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n-SUBSEMIGROUPS OF SOME COMMUTATIVE
SEMIGROUPS

G. Cupona

A subset Q of a semigroup S is said to be an n-subsemigroup of § if:
Q,...,80€EQ >ay...an € Q. Then, by [x1...xa] = X;... xa is defi-
ned an associative n-ary operation [ ] on Q, i.e. (Q; [ ] is an m-semigroup.
If C is a class of semigroups, then the class of n-semigroups that are n-subsem-
groups of C-semigroupes is denoted by C(n). A variety of semigroups C is
called an n-variety of semigroups iff C(n) is a variety of n-semigroups.
(Clearly, every variety of semigrops is a 2-variety.) The set of n-varieties of
semigroups and its complement, in the set of varieties of semigroups, are
infinite for any n> 3. ([1], [2) [3], (4] It is also known that the set of n-varie-
ties of commutative semigroups is infinite. (|Z]) Here we show that itn >3

then the set of varieties of commutative semigroups that are not n-varieties
is also infinite.

Further on, by a2 semigroup (n-semigroup) we will mean a commuta-
tive semigroup (Commmutative n-semigroup).
A variety of semigroups is defined by a set of identities of the follo-
wing form:

Xpa}...xp=xh S - xi?, ®

where: X, X,, ... are variables; iy, j, are nonnegative integers such that
(Ti)(S4) >0. If iy = j,, for each v, then (*)is called a trivial identity.
(As usualy, variables will be also denoted by x,y,z,...).

Let m, s, n, k be positive integers such that 5 + 2 < m,m==2s+1,
m==2s +2, m=1(mod n—1) and m + 2 < k. Consider the following
two identities:

X8 yM—t = xS+ ym—e—1 (m, 5)

x:x,...xt':—x,'x,...xt. (k)
Denote by (m, s; k) the set of the given two identities, and by (m, 5; k)® the
set of identities (*) which are consequences of (m, 5; k) and the exponents
satisfy the following condition:
Ziy=2Xj,==1 (mod n—1).
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Every identity (*) which belongs to (m, s; k)® induces an identity
e xP=[xfre - x) [+]

of n-semigroups. We denote by [m, s; k]" the set of identities [*] such that
(*) is in (m,s; k)"

It is clear that if x5y™—% = xiyJ is in (m, s; k)", then i = 5, j = m —s»
i.e. [m,s: k]" does not contain a nontrivial identity [xSy™-5] = [x? y1].

Consider the variety C %% of semigroups defined by (m, s;k)-
We will show namely that C» ¥ is not an n-variety. To prove this state-
ment it is enough to find an n-semigroup (Q: [ ]) which satisfies all identities
belonging to [m, s; k], but dces not belong to Ct %8 (n),

Let a, b, ¢ be three different objects and let (Q: [ 1) be the n-semigroup
with a presentation

<&, b, ¢; [a**2 "= = [b*H2 M= > Gad

in the variety of n-semigroups defined by [m, s: k]®. Let us give a more ex-
plicit construction of (Q;[]). First, let (F;[]) be the frec n-scmigroup
with a basis B = {a, b, ¢} in the variety defined by [m, s; k]”. In other words
Fconsists of all ,,commutative products of powers® [af b7 cP], such that: i, J,
p=20i+j+p=1 (modn—1), and the eyuality

[al b7 c?] = [a¥’ bY' c?]
holds-in F iff the following identity
[xf yi 2] = [x¥ yt' 7]
isin [m, s; k]*. The operation [ ] is defined in the usual way, i.e. by the fo-
llowing equation:
[lgh bt cP). . . [gie bl cPo]] = [ " " Fin g + 70 S Pi e )
Consider the minimal congruence == on (F: [ ]) such that
(a7t chet=t) m (DA gy,
Namely & is defined in the following way. If # = a/bick is such that
i+ j+ k=0 (mod n —1), then:
[ua®*2 =2 ~ [u bs+? ™ 2] and [ub*+2 ™=~ [ua®** "]

Now, & is the transitive and reflexive extension of ~ , ie. u = v iff
there exist o, . .., %, € F such that u = e, v = v, = 0, and wy—y ~ u; if
i>1. Then (F/ =~ ;[ ]) is the desired n—semagronp (Q [ D). We can assume
that a, b, c€Q. .
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Let us show that [a® ¢™—2) 3£ [b%c¢™—2] in (Q; [ ]). Namely, we first
conclude that if [a® ¢™—5] = [a'blcP] in F, then i =35, j =0, p =m —s5. We
also have that [a® ¢™—*] ~ [a'bic?], for any i,],p, and therefore [a®c™—7]
R [b% em-*), ie. [af 0] 5~ [b* ™) in (Q: [ ]

Now, it is casy to show that (Q; [ ]) does not belong to C05:K) (n),
Namely, if (Q; [ ]) were an n-subsemigroup of a semigroup. S¢ CO»5),
then we would have

at ¢m—8 — gs+2 cm—s5—1
— gf+? h—s—2
— ps+2 pm—5-2 o
= phs+2 pm—s—1

— b8 em—s

in S, and this would imply the cquality [a® ¢™—*] = [b* ¢™—*] in (Q; [ ]).

Clearly, if m 4+ 2 < k" < k” then €58 §s a proper subvariety of
Cm.s: k") and thus if s and m are fixcd positive integers such that s + 2 < m,
m==2s + 1, m==2s +2, m=1(mod n—1) then we have au iulinite sei
of varieties {C™ =8|k >n + 2} of commutative semigroups which are
not n-varicties.

Denote by C™ 9 (C®) the variety of semigroups defined by the iden-
tity (m. s) ((k)). From the abov~ considerations it follows that C¢™ 9 is not
an n-varicty. Namely, we notice again that there is nct a nontrivial identity
[xfy™—]= [xy7] in [m. 5]*. And, the n-semigrcup (Q;[]) with a presentation
(*#) in the variety <f n-semigroups d-fincd by [, 5)® is not an n-subsemigroup
of a semigrcup belonging w0 CO™ 9,

But, the varicty C'® is an n-variety for every pair of positive numb:rS
n, k such that n>>2. (Namely, the assumption k> n + 2 is not necessary.):
First we notice that (*) is a conscquence of (k) if i, = j, for each v or L i,=> ko>
T >k and i, >0 >0. This gives a complete description of [k]",
as well.

Assume now that (Q:[ ]) is an n-semigroup which satisfy any 1den-
uty of [k]%, i.e. each identity [*] such that

Yjy=ZXZjy=1l@modn—1), Zi =k Zj=>k

and iy, >0s5j,>0.

We have to show that (Q: [ ]) is an n-subsemigroup of a semigroup
belonging to C.

Let n > k, and let a binary operation - be defined on Q by:

Xy ={x =1,
3‘
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Then it easy to see that (Q; -) is a semigroup in C*), and moreover
that
X1Xz.. Xy = [x;x:-. .x”],

and therefore (Q; [ 1) is an a-subsemigroup of (@; ).
In the general case, we consider the semigroup S with a presentation
<0;{a=a....a,la=[a....a] in (@;[]D}>
in the variety C®), and we have to show that:
a,bcQ=>@=0b in Sa>a=0>b in Q)

but here we will not give the complete proof of this statement.
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I'. Yyiona
7 —MOTMOJYIPYITH O/l HEKOM KOMYTATUBHH TMOJYTPYITH
Pesume
Bo pafoTaBa ce IOKaxysa Jexa MHOKCCTBOTO mMEOryOpasHja M KOMYTaTHBHHE MOTY-

rpyms, Taxsg mrTo M (n) (T.e. Knacata OX A-HOTHOMYTPYIH OX M-gonyTpyms) € BHCTHHCKO
KBa3EMHOTyoOGpasHe, ¢ DEeCKOHETHO, 32 Cexoe 7 = 3.
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