, it follows
that j=m—2, ie. x1€ Oy,
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We shall show that Q is an m-group. Let xa,...a,_, =5 be an
equation on x in Q. As an equation in the group G, it has a solution x:

x=bazl ...a7 € Q0 —2) m—1) = Oim—2) m—1y+1 C O.

Symmetrically, any equation a;...a, ,y =b has a solution y € Q. There-
fore Q is an m-group.

Letn—1=g(m—1)+4r, 0 <r<m—1. Since Q is an m-group, it
follows that ™= Q and, more generally, Q*™—h+1—= O for any k -N.
If were r >0, then, according to the assumption that Q is an n-semigroup,
we would have

Q; Q‘n — qum ~D4r41 — QQ(m—IJ+1 Qr — Q (= Qr+1,

i.e. Q would be an r + l-semigroup, and r+ 1 < m, which contradicts the
choice of m. Therefore r =0, i.e. n—1 =g (m—1). By Lemma 2.1 it
follows that Q is an n-group.

As a special case of Theorem 2.2 we have the following:

2.3. Corollary. An n-semigroup Q is an n-group iff the free covering
Q" is a group. |
Also:

2.4. Corollary. a) The solutions x, y of the equations (2.1) in an
n-group are unique.
b) If Q is an n-group, then every equation

l[ay...q_yxa4y...a,] =b

on x in Q has unique solution in Q for everyi=1,...,n.
Using 2.3 we shall prove the following:

2.5. Proposition. An n-semigroup Q(n = 3) is an n-group iff for
some k€{2,...,n—1} any equation (on x in Q) of the from

[al - at_l X a.‘.f.l A a“] = b (2.3)
has a solution x in Q.

Proef. If Q is an n-group, then by 2.4 b), the equation (2.3) has unique
solution x in Q. To prove the converse, we shall show that the free covering
Q" of the n-semigroup Q is a group. Let ax = b be an equation on x in the
semigroup Q ", where @ =a,...a;, b =b,...b; (a, b, € Q) and choose
elements ¢; 5, ..., ¢y € Q. Since the equation (2.3) is solvable, there exists
an element x; € Q, such that

llay...ace02...Catal Cpsa. . . Cpon—y X5 Cptkt1 - -+ Con]l = by,
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and then, putting x =¢ia...Cnip—1 Xk Cpikgs--. Can ba... by, we get
ax=b;

Thus, for any a, b€ 0", there exists an x € Q" such that ax = b. By
symmetry, the same is true for the equation ya = b on y. Therefore Q" is
a group and, by 2.2, @ is an n-group. |

A sequence ey, ..., e, ; of an n-semigroup Q is called a left (right)
identity sequense or left (right) identity of Q iff

WxEQ) [g...ep9xl=x ([xe;...€3—4]=x). 2.4

2.6. Lemma. An n-semigroup Q has a left and right identity iff its
covering semigroup Q" has an identity, Moreover, if every x€ Q has a
left inverse x¢ Q", then Q" is a group.

Proof. If e=e,...e, ;€ Q" is a left and right identity in the n-se-
migroup Q, then for any element ¢ = a,...a; of 0" (a, € Q)

ea=e;...ep1aGy...aqy=1[e;...ep @l th...ay =aa,...a;, =a,

and also ae = @, which means that e is the identity of Q*. Conversely, if e
is the identity of Q", then e Q,_, and clearly e isaleft and right identity
in the n-semigroup O.

The second part of the lemma follows by the fact that the set Q gene-
rates 0*.

3. AXIOM SYSTEMS FOR »#-GROUPS

We introduced the concept of n-group in the previous section as an
algebra Q with one n-ary associative operation [ ] in which the equations of
the from (2.1) are solvable on x, y respectively. Some characterizations of this
concept are given by Theorem 2.2 and its corollaries, and thus they can be re-
garded as other definitions of n-group. We intend to state in this section some
equivalent systems of axioms for n-groups. Therefore we shall reformulate
some of the results of the previous section in the following theorem.

3.1. Theorem. Let Q be an n-semigroup. The following statements
are equivalent:

(1) Q is an n-group (in the sence of (2.1)).

(i) Q satisfies the relations (2.2).

(i) Q is @ k(n—1) + l-group for any k EN.

(iv) The free covering of Q is a group.

(v) Some covering of Q is a group.
If n>3:

(Vi) dny equation in Q of the form (2.3), for some k:2< k< n—1,
has a solution x on Q. }
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It seems that Dornte [1] was the first who generalized the group con-
cept by assuming the operation to be any n-ary (for some fixed integer n > 3)
and letting the other axioms for group: associativity of the operation and
solvability of certain equations. Larger and deeper investigations of this
concept was made by Post in his monograph [2], where it is used Dérnte’s
definition of n-group, slightly modified:

(vii) Given a class of elements Q, and an operation [x; ... Xx,], it is
said that the elements of Q constitute an n-adic group under [ ] if the
following two conditions are satisfied:

1) If any n of the n + 1 symbols in an equation of the form

[y .. xp] = Xp41

represent elements in Q, the remaining symbol also represents an element in
0O, and is uniquely determined by this equation.

2) The elements of Q satisfy the associative law under [ ].

This definition of n-group, by 2.5, is equivalent with (i) (which is out-
lined in [2], p. 213 too).

Another definition of n-group, which involves the concepts of left and
right identities of an n-group instead of solvability of certain equation (it
can be found in [4] and [5]) is the following:

(viii) An n-semigroup Q (n_>3) is an n-group iff for every sequence
X1y 005 Xy—y € @ there exists an element x’ € Q such that x;...x, ,x' is
a left and x'x, ... x,_, is a right identity of Q.

The equivalence of this definition with (i) is a consequence of the fol-
Jowing theorem which gives an another (equivalent) definition of n-group
and generalizes (viii).

3.2. Theorem. An n-semigroup Q (n >3) is an n-group iff, for some
k€e{l,2,...,n—2},

Vxp...,n€c@@@x's ... X1 €CQNVYe0
Prae. X o  XppaVl=y=Dx'.. XppuX...] @Il)

Proof. Let Q be an n-group, k a fixed element of {1, 2,...,n—2} and
e the identity of the free covering group Q". If xy,..., € Q, then (x
vo o Xp) (X1, .. xp)"t=e in Q" and by the proof of Theorem 2.2, e belongs
to O, ;. Since X;...x;€ O, it follows that (x;...x) '€ Op—p—y, ie.
Gy ) =% . . Xa—5 4. Obviously

b SR -y o LN, SR - SRS i S Ve ]

is a left and right identity of Q and thus the relations (3.1) hold.

Conversely, let Q be an n-semigroup in which (3.1) hold. As in Lemma
2.6, we see that e=x; ... xx,". .. X' y—p_; is a leftidentity and x,". . . x",,_z_;
X;...X = e is a right identity of @, i.e. e is the identity of Q0 ".

let a —=a,...a; be any element of Q" (a,€ Q). If i =k, then by
(3.1), there exist @;',...,a@'p—p— € Q, such that @' =a;"...a'3_p, is a
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left inverse of a in Q" . If i <k, then we choose elements c;,.... G €0
and, by (3.1), there exist a,’,...,a', g & Qsuch that @' =a,"...a'y 4,
Cy...Cprqis a left inverse of @ in Q*.Ifi >k, then we choose elements
CisvvsCny of Qand put ¢ = [¢;...cpya...a;. By the above conside-
rations, for this ¢ € Q*, there exists a left inverse a,’... a’5—, of ¢, so that
@ =ay...0py—3Cy1...Cu—yis a left invrse of a.

Thus the semigroup Q" is a group and by 2.2, Q is an n-group. Jj

Note that (3.1) in 3.2 can be substitute by:

s e o s Mg =y =0 o K e Xy XYk 3.1

This theorem gives another definition of n-group which we denote by
(ix). It is clear that (viii) is a special case of (ix), when k = n — 2. In this case,
for any Xy, ..., Xp—s & Q there exists a unique element x’ of Q, such that
Xy. .. Xp—oX’ and X'Xy. .. Xn_garc lcft and right identitics of Q. This determi-
nes a mapping from the cartesian (n — 2)-nd power of the set Q into Q, which
we shall denote by ( )—* and the element x’ which is uniquely determined by
the sequence Xi,...Xz—p Will be denoted by (x;... X, )~ '. This sug-
gests another definition of n-group ([5] and also a consequence of 3.2):

(x) An n-semigroup Q ([ ]) is an n-group (n >>3) iff there exists an
(n — 2)-ary operation ( )~ on Qsuch that for any xy,..., x,—s € Q the
following identity equalities hold:

D%y .o Xpa (.. Xpo) =y =[(r1... Xpo) ' %;... Xp—2)]
Another characterization of n-group as algebra with one n-ary associa-
tive operation and one unary operation is given in [6]:
(xi) An n-semigroup Q (n > 3) is an n -group iff for any x of Q there
exists a x’ of Q, such that the following identity equalities hold:
[x xn—2y] =y =[px»—2x'], (3.2)
[xx" xn—23y] = y =[yxn—2 x' x}. (3.3)

This theorem is proved also in [7], p. 26—29, and it is cited in [8], p. 53.
We shall prove a more general result from which (xi) will follow.

(xii) 3.3 Theorem. An n-semigroup Q (n>3) is an n-group iff for
every xC Q there exists an x' € Q, such that for somep :0<_p< . n—2
and for some s :0 < s<_n—2 the following identity equalities hold:

[xP x* xp—P—2y] =y = [yxn—s—2x' x9]. (3.4)

Proof. Let Q be an n-group. For any x € Q, there exists an x'€ Q
such that [x"—!x'] = x. Since

X% = [[xn—1x" w1 = xu—t [x—1x" x4 x+1],
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by cancellation, we obtain
[ 3 x v~ =x 3.5

for any i : 1< i<C n. To prove the first equality of (3.4), let y be any element
of QO and choose elements z;,...,z, ;€ Q, such that y = [xz,...2z,_,].
Then, using (3.5):

i =A gl = [t etz 2 =[xz .. Zhgl=9.

Symmetrically for the second equality (3.4).

Conversely, let O be an n-semigroup in which the relation (3.4) hold.
If x is any element of Q. then e = xPx'x"—P—2 —xn—s—2 x'xs is a left and right
identity ot Q, i.e. the identity of the semigroup Q. If p_>1, then x?—1x'xn—»—2
is a right invrse of x and if p = 0, then x'x"—* is a left inverse of x in Q".
By 2.6, 0" is a group and by 2.2, Q is an n-group.

It can be given a “direct proof* for the converse of this theorem as it
is proved the theorem (xi) in [7]. However, the proof given here is considerab-
ly shorter than the direct proof (which does not include the cases when p = 0
and s = 0). This is an example of the efficiency and usefulness of Theorem 2.2

Ifp=0=ysand p =1 = sin (3.4), then we obtain (3.2) and (3.3) res-
pectively. Thus, as concequences of 3.3 we can state the following:

3.4. Corollary. An n-semigroup Q(n > 3) is an n-group iff the rela-
tions (3.3) hold in Q.

5.5. Corollary. An n-semigroup Q (n > 3) is an n-group iff the rela-
tions (3.2) hold in Q. J§

These results show that the system of axioms for n-group in [6], where
the relations (3.2) and (3.3) are included, is not independent. According to
this, it can be asked whether some of the relations (3.2) (i.e. of (3.3), (3.4)) can
be omited. The answer is negative. For example, if Q is an n-semigroup of
right zeros with at least two elements, then for any x, y of Q the first relation
of (3.2) will hold, where x’ is arbitrary (for example, x’ = x). However, Q
is not an n-group. Symmetrically for the other relation (3.2) and also for (3.3)
and (3.4).

Next question would be: Is it possible to substitute the relations
(3.2) by some ,,weaker* relations, for example, by the condition

(VacQ@'x€ Q) [xa]=a=[a"1x] (3.6)

such that Q is an n-group? The answer, for the cited example, is negative.
Namely, if Q is an n-band (i.e. a* = a for all a ¢ Q) then (3.6) hold, but Q
may not be an n-group (and this is true for n =2 too). Moreover, even when
the »n-semigroup Q is cancellative and with the property (3.6), it can happen
O not to be an n-group; for example, (3.6) hold in any cancellative semigroup
with an identity (such an example is the multiplicative semigroup of the po-
sitive integers, which is not a group).
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3A HEKOM CUCTEMH AKCUOMMU 3A n-TPYIIMTE
Haywm Heaarxocku

Peaume

Ipeaver Ha opaa padoTa ce HEKOM CHCTEMH AKCHOMH 34 HMOHMOT
n-ipyiia, T.e. 3a anredbpa Q co easa n-apHa (n > 2) acouMjaTHBHA onepa-
maja [ I: (xp...s X)) =2 [x... x,] (xojamro ce BHKA W n-doayipyua),
BO KOja Cekoj map paseHku ox odiukor (2.1) uMma pemenue X, y B0 Q. Axo
n-nonyrpynata Q € n-MOTHONYrpyna o Hekoja mojyrpyma S u ako S e re-
HepHpaHa oI MHOXecTBOTO (), Toraur nojyrpynata S ce BHKa WOKPUSKA
Ha n-moayrpynata (). Bo npBroT i O padoTaBd ce M3HECYBA MO3HATHOT
pesyiTaT Jeka 3a cekoja n-nojyrpyna Q TOCTOM  C1000gHG UOKPUSKA
(T.e. mokpueka Q" Ha @, TakBa WITO CeKOja JpPyra MoKpuska Ha Q € XOMO-
mopdua cauka ma Q). Jlobpo e mMO3HATO [eKa, aKo eaHa n-nomyrpyna Q
e n-rpyna, toraul Hej3uHaTa CiroboJHAa MOKpHBKA € rpyna. Bo BTopuoT Jei
on paboraBa ce AOKaxyBa IOOIUTA TEOpeMa:

1°. Hexoja iioxpuéka G na egna n-uogyipyua Q e ipyua Gko U camo
ako Q e n-ipyiia.

Co momomn Ha Taa TeopeMa Ce AaBaaT J0Kasu HA HEKOJKY TO3HATH
KapaKkTEPUCTHUHM CBOJCTBA HA n-TPYNHTE, 4 BO TPTHOT JIeJ oJ padoTasa, Taa
ce KOPHCTH 34 JOKaKyBarme M HA HEKOH HOBH PE3YJITATH:

2°. Egna n-tosyipyiia Q (n —>3) e n-ipyiia ako u camo axo, 3@ HeKoj
k€{1,2,...,n—2} ce uciionetuu peiauuuiie (3.1).

MR, 293

M.-R. 3,

e MR.504 739
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(Cnennjanno, ako Bo (3.1) ce craBm k = n— 2, ce moduBa eaHa Ka-
pakTepH3anmja Ha #-rpyna mro e ganeHa so [4] u [5].)

3°. Egna n-ioayipyiia Q (n = 3) e n-ipyiia ako u camo ako 3a cexoj
x € Q, #wocitiou x' ¢ Q, waxa wiwio 3a wekoj p:0<_p<n—2 u 3a Hexoj
§s:0<s<n—2 ce ucioaneiiu ugentuiviiemiuiie (3.4).

Crnennjanto, 32 p =0 =5 u p =1 =5 ce mobuBaaT MIEHTHTETHTE
(3.2) m (3.3). Kaxo mocnenmua of 3° ce modusa meka: Ejnna n-momyrpyma
O (n == 3) e n-rpyna axo H caMo ako ce mcnojHeTd Bo O pesanumte (3.2)
wii (3.3). Cropex Toa, CHCTEMOT aKCHOMHM 3a H-Tpyna, Kaje IITO ce BKIy-
yenu penauante (3.2) u (3.3) (Bo [6]) e 3aBucen. Ha kpajoT ce pasrienysaat
HEKOM NpHMepH, 3@ KOH HaTaMmollHa pefykuuja Ha penammurte (3.2) mim
(3.3), B0 Taa cmmcia, He € MOXHA,
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