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n-SUBSEMIGROUS OF SEMIGROUPS SATISFYING THE
IDENTITY x7 = xr+m
G. Cupona

A subset Q of a semigroup S is said to be an n-subsemigroup of S if Qr+CQ.
If C is a class of semigroups, then by C(n) is denoted the class of n-subsemigroups -
of C-semigroups. Let P,,m be the variety of semigroups defined in the title, and C,ym
be the variely of commutative P,,.-semigroups. Main results :P,, i (n), Py, (n), Py,m (0)
and C,,m (n) are varieties for any r, s, m, n; if r#0,1 and n is not a divisor of m,
then P,,» (n) is not a variety.

O. Preliminary definitions and main results

0. 1. An algebra Q [...] with an n - l-ary operation
[.d:(x0seeesXn) | [Xg.+ . Xn)
is called an n-semigroup if the operation is associative, i. e. if the follo-
wing identity equations are satisfied:
_ [[xo--- %] Xngq-eo Xan] = [Xo[X1+ ¢« Xngq] Xnpss o - Xan] = . .
= [Xpoe o« ¥n—y [¥n. .. Xgn]]:

Then, all the continued products on a sequence a,...,dsn of ele-
ments of Q are equal, and the result of such a product is denoted by
[aq- .. asa]; if s=0, then [ay] = ay. An n-semigroup is said to be commmu-
tative if for any permutation fy,...,in of 0, 1,,..., n the following
identity is satisfied:

[xo-« - Xu] = [X¢q. -« X4,)-

If s >0 and if j; ...jss is @ permutation of 0, 1,..., sn, then the fo-
llowing identity satisfies every commutative n-semigroup:

[.rg- . Xaﬁ] = [x_fo. ce x_f‘n].

Throughout the paper we will usually write ,,n-semigroup Q* instead
of ,.n-semigroup Q[...J*.



0.2, Let § be a semigroup and Q a subset of S such that
Q"+ C Q. Then Q is called an n-subsemigroup of S. Clearly, the semi-
group operation induces on Q an associative n - 1-ary operation, and the
corresponding n-semigroup Q is said to be induced by the given semi-
group S. If, in addition, Q is a generating subset of S. then § is caled
a covering semigroup of Q; and this covering is proper if Qi Q/#o0
=>i=] (modn). We note that the class of proper coverings of an
n-semigroup is not empty and that a commutative n-semigroup admits
proper commutative coverings. (These results, and convenient descriptions
of some other clusses of n-semigroups, can be found in [2] and |3].)

If C is a class of semigroups, then by C(n) is denoted the class
of n-semigroups which can be embedded in C-semigroups as n-subsemi-
groups. For example, if C is the wvariety of (commutative) semigroups
then C(n) is the variety of (commutative) p-semigroups.

0. 3. Let n>1, r=>0 and m =1 be given integers. Denote by
P,,n the variety of semigroups which satisfy the identity equation x" =
= xrt™ and by Crnm the variety of commutative Prp-semigroups. (Pg,n
is the variety of semigroups which satisfy the identities x™y =y, yx™ =y,
and it is, in fact, the class of groups in which the orders of all elements
are divisors of m.)

The following theorems are the main results of this paper.
Teorem 1. Pry (n) is a variety iff n is a divisor of m or r & {0,1}.
Theorem 2. Cp. (n) is a variety.

The proofs of these results are given in the sections 1-4. In the
section 5 it is shown that each of the varieties Prgn (n), Py (1),
P, (n) and Cpm(n) can be defined by a finite system of identities.

0. 4 If C is a variety (or more generally a quasivariety) of semi-
groups, then C(n) is a quasivariety of n-semigroups. This result is a
special case of the corresponding result on quasivarieties of universal
algebras (for example, [I] p. 274). We find it interesting to look for a
convenient description of the set Z, of the varieties C of semigroups
such that the corresponding classes C (n) arc varieties of p-semigroups.
Each of theorems 1 and 2 implies that the intersection 7/ of all the sets
Fa is an infinite set. Theorem 1 implies that the complement %, (in the
set of varieties of semigroups) of 2, is an infinite set, for each »n > 2.

We will state herc the main results of the papers [4] and [5]. Let
L. (Rx) be the variety of semigroups S such that each element of S* is
a left (right) zero in S, and let Ox=Ts () Rx. Then Ly, R, Oy €,
for every k=1. If D¢ (D7) is the variety of left (right) distributive semi-
groups, and D=D¢ [ D, then D¢, Dr € ', and D € 9, for every
w2

1. Here will be asumed that » is a divisor of m. As corollaries of
the main result of the paper [3] we obtain the following descriptions

Of the ClﬂSS&'S Prum (H), Cr,sn (ﬂ).
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L1. Q € Prsa (n) iff the following identity is satisfied in Q:

Drr.oxe (pyy- - X9 Xpga-- - Xp] =[xy oo Xt (Xpgpr o %) 7H L Lxp) (1)
JSor any integers i, p, g such that 0 <i < p<gq and p + r(g-p)=1 (modn).

1.2, Q0 < Crsn () iff Q is a commutative n-semigroup which satisfies
all the identities (1.1.)

Now. from 1.1. and 1.2. it follows that:
1.3. Prsa (n) and Crsn (n) are varieties.

2. Let d be the greatest common divisor of m and n, and i, j, m,,
n, be integers such that:

,ﬂ=fm+d, H=~’31d, m=nm d, ‘>0:J>0-
The following two propositions are obvious.

2.1. Let Q be an n-semigroup and let a d -+ I-ary operation [...] be
defined on Q by:

[Xo-i-- xg) = [xim+! x,... xa) 2.1
If O[...) € Pium (d) and if the following idéntity is satisfied:

XeXie < Xa) =10s X1 v Xul, (2.2)
then Q € Pl,m (n)

22. If Q € Pym (n) and p, s, q, k are such integers that 0 < p < d,

0<g<sd | <k <sdq+], then the following identities are satisfied in Q:

efrtixy ... Xa] =[xy .. Xpq XM Hlxpey. .. xa); (2.3)

[Xo Xy . Xa] =[xt ln Lo 2] (2.4)

[xEmH! Xy 0 oo Xea] = [efetmbImtl x| Xgik_y(Xq- - X4 2—1)"Xgsk - - - Xag). (2.5)
Now. Py.m (n) and Cpm(n) will be described.

23. Q € Pym (n) iff all the identities (2.3)—(2.5) are satisfied.

Proof. Assume the identities (2.3)—(2.5). By a finite number of
applications of (2.3) we obtain that

[xgmtix, ... Xea) = [Xo. . . Xp—y I+ xp40. . Xeg)



is an identity for any integers s, p such that s >0, 0 <p <gsd. If the
operation [...]" is defined by (2.1), then it can be casily seen that

(%o Xpa Xy .. .xpya]’ Xpraty .- Xga] ={XIMHIX, ... Xea],
and this implies that O[...]" is a d-semigroup, Moreover we have:
[¥o. - - Xsd]' = [x¥™+1 x; . . . Xadl, (2.6)
for every s = 0.

Let 5, ¢, k be such that 0 < g <sd. | <sd—q + 1. By (2.6) and
(2.5) we haye:

[xo. . - Xea] = [x¥"*t! xy. .. Xsa)

=[x fEtmmil x, 0, Xgrk—1 (Xg. .. Xgre—g)™ Xgik. .- Xsg]

=[xge s Xe—y (Xg. .« Xgpasg)FL Xggp o Xad)'s
and this implies that Q[...]" satisfies (1.1), i.e. that Q[...] € Ppm (d).
Fi{laly, by 2.1 we get that Q € Pym (n).

24 0 € Cyum (n) iff Q is a commutative n-semigroup which satisfies
all the identities (2.3)— (2.5).

. Proof. The d-semigroup Q[...] defined by (2.1) is also commu-
tatioe and by 1.2 Q[...]' is a d-subsemigroup of a semigroup

T< C,m Then Q is an n-subscmigroup of T.

The following statements can be proved in the same way as the
corresponding statements for the case r=1.

o 2.1, Let Q be an n-semigroup, ¢ a fixed element of Q and [...]
a d - l-ary operation on Q defined by:
o [xg:.-Xa) = [ xg...x4] @.1)
If Q[...1 € Pom (d) and if (2.2) is satisfied then Q € Pom (1))
2.2'. If O E Py (n) then the following identities are satisfied
[xim x.,‘. o Xg) =[X0: .0 Xpy Y™ Xp ... Xad]; (2.3")
By o 20n] =TS Yol (2.4%

{xfsmxo e Xsd] —_ [_\-f (s k)m: Xoo oo Xp(Xsa i Lo a x,¢+k)"‘ Kitpoan x,d}; (2.5')
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Sfor any integers p,st. k such that s >0, k=1, 0<p<d -1, 0<t<sd
23.. Q € Py (n) iff all the identities (2.3')— (2.5") are satisfied.
24'. Q€ Com(n) iff Q is commutative and all the identities
(2.3') —(2.5) are satisfied.

As a summary we have the following proposition:
2.5. The classes Pym (n), Cym(n), Pom (n) and Coum (n) are vari-

eties.
3. Here we shall complete the proof of Theorem 1.
Assume that r==0,1 and that » is not a divisor of m.

Let X be the set of all identitics that hold in Py, (i.e. the iden-
tites which are consequences from the identity x™ = xr+™), and X (n) be

the set of m-semigroup identities defined by:
Z () ={[xtq. - - X, = X509 .. xpqul | Xtg- - - Xt =19 - - %3, € Z}.

Clearly, if Q & Prm (n), then Q satisfies all the identities in X (n).
Moreover, if an identity holds in every Q € P, (n). then it belongs
to X (n).

Denote by X (n)* the variety of n-semigroups determined by X (n).
We will show that P.,, (n) is a proper subclass of X (n)* and this will
imply that Prm () is not a variety,

Let 7 and j be nonnegative integers such that

r+j=1 (mod n), i+ 1 | m=0 (mod n),

and let A={ay,...,a0:5,b by, ...;b5, cy,...,cn} be a set with n 4 i+
+ 2j -+ 3 distinct elements. Denote by F the p-semigroup which is fre-
ely generated by 4 in the variety X (n)*, and let p be the minimal
congruence on £ such that:

[bo. .. by b0 [ar- .. ass (bey .. . ca)™). E3))
Namely, p is the transitive extension of B defined by:
u, v € F=> v uay or u=v or vau),
where wev iff 4 and v ate such that:
u=[dy...diy bg... by br=" d;...dsn]
v=ldy...dy a...apy (bey...cn) "™ d;...dsn)
for some dy,...,dsn and 1 < i< sn.

We shall show that it is not true that:

[ao v @i—y bo rve bj brm Cloess C”] P [au oo Qg (bcl e Cn)m+r]. (3.2)
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To prove that, denote by u the left hand side of (3.2), and by v
the right one. By a [inite number of applications of equalities that hold
in F we obtain that

u=|[ay...qy bg.., by bTEMED ¢ ., ¢g],

where p is the least common multiple of m and n, and 7 is an abritra-
ny nonnegative integer; u can not be written as g ,.product®

[ao...a‘_,..l bo... bj br Cy--.- C”],

for i +j -+ r # 0 (mod n). Therefore there is not a w such that wauwu,
and wav, iff

"n= [an- .. diyy (b(.'_l. i Cﬂ)r_l hitm+ep Cyai o C’ﬂ]. (3‘3)

If v, is defined by (3.3) then there is not a w such that v, & w.
Thus we get the following statement:

ufv, and v1Bv, > v,=u'or v,=1v, or u=m,

and therefore there is not a sequence v,,..., V¢ such that
uB v Pvef... BvkP,

and this finaly implies that (3.2) does not hold.

Denote by Q@ the p-semigroup F/p, which obviously belongs to
2 (n)*. We will show that O does not belong to P, (1), and this will
imply that P, (7) is a proper subclass of Z(n)* i.e. that Py, (n) is
not a variety.

First, we can assume that 4 © P, and thus we have:
[by--: by b= =la¢... aryp (Bey v en)™ 2] (3.1

The fact that (3.2) does not hold implies that the following inequality is
satisfied in O:

[@o. . a3 (Bey...ca) ™ £ dg. .. Gty bg... by BT+™ ¢)... cu). (3:2)

If QO were an n-subsemigroup of a semigroup S € Prm, then we
would have:
[ag... Gy (Bey...cn) ™ =ay...01 [ay...a015 (bey...ca)™ ] bey...0n

=dg... Qg [bn. . .bj br_ll bf, ves Cn
= [@y+a. Gpaq Bg. o By BTEM 0405 . Cnl.
This completes the proof of the following proposition:

3.1. If n is not a divisor of m and r # 0,1, then Pry (n) is not a
variery.
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4. Theorem 2 is a consequence from the following statement:
4.1. An n-semigroup Q belongs to Crm (n) iff the following identity

is satisfied in Q:
by Rl ol &
[x1 Xp-.o Xp J [x, Xare oKk ] @.1

for every sequence iy, ... ikj,...,jk of positive integers, such that;
iy <<r or jo<<r=iy=jy
iv>r and jy = r = iy=jv (mod m), 4.2)
Lo Fie=j+...+
= (mod n). (4.3)

Proof. 1) It is easy to see that every identity in the variety Cpm
has a form
L h ;
Xy Ny = T G
where iy, j» are such that (4.2) 1s satisfied. This implies jhat every iden-
tity which holds in Crm (n) has a form (4.1), where (4.2) and (4.3) are
satisfied.

We have to show that if an n-semigroup Q satisfy all the identi-
ties (4.1) then Q € Cpm (n). If n is a divisor of m or r € {0,1}, then
this conclusion follows from 1.2, 2.4 and 2.4'. Further on, it will be
assumed that n is not a divisor of m and r > 1.

2) Let F¢ Cpp be treely generated (in C,,m) by the carrier of the
given n-semigroup Q. If ay,...a; are different clements of Q and if
iy..., i are positive integers less than r, then

H=a1“'ak

is said to be an irreducible element of F, for u can be represented in a
unique way as a product ot powers of different elements of O, And,
v € F iz reducible if it is not irreducible, i.e. if there exists a b € Q
and a positive integer j such that v= by,

Define a relation « in F by:
a=lay...apm] in Q=>au o ay... Agn Ui,

where u € F or « is an empty symbol. If B is the symmetric extension
of B, and ~ the transitive extension of {$, then = is a congruence on F.
We will show that

a, be Q0= (axb=a=0b), (4.4)
and this will complete the proof.



3) Let @ € O, u, v € F. Having in mind the assumptions on r, m and,
n. we conclude that the following statements are statisfied.

(i) uea=a=u; (i) afus ac u;

(iii) aou iff there exist ay,..., aspn € O such that
a=|a,... asy] and u=4ay... dsn;

(iv) u is irreducible = (aaup v => aa v).

4) Assume now that « € Q and awnPu,B...Pugy B ug Where uy,
uy are reducible and u,,..., ug_, are irreducible. Then there exist nonne-
gative iniegers ky, ..., kg, and ¢, d, ay, ay, € Q such that:

Uy = Cly oo Qan = Clyg s+ + Aty @ =1[ca5.. . asal
Uy = Qay . .. Gaiy s -+ -, Ug = ddgs - . . Agp,
ky=sn+1 (mod m), ky=k,....=kq (mod n).

From the reducibility of u, and w, it follows that we may assu-
me that
iy =c™ wy, Uy=da™ uy,

for every j>0.1f i >0 is such that im+ k,=1 (mod n), then we
have:

[d™ d ag. .. agk,] = [d™ ag_yy ... Gy ko]l =...=[d"™ cay,... ay]
= [d¥m ernm o g ... )= ...= [dim ¢ram dq,, TR
= {‘:Tﬂm+im daﬂ N aqtq = L [(;l'ﬂm‘f'im Cdyg .. - altl]

= [ern™ ca, .. .asn] = [cay. . . Gsn)
— a,

and this implies that @«

5) Now, it can be casily shown the statement (4.4), and this will
complete the proof.

Let ab € Q be such that atb. Then, there exist u,..., u, such
that afu, Buy, B...8 u, Bb. If p=0 or p=1, then by 3) we have
a=>h. Assume that p > 2, If u, is irreducible, then also by 3) we havc
aouy. Thus we may assume that w; and w, are reducible, and if g>2
is the least integer such that u, is reducible, then by 4) we get awwu g
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5. The Varietties Pyygy (1), Py (7)), Pom () and  Cram (n) arc
described in 1.1, 23, 24" and 4.1 respzctively. But ecach of these vari-
eties is characterized by an infinite number of identities.

Clearly. every identity of th: form (1.1) is a consequence from the
finite set of idzntitics where the following relations are assumed:

O<Lin, i<p<sitnmp<qg<ntp

p t+r(gp)=1 (mod n) (5.1)

Thus we have the following description of P, (n).
5.0, Q€ Pysa (n) if for any integers i, p,q which satisfy (5.1) the
identity (1.1) holds in O.

Let i, j, d, ni, my be as in 3., and let the integers p, ¢, 5, k sa-
tisfy ths following relations:

0<p<d 0<ss<2, 1 <k<d, (5.2)
0<g<d, q+hk<sd+1<d+q-+k.

The following two statements are corollaries from 5.1, 2.1 (2.1), and
23 (2.3).

52 (5.2y O C Py (n) (Q € Py (n) ) iff for any integers which satis-
¥ (5.2), the identities (2.3)—(2.5) ( (2.3") (2.5") ) hold in Q.

It can bz shown in the sume way that each of the varieties Cr.sn (n)’
Cy,m (7)., Cym (n) is finitely axiomatizable, but we will prove directly that
each variety C,,, (n) is finitely axiomatizable.

5. . Let p and q be the least nonnegative integers such thar

prr=q-+2r+m=1 (mod n). (5.3)

end let n=td,. where d is the greatest common divisor of m and n. Then:
Q € Cym (n) iff Q is a commutative n-semigroup which satisfies the follo-
wing identities:

e o g O WS (5.4)
[er Jrem x, g = Xy L x) (5.5)

Proof. We have to show that if a commutative p-semigroup Q sa-
tisfies the identitics (54) and (5.5), then it satisfies all the identiti-
es (4.1).

Assume that the nonnegative integers iy...., i, j...., jr satisfy
(4.2) and (4.3). By (54) and (5.5) it cun be easilv shown that if i, =
= Fhaaes b == OF Ly ==, il ==y Te == T4 o .. t=ik then: (4.1) holds:
By applications of these results we obtain that all identities (4.1) hold

in Q.
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I'. Yyiona

n= MOTIIOJIYIPYTIM HA TIOJYIPYIIWM IITO I'o 3A/I0OBOJIYBAAT
3AKOHOT xr= xriM

Pesume

3a moamHOkecTBOTO @ 01l enHa MoAyrpyia S BeiMMe [eKa € n-Holioayipyia ako
Qgrtt C §. Axo C e xnaca moxyrpymd, Torawr co C (1) ja o3navypaMe Kjiacata n-mony-
M OITOo MOXAT aa ce cmectal Bo C-monyrpyma. Bo Tpyaoe, wmeHo, ceé TNpoyuyBa Kia-
cara Pp,m (n), ipy mTo P,,n © MHOTYKPATHOCTA TOJNYTPYIIM CIOOMCHATA BO HACIOBOT,
HMokaxysame jacka Pp,m (/) € MHOTYKPATHOCT ako W ¢amo ako r € {0,1} unn n e nemn-
ten wa m. Mcro Taka, moxaxysame neka C.,m (n) e Bo Cekoj cifyyaj MHOTYKPaTHOCT,
mpu mwto C,m ¢ MHOTYKPATHOCTA KOMYTATNBHU P,m-TOayrpymmm.
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