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MULTIDIMENSIONAL ASSOCIATIVES

G. Cupona, N. Celakoski

. Abstract. Let M be a set of positive integers. For every
meM, let Fm be a set cf vector valued operations on a set A, such

that m+kf B
(VfEFm) fizA + A,

where k. > 0. Dencte by F the set \_/{Fm | meM} .

The vector valued algebra (A;F) is said to be an associati-
ve if the general associative law holds. In two previous papers
([1] and [2]) some results of associatives concerning the case
[M]=1 are obtained, and here we make corresponding investigations
assuming that M is an arbitrary nonempty set of positive integers.

§l. Polynomial operations

Let A be a nonempty set, and let Op(A) be the set of vector
valued operations on A, i.e.
Op(R) = = “£:a™ + A" |n,m 2 13.
If £:A° - Am, then we write 6f=n, pf=m, (f=n-m (or §(f)=n etc.
when parenthesis are more convenient), and we say that n,m, n-m
Let F be a nonempty subset of Op(A) with the following pro-
perty:
(¢fer) (if=6f-of > 0). (11

We define a set of operations ¢(F) <Op(A), which will be called
the set of polynomials generated by F, in the following way:

@D (F)

u{r'm e = 13, CES2)

where:

F, = F,

1

*) AT is the r-th Cartesian power of A.
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: P 2)
Fa+1 = Fu V) {g(g1x.'_xgp) lgePu’.;'..ﬂ_F"u ‘1A},6—'v = ui_lpqu}

It can be easily shown that:

P.1.1. (P (CP(F)) =P (F). o

It is desirable to have a corresponding description of the
sets o (P(F)), UP(F))>).

First we have:
P.1.2. p(P(F)) = p(F). o
Denote the set p (F) by:
M={m,m, ...} = {m, | real, (1.3)

where m,<m, .., and A is the set of positive integers or
A={1,2,...,t}. We assume that |A| = 2, for the case A ={1} is
considered in (2] and [4].

Denote by F, (CP, (F)) the set of elements f€F (fe%P(F)) such

that pf-—-mA and put:

LRSI, U)=T, (P (F))=K,, (P (F))=k (1.4)
Clearly:

P.1.3. I=UI{I, | a€r}, K=U{K, | 2€r). o

By a usual induction it can be shown that:

P.1.4. K is an additive semigroup of positive integers ge-
nerated by I, and, for every A€A, KA is a subsemigroup of K. ¢

Assume now that u,vE€A and RUEK“ are such that mu+kv 2 mu,
and let ku be an arbitrary element of Ku' Then, there exist

fe ga(F}, gquL(F) such that f=kv, g=ku and
h = flgxlx...x1)eP (F), h=k +k .

m + vy
e Composition and direct products of operations have the

usual meanings; lA=1 is the identity transformation of A (see

for ex. {45123~124]).
3)

If G is a set of operations on A, and t is a mapping
from G into a set B, then t(G)={t(g) |qg€G}.

1353



1354

This implies the following property of the collection {K)l | aerl:
PLY.5. Tf v, pek, kuekv are such that kv+mu > m o then

k #K CK . ¢
Now we will give a satisfactory description of the collec-

tion of semigroups {K, | aerl.

P.1.6. Let a collection of sets of positive integers

{Iv ’ | x»er, o« = 0} be defined as follows:
I
Iu,o = 1w Iu,u+1 & Iv,aL}Iu;u'
where
Iv'u il & e Y JiveI“'a, i,€I,, m +i, = m,, A€A}.
Then:
Ko k){I“'u |a20}. ¢

I1f FcOp(A), then F induces a vector valued algebraod =(A;F)
with a carrier A. Then (P (A4)=(A;P(F)) is the corresponding po-
lynomial algebra. It is clear that:

P.1l.7: If CehA; C#¢, then:
C is a subalgebra of 54 1£E
C is a subalgebra of P (+t). ¢

Let A’ be a set and F'c Op(A’). A homomorphism from o{ into
A'=(A";F') is a pair of mappings {:A + A’, y:F + F’ such that y
is surjective and:

(V£EF) (8£=8 (V(£)), pf=p (¥(£))),
(Va €A, feF) (r(f(a}))=£'(a})),
where ¢(c)=C, y(f)=f’, and ¢ (b])=b7.

P.1.8. Every homomorphism (¢,¢) from (A;F) into (A’;F’)
induces a unique homomorphism (z,y) from (A;@P(F)) into
(A';P(F")). ¢

§2. Associatives

As in the previous section, we will assume that A#@ and
FgcOp(A), F#f, is such that ¢f >0, i.e. 6f > pf, for every f€F.



We say that F is an associative on A iff the following con-
dition is satisfied:

£,9e P(F), s§f=8g, pf=pg => f =g. (2.1)

Let K, {K1 | AeA} and M={ml | 2eA} be defined as in the pre-
vious section. By P.l.l1l one obtains:

P.2.1. F is an associative on A iff QB(F} is an associative
on A. ¢

According to this proposition, we will assume further on
that

Q@ (F) = F. (2.2)
Therefore, for every kkexl, A€r {0}, there exists a unique
e i L T (0,1)
f :A + A (where K,={0}, m,=1, £ ' =1A). This enab-
les us, for every A€A, to define a unique mapping
(m,) K, +m, m, 4)

£ :A + A

by
k, +m {mA] (kl'ml}

(vxea ¥ Mf M (x) = £ (x) .
Thus one obtains a set of mappings
(my) K,+m, m,
G = {f A + A | aepl (2.3)

with the following property:

:l.'tA +...+ml €K +m =>

4 U (2.4)
{m.)  fm. ) (my, ) (m ) s)

SN T N L T L

And conversely:

If a family of mappings (2.3) has the property (2.4) and
k m

f( xrmy) " f( *}l K, +m,

| A '

then the set ) :

(kl (M
| ren, k, €K, } (2.5)

F = (f X

is an associative on A.

“) We note that if P is a set of positive integers on a set
A, then AP = y{aP |pepP}. (Thus, here, A® has not the usual mea-
ning - the set of all mappings from P into A.)

) If £:B » D, g:C + D, then fcg iff BEC and (VXEB)
f(x)=g(x), i.e. f is the restriction of g on B.
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Note that, by induction, it is easy to show that the condi-
tion (2.4) can be changed with the following special (weaker)
condition:

a+m, +8€K +m => f[mu){l“xf(mu}xlsié f(m“). (2.6)

Further on we will always consider the class of F-associati-
ves as a class of mappings (2.3), which satisfy (2.4), where K,
{K)i | Aér}, M have the above mentioned properties. Instead of "F-
associative", we will write "(K;{KA | Aen} ;M) -associative", and
we will say that ¢=(K;{K1 | €A} ;M) is the type of the associati-
ve. Also we will write

[ak3+ml (m ) ka-ﬁm1

1 A (a, ) .

(1)
] instead of f
Assume that A and A’ are the carriers of two associatives
of the same type ¢. A mapping z:c +~— C from A into A’ is a homo-
morphism iff:

k. +m_ 1 (1) m k. +m_+ ()) m
[ et s M LB @

It can be easily seen that this definition of homomorphism
is compatible with the usual definition given in §1.

§3. Free associatives

The notion of a "free associative with a basis B" has the
usual meaning. So we will not state here the corresponding expli-
cit definition, but we will give a construction of free associa-

tives.

Let B be a nonempty set and °=(K;{K1 | x€r} ;M) a type of
associatives, M={m,,m,,...}, m <m, . . Denote

m,+...+m by EX' 11,2, ..+,t} by N, m,=0, N,=§.

A

Define a sequence of sets {Ba |la= 0) as follows: B,=B and
Bu.p.‘ B Buuca' (3.1)
where

C, = U{(Nﬁl\uﬁlﬂ}xnud | xea}. (3.2)
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Now we have to explain the meaning of R . First, we define

R by:

0,

A
K,+tm
R, o) 2 (3.3)
Assume that B is well defined. Then (as usually} we denote
by Bu the free semigroup with a basis B and by B} = B uU{l1l} the
free monoid with a basis B. An element

u = (@ +1,y) (@ +2,y)... (@ .y]eB: (3.4)

A+
is called an elementary reduction, and an element ceB: is said
to be reducible iff

x = x"ux",

where x',x“eB* and u is an elementary reduction. And, xEB: is
said to be reduced If it 48 mot redgcible Then R N is the set
i'

of all the reduced elements of B o z
m, +K

Thus, Ru N is a well defined subset of Bax 5
r

a 2 1, A€\A. Moreover, if xGBy, then xERY'A iff xGRT+1'A.

for every

Denote the set U({B, |az 0} by B,

If x€B’ , then we say that x€B is reduced if: xeB and x is
reduced in B . Denote the set of the reduced elements of BY by R.
Thus. R‘t}{R | a2 0}, where R is the set of reduced elements

of B

The concepts of hierarchy % in B and norme | | in B' are
defined as follows:
f (u) = min{a | ueB };
lu| =0 <=> ues”,
et x) | = 3+ |x|, Jxyl = |x| + |¥l.

Now we will define a mapping
w{ﬁ+ + R
in the following way ((i) and (ii)):
(1) x€r => y(x) = x.
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Let x€BT\R and let V(y)ER be defined for every ye§+ such
that |y| < |[x|, and then

vly) # y <=> [vy)| < |y|-. (3.5)

Let x=x'ux", where u is an elementary reduction of the form
(3.4), and x’ is reduced (or x’=1). Then |x'yx"| < |x|, and
ns P(x’'yx") is well defined. Then we define ¥ (x) by:

(ii) v(x) = p(x'yx").
Then we have:
Iptx)| = fwixtyxry[ & [x'yx*] < |=];

and this implies that 1|::§+ + R is a well defined mapping such
that (3.5) is satisfied.

Let us establish some properties of the mapping ¥.

)

P.3.1. If x€B' and dm{x)emu+va then dm(y(x))€m +K .

Proof. Let ¥ (x) be defined by (ii). Then, dm(x)=dm(x'x")+

+m1+1’
dm(x’yx") = dm(x’x") + dmy.
The fact that {ﬁl-bi,y]eﬁ (1 <i<m,, ) implies that
dmy =k, ,+m, . for some k1+1exx+1. But dmx€m +K implies that

dmx=mu+k“ for some vE€A. Thus we have:
p— ot
mu+ku = dm(x’'x ]+ml+1. and therefore

mv+kv zmy which implies that
B e B85

Finally, we obtain

dm{x'yx“} dm(x'x“)+dm(y} . dm(x'x“]+k1+‘+m =

A+

1}

mu+kv+k1+1emv+xv'
Then, by an induction on norms, we obtain that

dm(y(x)) = dm(y(x'yx"))€m +K .

¢) 1f xeB% B, then dm(x)=o=dmx.
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p.3.2. (vx€B*, yeB*) w(xy) = v (W (x)y). o

P.3.3. If x=x'ux", x',x"€B*, and u is an elementary reduc-
tion of the form (3.4), then

px) = p(x’yx").
Proof. If x'=1 or x'€R, then the above equality holds by

(ii), and if x#1, x#R, then we can'apply P.3.2 and an induction
on norms. ¢

P.3.4. (Vx’,x"€B*, x€B )y (x/xx") =y (x"¥(x)x").
Proof. We can assume that y(x)#x, and apply P.3.3. ¢

Now, we will define a collection of mappings

m, +K m
(E MBS A B | e

\ TR m, +K,

m
Namely, assume that x€pn and x€B * Then, by P.3.1, y(x)EB i
and thus zi=(al_1+i,¢(x))€§, for every i€N_ . Then we put
A
m

[x1* = 2%, (3.6)
To show that (B;({[ ]* |2ea}) is a (K;{K, |rea}; {m, |2rer}-
associative, we have to show that

[x’[x]Jl x"]* = [x‘xx"]l, {(3:7)

for every pair v,A€A, and x',y,x"€B* such that the left hand si~
de is well defined.
+K

m
Namely, first we have that x€B T

[x]“ = (ﬁv_1+1,¢tx))...(ﬁv S b (x)) .

By P.3.4 we have p(x’[x]Y x")=¢(x'xx"), and this implies that
(3.7) is satisfied.

Thus, (B;{[ ]l | aAea}) is an associative. By induction
on hierarchy, it can be easily seen that B is a generating sub-

set of this associative.

Assume that (0;{[ ] | 2€r)) is an associative of the same
type and £:B + Q an arbitrary mapping. Define a sequence of map-
pings {.;a:BCl + Q} as follows.
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First, we put £ =i. Assume that ;u:Bu + Q is well defined.

Let VeBa+1\Bu' Then there exist J+1€A and iGN?\_'_T such that

v=(m,+i,x), where Xx€R . Thus, X=u.u,...U ;
3 s A41,0 - R L DR

for some

ujGBa. Then C“{uj)EQ is well defined. Let

m
A+1
Ic (u)... (5 (u )] = ¢ :
LA e P !
Then we put
Lanr (V) = ¢4y
and ¢ . (w) = ¢ (w), for every we€B .

Define by ¢ the uniquelly determined mapping ¥:B + Q which
is an extension of ¢ , for every a = 0.

By induction it can be shown that
v B[ ey > ([ 1| rend)

is a homomorphism, and that will complete the proof of the fol-
lowing

Theorem 3.5. (Q;([ ]* [1€A}) is a free (K;(K, |2€A);
{ml | xen}) associative with a basis B. ||
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MHOT'VIHMEH3UHOHAJIHH ACOUMWJIATHBH

. Yynosa, H. IlenakoCkKu
Pesume

Hexa M e MHOXECTBO MO3UTHBHH lleld BpPOeBH M, 3a cekoj meEM,
Heka F_ e MHOXeCTBO BeKTOPCKO BPeIdHOCHH OnepalHu Ha eOHO MHOXKeCT-—
BO A, Taka wToO
+
m kf -

(erFm) £io A" TR,

kage wro k. > 0. ([OpuToa, a¥ O3HauyBa r—-TH IeKapTOB CTerneH Ha
MHOXeCTBOTO A.) Jla ro o3HauwMe cO F MHOXECTBOTO {lemen}.

BeKTOpPCKO BpenHoOcHara anre6pa (A;F) ce BHKa acOUHJATHB ako
BaxX{ OMUTHOT acouMjaTHBEeH 3aKoH. Bo OBa nopaHewHH TpRyna TTl} H
[2]) ce No6HeHH HEeKOH Pes3yJITATH 328 acolUdjaTHEH WTO Cce omHecyBaaT
Ha cayduajor ]Ml=1, a OBOe Ce BpWAT COOOBETHHM HCNUTYBama 3eMajkm
M ma e NMPOH3BOJIHO HENpPa3’HO MHOXKECTBO MOIUTHBHH Uenu GpOeBH.

[lpupogHO-MaTeMaTHuky dakynreT
ManmHck® ¢Qaxkynrer - Ckomnje
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