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POLYNOMIAL SUBALGEBRAS
G. Cupona and S. Markovski

A polynomial subalgebra of an algebra A = (A, U) is a
subset B of the carrier of the algebra which is closed under the
polynomials belonging to a set of (J -polynomials. In thie
paper polynomial subalgebras are considered, together with a few
properties and examples. A special attention is given to the
polynomial subalgebras of the algebras belonginy Lu a variety.

1. Throughout the paper U and O" will be two sets of
operational symbols and X = {xl,xz....,xn....} will be the set
of individual variables. By Ux will be denoted the set of all
0 -polynomials, i.e. Ux = Term ( U e If p € Gx and if each
variable that occurs in p is in the set {xl....,xn}, then we will
useally write p=p(x1,...,xn) - Let a: U - O’IX be a mapping such
that if £ € (J (n), then f£- = £°(X,,...,%_ ). The mapping A
induces a mapping from Ux into U’x (denoted with the same
symbol A) defined by: (i) x"=x, for each x € X and (ii) f € U{n),
p=fp;...p, = P =E7(pyi....p ).

pe (4

Let A be an U -algebra, A" an U -algebra and ¢:A > A" a
mapping such that ¢(fj(a;,...,a))) = fﬁ‘{“aﬂ:-“'“an” for
each £ € (' (n) and ajr...,a € A. The mapping ¢ in this case will
be called a A-homomorphism from A into A”. Moreover, if AC A~ and
if the embedding of A into A" is a a-homomorphism, then A is said
to be a n-subalgebra of Al (We will sometimes say polynomial ho-
momorphism (polynomial subalgebra) instead of A-homomorphism
(A-subalgebra).)

()

If A7 is an C -algebra, then an U—algebra "A” by the same
carrier A” is defined by: gA, (al’,...,a];) = f;‘_v(al‘,...,a;), for
each f € U (n) and al',...,aI;E A°. We say that "A” is induced
from A” by A.



Let C’ be a class of U’—algebras and C be a class of
U-algebras. Then by hC' will be denoted the class of U-al-
gebras which are A-subalgebras of O” -algebras belonging to C’,
and by CA the class of O”-algebras A~ such that all a-sub-
algebras of A” are in . We say that a pair ([ , £ s
~-compatible if each algebra A <& C is a A-subalgebra of an
algebra A" € C' such that "A~" € C 2

The following properties give some connections between C ’
rd
C ’ [:m and AC’ .
o O’ <
P B Y e e C is a class of -algebras and C a class
of U'-algebras, then: #( C'A) (; C 5 C'C (A C’ el
(b) The equation A( Ch) = C holds iff each U-algebra

A€ C is a a-subalgebra of an U!-algebra A” such that each
A-subalgebra of A" is in C ;

5 A s /
(c) The equation (AC )= = C holds iff C contains
any U'-algebra A~ such that every a-subalgebra A of A" is
,
A-subalgebra of A" € (.

26, ) as a A-compatible, then Cg o e

§°. If C' is a quasivariety of U'-algebras, then AC’
is also a quasivariety of U-algebras. (8] , p. 274).
We note that there are known infinite many varieties of
[:]" -algebras (7 such that s R ¥ e proper quasivariety.
This suggests to look for a description of the set of varieties
Fa

s
C’ of -algebras such that C to be also a variety of
U-algebras.
o

; ’
47, Let C be a variety of U -algebras and A be an
U-algebra. Let F~ be the O"-algebra which is freely generated
by A in C' and let p be the least congruence on F~ such that:

a= f&{al,....an) in A = a p f‘é-(al,...,an}.
- ’
Then A& AC if the following condition is satisfied:

a,b € A= (apb= a=b).
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defined by a set of identities I”. Denote by <i "> the set of
identities which are consequences from :”, i.e. which hold in

all LT'-algebras belonging to CI , and denote by "I~ the set
of U’ -identities p=q such that p~ = q¥&<I>. Then ° C “is a

5°. Let Cl = Var 0 I” be a variety of U’—algebras

variety iff AC’ ='Var “1% dnd, if "C’ is the variety of
all U-algebras then "I~ consists of trivial identities, i.e.
the identities of the form p = p, where p € U X"

et (= var . I, (” = var ,1° ve such that CC ~(C".

Denote by I" the following set of () -identities:

tp™. 2 g | P quESs T T,
" /’
and let C = Var o’ L". Then the pair ( C , C ) is A-compatible
]
iff ot Tl
#

zo_ If C’ is an axiomatizable class of U -algebras, then

“C” can be defined by a system of open formulas. ([7]).

’
§°. Let I” be a class of C’( -identities satisfyng the follo-
wing condition:

(**) If u”,v” are finite seguences on C'” Ux, p’e Ux and
if there is a g"€ IJX such that u'pv” = g“€ <X >, then there
is a q" € <IL"™> such that u™xv” = g" € <I">, where x is a variable
wnich does not occur in u“p“v”.

Then “Var o - * is a variety of [(J-algebras ([5]).
2. Now, we will state some results concerning special classes
of algebras, which will throw better look on the properties ;?-g?.

1) Let Sem be the variety of semigroups. If O” = {.} 0”(2)
and if p(x;,...,x ) € Ux, then by the associative law an (2)

identity of the form p = X; X, ...x; holds in Sem, where
R R s

1vE {1,2,...,n}. Thus, we can assume that if C is a variety of
semigroups, then C= Vari, where I is a set of identities of
the forms xil...xi = le...x. , where iu, jx€{1,2,...},
including thé idengity xl{xsz? =(x1x2}x3.
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The following result is known as Cohn-Rebane’s theorem
([1] page 185):

If A is an G-algebra, then there is a semigroup S and a
mapping f » T of U into S such that AC S and falagreeesa) =
& fal...an for each f € U{n} and all al,...,ané A. Then we
say that A is an U-subalgebra of the semigroup §. If C' is a
class of semigroups, then by C’( U} will be denoted the class
of U -algebras which are U—-subalgebras of semigroups belonging
to C, . Thus, the Cohn-Rebane’s theorem can be formulated as
follows:

1.1) Sem [U} is the variety of all U-algebras.

We will state some other results. First, we will give some
definitions. If p€& Ux and if b€ XU 0 » then |p|, is the

note the variety of commutative semigroups, and by C, o the variety
-+ %
Abgem (x"=x"""), where r and m are positive integers. Then we have:

1.2) A€ BAbsem ( U ) if A satisfies any identity p = g, where

p,q € UX are such that ]plb = |q|b, for each b € UUX ([10]).
1.3) C. m( Ul is a variety iff r=1 or [I = U(l}. ((61).

We note that, if U(o) = @, then 1.1) and 1.2) are con-
sequences from go. If in 1.1) or 1.2) we have U(o} = G,O\ G(o) #0
(or in 1.3) U# @), then the condition (#*) of _§° is not satisfied,

2)tet O=(f1= O, 0’=¢1= 0”2 ana
£° = x;Xy...x . If (“ is a class of groupoids, then ~[ is
denoted by C' (n). Also, Sem (xyz=xyxz, Xyz=xzyz), Sem (xyz=xyxz),
Sem (x"=x"*™) will be denoted respectively by: D, Ql, Pr p- And,
Sem is the class of n-semigroups, i.e. algebras with an'associative
n-ary operation.

2.1) Sem(n) = Sem .
2.2) P, (n) is a variety iff r=1 or n-1 is a divisor of m.
r

2.3) gr’m(n} is a variety for all r,m,n.
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2.4) D(n) is a variety for every n.
2..5) g"{n) is a proper quasivariety for every n 2 3.

2.6) Let ¢~ be a set of semigroup identities p = g such that
[pli = |qli (mod n-1) (**%)

for each i=1,2,... , where n > 3, and let C' = Sem(I). Then
C’(n) is a variety. (We note that this result is a corrolary
from §°; and, conversely, if a variety C' = Sem(r”) satisfies
the condition (#%) of QP, then (***) is satisfied for every
identity p = g€ 17.)

The above results are proved in the papers [3), [4), [5], [9].
Some of the results in 1) and 2) suggest the following conjecture:
LE C' is a variety of semigroups such that (fiﬁ is a variety
of U-algebras for every G , then C’(n) is a variety of
n-semigroups for every n 2 2.

3) If R is a ring, then by 1.1) there is a scmigroup £ and
a pair of elements a,b &€ S such that x+y = axy, xey = bxy ("e" is
the multiplication in the ring R). But, if S is a semigroup with
at least two elements, and if the operations + and e defined on S
by: x+y = axy, xey = bxy, where a,b &€ S, then (S;+,8) is never a
ring. This example shows that it can happen a pair ( C ¢ C‘} to
be not a-compatible, although [ c (7. 1n [2] there are given
several examples of such noncompatible pairs. We note that in each
of the examples 1.1)-1.3), 2.11-2.4) we have a compatible pair of

varieties.

4) Now we will £finish our considerations by an example of

a variety C’ = Vari~ such that A[j’ is not a variety although
“1” does not contain non trivial identities. Namely, let

0 =« 0%@=t1, U= 02 = (£}, anad £ = (x;x)x,. 1f
$oo= {(((xlx2)x1)x2)x1 = ((x;%,)%,) (x,%,)}, then "I~ does not
contain nontrivial identities, but "Varl~ is a proper subclass
of the class of ternary groupoids (i.e. algebras with a ternary
operation).
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