INDUCED ACTIONS OF GL (n;R) AND L (M)
Ognjan Jotov

Let M be a differentiable manifold, dim M — n. The general linear
group GL(n:R) will be denoted by G, and the bundle of linear frames
T(L(M)) of M by P. For the induced action of the tangent group T(G)
on the tangent bundle 7'(P) we have the following results:

Let {x',...,x"} be a local coordinate system in a coordinate neig-
hborhood U¢ M, and {xf, X Jf‘} 1 <i, j, k<n, the induced coordinate
system on w !(U), where = is the natural projection D —» M. Let {si},
1 <i, j < n, be the natural coordinate system on G, where the upper index
means the row, and the lower one the column of the corresponding matrix.
For arbitrary (u, a)© 7w *(U)XG and arbitrary tangent vector X on P at
u we have

dxi(dR,- X) = dxi(X) 1<]i<(n; (1
dXf(dR,- X)=s"(a)dXE (x) 1<k j<n: (1)
dxi(dL,- X) = dxi (X) 1<i<lm; (2)
dXf(dL,- X)=sk(a)dXT (X) 1<k, j<n, 29

where by R, is denoted the right action of the element @ - G on P. and by
L, the corresponding left action. Then, for each tangent vector 4 on G at a,
we obtain

dxi(de,-A)=0 1<li<n, 3)
dXj(da, - X) = Xp@ds]' (4) 1<k j<n 3)
where for each u < P the mapping o, is defined by a € G — ua © P.
Then, as a corollary from (1),...,(2") we have
dxi (d(ad(a))- X) = dxi (X) 1 <i<{n, 4

dX[(d(ad(@)- X) =s,(@)s] (@) X[ (X) 1<k j<n 4)
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where by ad (a) is denoted the mapping v © P —> aua—", and from (1),...,(3")

dxi(dR,(d o, - A)) =0 1< i<l (5)
dXf(dR, (dc‘,f;- A)) = 5§ (a) X\ (u)ds]" (4) 1<k, j<n: (5)
dxi (dL,(doy - A)) = 0 1<i<mn; (6)
dXF (dLy(doy - A)) = sk (@) X[ (u) ds; (A) 1<k, j<n  (6)

From now on the tangent space of a manifold M at a point p - M

will be denoted by D'(p).
Let I' be a linear connection in P and o the connection form of I
The vertical and horizontal subspaces at a point u - P will be denoted by G,
and Q, respectively. In the foregoing notation, let v: U > P be the natural
cross section of P over U defined by x¢ U—~>{(\/b B2 N (b/\ ).")x}
1 e xi(v(x)) = xi(x) and X (v(\:))—r‘), s ] <i, j, k<_n. Let I‘,»,, 1<,
, k < n, be the components ot‘ the linear connection I' with respect to the
Jjocal coorinate system {xl, i .,x"}. Theese functions are defined on U by

v¥w = l"f-‘j dxi Ef,,

where E{ 1 <j, k<n. is the natural basis of the Lie algebra g of G.
IFre, .1 <i, ; R <" n. are the components of I' with respecs to a local
coordmate system {x'', ..., x"’} in a coordinate neighborhood U’ (U " U" =
— N — 0). in the intersection N we have the transformation law?!)

Ciop =00 -0 T+ 0.5, 1<%, j, K<n. (7)
where dj), = dxid xi’. ¥ =xi" d x and A5 =2 QXX Using the
foregoing results and (7). we prove the Io!lo\\ing wellknown theorem:

Theorem. Assume that, for each local coordinate system {x',.... ",

there is given a set of functions [' . 1< i, j, k<_n, which satisfy the
transformal:on rule (7). Then there is a unique linear connection I" whose
components with respect to {xt, ..., x| are the functions l"}, and the con-
nection form o = o E} of T is given in terms of the induced local coor-
dinate system {xi, X/}.1<_i. j, k< n. by

oh = Yi(d X} + TK X} dxr) i j=1,...,n, (8)

where (Yf) = (X}')_l.

1) For the proof of (7) see [2], p. 141—142.
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Proof of (1), (1’),’ (2) and (2°). In the foregoing notation we have
(xio Ry) u = xi (ua) = xi (u),
(Xio R, u= X (ua) = X (u)sy (a)
and therefore
(dR,- X)xi = X(xioR,) = X xi
proving (1), and
Ry~ X) X} = X (Xjo R;) = ] (@) XX

proving (1°).
(2) and (2’) can be proved in the same way.
Proof of (3) and (3"). This proof is similar tn the foregoing one. From

(xies,)a=xi(c,a) = xi (ua) = xi (u),
(Xfo6,)a= X% (5, a) = X% (ua) = X}, (1) s% (@)

we obtain

proving (3').

It is ease now to obtain as a corollary the expressions (4), (4), (5)
(5"), (6) and (6).

Proof of the theorem for linear connections. We shall use the follo-
wing lemmas:

Lemma 1. The connection form « of a connection satsfies the follo-
wing conditions:

(a) w(do"-A,) = A for each 4 g and u< P, where by e is denoted
the identity of G;

(b) (R)*w =ad (¢ ")w for each a2 G.

Conversely, given a g-valued /-form « on P satisfying (a) and (b)s
there is a unique connection I' in P whose connection form is ,
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For fhe proof see [2], p. 64, Proposition 1. 1, where this result is
obtained for general connections.

Lemma 2. If a,b - G and J, the vector field ddsf, 1< r, ¢<Cn, on
G, we have

(ad(a))(J)s = 5q" (a) sp (@) (T5) (aa(2)-

This result is proved in [4].

Lemma 3. Let M;, 1=1, 2, 3, be a differentiable manifold and fa
mapping of the product manifold M, > M, into M,. Let P; € M;, Z; & D*(P)),
i=1, 2. If Zis the tangent vector on M, X M, at (p,, p,) defined by
(X}, X3) € D' (py, py) we have

df-szf,-Zl+cif2-ZZ,
where
JiiM, > My and f,:M, > M,

are the mappings defined as

/i (P) = f(p, ps) for p_: ]L.{l_

f:(@)=f(p,. q) for g~ M,.

3
2],

For the proof see |

p. I1—I2.

To prove the theorem, first we prove that the form w, given by (8).
satisfies the conditions (@) and of Lemma 1.

We shall hold the foregoing notations and denote the vector field

?d/d Xi, 1< i, j<{n, on P by f{, i, j=1,....n. To prove (a), it is suffi-
cient to prove the relation

oy o X=X uf=i(U), 1<i j<n
From (8) we obtain
0 (XD, = YR XTRXD), =3 Y (),
SO .
o (X, =YY WE,. )

Then from (3) and (3

do, - Ej = X7 (u) (Xp),
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and therefore _
do,-o (X)), = Y7 (W) do, - Eby = Y7 ) X5 @) (XD, =57 Xk, =X,

proving (a).
To prove that

o (dR,+X) = (ad(a ") w (X) X € DY(u), (IO)
it is sufficient to verify (10) in the two special cases: X = (3/dx¥),, and
X=X5 i j, k=1,...,n If we denote X; = d3/dxi, 1<_i<n, for arbi-
trary a € G (1) and (1) give
ARy (Xi)u = (Xidug ARG (X5, = 55(@) (X (11)
Then from (8) we obtain

(X)) = XT Y Tim,

SO
o (Xy), = Th (= () X[ (u) Y{(u)E}. (12)
Using (12) and Lemma 2. we obtain
(ad(aY) ) (X)), =T (=(u)) X (ua) Y{ (ua) E3
what with respect to (11) and (12) proves (b) for the case X'=(X|),. Then

as a consequence from (9) and Lemma 2 we obtain

(ad (a) ) (X)), = 5} (a) Y7 (ua) El. (13)
and from (9) and (I11)

0 (AR (X]),) = 51y (@) & (X, = 51y (0) ¥ (ua) ET. (14)

(13) and (14) prove (b) for the case of vertical vectors, so by Lemma 1
« defines a connection in P.

The proof that T f—} . 1<k, i, j<n, are the components of the co-
nnection defined by w is taken from [2], p. 143:
If we consider the natural cross section v over U, have

Vi) = 8 (d 3% 4 T5, 8 dx) = T dx™
proving that Tf}, 1<k, i, j,<_n, are the components of the conection
defined by . h ‘
To Pprove the invariance of «, consider the mapping v: N — G
defined by
V(x)=v(x)y(x) x N,

4 Buntenu
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where by v’ is denoted the patural cross section over U’ with respect to the

local coordinate system {x'',...,x""}. It is case to see that v=(3f,). If we
consider the mappings

f i a)C v(N)<y(N) — ua,

hyy i xc N — (v(x), v (x))
By fixcN > f(v(x), v(x).

and

the last of which coincides with . for arbitrary x © N and X < D'(x)
we have
dv'(X)y=dhivy f(X)=df (dv- X, d - X)
which by Lemma 3 can be written as
dv' (X)=dRy (x)-dv(X)+do, ) dv(X) (15)
In veiw of Lemma 1 and (15) we obtain
()* o (X) = (@ ()™ v* 6 (X) + o (@5, (- dy (X)) (16)
If w is the canonical I-form on G
w=tids]Ef, V)
where (t}:)=(5}:)_l, we have
Y¥u=df ddf, EX =30 3f e dx™ EX (EY = EY), (17)
so for the second summand of the right side of (16) we obtain
@ (d0y(x) - dY (X)) =0 (doy(x) v(x) - 1 (dy - X)) = p(dy - X) =¥ (X).
Therefore (16) can be written as
() = (ad (3))) vFo +y*u,
or, by the definition of the components of a linear connection and (17)
(V¥ = i dx? (ad (3})) E% 4 3} O gy d™ EY. (18)

1) This expression is obtained for instance in [2], p. 142, and 4,
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Using Lemma 2 (18) gives
(V) 0 = 7 ¥}, Wl + 3 Vi) dxi’ EX,

which with respect to the transformation law of the components I"f-‘j, i j?
k=1,...,n can be written as

(V')¥& = Tjy dxi’ EX . (19)

(19) proves that in the local coordinate system {xl',...,x”'} the functions I’ fj
I, j's K"=1,....n, are the components of the linear connection defined
by ®, so with respect to the uniqueness of that connection (Lemma 1),

we have _ _
wj = Yi(dX5 L TE X3 dxr)y  1<i, j —n,

proving the invariance of .
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