MartemaTrukn Buarten
Krnra 3—4 (XXIX—XXX), 1979—1980, (61 — 65)
Cromje — Jyrocnasuja

TWO REMARKS ON RELATIVE INVERSES

Simeon Ivanov

Let X, Y be Banach spaces, L(X,Y) the space of all bounded li-
near operators from X to ¥, L(X,X)=L(X), F(X,Y) the linear sub-
space of all finite rank operators, and let C be a complex domain. Then
a holmorphic function 4:C— F(X,Y) has a holomorphic relative in-
verse on C if and only if dim Im A(A),A € C, is constant on C. This
result was proven in [1]; in this note we present a different proof of that
result. Furthermore, we compare the rotions of relative inverse and of
regulator as defined below. This material is contained in [3].

Recall, first, the basic defitinitiors and facts.

Definition 1. If 4 € L(X, Y), then B € L(Y,X) is a relative in
verse of A if and only if ABA=A, BAB=B. -

An operator A is relatively invertible if and only Ker 4 and
fim A are complemented subspaces of X and Y, respectively. For
each pair of decompositions X=Ker A DX, Y=Im ADY,, there is
precisely one relative inverse B with the properties Ker B=Y,, Im B=X,;
and, conversely, for each relative inverse B of 4, the’ spaces X and ¥
are decomposed in the described manner. If B is a relative inverse of 4,
then AB is the projector of ¥ onto ITm A along Ker B, and BA is the
projector of X onto Im B along Ker 4.

Definition 2. Let X (X) be the set of all linear (closed or not) sub-
spaces of X. A subspace-valued function §:C -2 (X) is said to be
holomorphic at A, A& C, if there exists a neighborhood ¥V of 2, and a
projector-valued function P:V — L (X) such that (1) P is holomorphic
on ¥, and (2) Im P (A)=S(N), h e V.

If P,O = L(X) are projectors and ||P— O | <1, then P maps
Im Q isomorphically onto Im P. Using this result of B. Sz.- Nagy [6], it
is easy to see (assuming ¥ connected) that if S is holomorphic, then
SQA)=S0), 2. A e V.

The following result is due to Subin [5]; for a slightly different
proof, see [3]. [4].



62

Theorem 3. The family of subspaces {S(A):A ¢ G} is holomorphic
at A, if and only if there exists a neighborhood ¥, of A, and a holomo-
rphic function 4,: ¥, —» L (X) with the following properties: (1) 4, (»)
is invertible and (2) 4, () [(S()]=5S@), A & F,.

Definition 4. Let 4:G—»> L(X,Y) be holomorphic. We say that
A has a holomorphic inversi on G if there exists a holomorphic B: G —
— L(Y, X) such that B(}) is a relative inverse of 4 () for each e G.

The following theorem provides a criterion for the existence of a
holomorphic relative inverse.

Theorem 5 ([3], [4]). Let 4:G—>L(X,Y) be holomorphic. Then
the following statements are equivalent; (1) 4 has a holomorphic relative
inverse on G; (2) A— Ker A () is locally holomorphic on G and 4 »
has a relative inverse for each A ¢ G; (3) A—1Im A4 (3) is locally holom-
orphic on G and A4 (2) has a relative inverse for each A ¢ G.

Observe that, since a subspace of finite dimension or of a finite
codimension in a Banach space has a (topological) comlement, every
operator 4 € F(X, Y) has a relative inverse.

Theorem 6. Let A:G— F(X,Y) be holomorphic. Then 4 has a
relative holomorphic relative inverse on G if and only if dim Im 4 @) is
constant on G.

Proof. The ,,only if** part follows from the comment after Defini-
tion 2. For the converse, let &, ¢ G and let X=Ker AQ)@DX, V=
=Im 4 ()@ Y;; let B, be the (unique) relative inverse of A4 () co-
rresponding to these decompositions. Consider the operator Ay N =Iy
—(APg)—AMN)B, A,(0)=1Iy and thus is invertible in a neighbor-
hood ¥, of . On the other hand Im A (A)=Ker(ly— A4 () B,), so
that A3 (N) (I A () = A M) By(ln A(W) C ImA(N). Since dim A(\) s
finite and constant, the invertibility of 4, implies A,(\) (Im A (M) =
InA(2) for heV,; Now A, is obviously holomorphic, so that, by theo-
rem 3, the function A— Im 4 () is holomorphic at A, and thus locally
holomorphic on G. By theorem 5 the function A has a holomorphic in-
verse on G. ;

Turning to the notion of regulator, let us first introduce some no-
tation. Let

QL (X, Y)={A e L(X, Y):dim Ker 4 <oo, Ind complemented}'
L (X,Y)={4 € L(X, ¥):Ker 4 complemented,

codim fm A < oc}
DX, Y) =0, (X, ¥) N D (X, ).
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3 If 4 belongs to one of these classes, i.e., if 4 is projective semi-
Fredholm of the first or the second kind, or Fredholm, then A is rela-
tively invertible.

- Definition 7 (2], [7]). Let 4, C, D & L(X). The operator C is
called a let regulator[ of A if there exists a compact operator K; e L(X),
such that CA—JI=K,. The operator D is called a right regurator of A if
there exists a compact operator K, ¢ L(X), such that AD—T7I=K, An
operator which is in the same time a left and a right regulator of 4 is
called a regulator of A.

_ Thus, an operator possesses a (left, right) regulator if and only if
its canonical image in the Calkin algebra (=L (X)/K(X). where K(X)
is the ideal of all compact operators) is (left, right) invertible.

The following result is well known; the image of 4 ¢ L(X) in the
Calkin algebra is denoted by 4, @} (X) = @} (X, X), etc.
Theorem 8. The following equalities hold:

{AcL (X): 4 is left invertible} =&/ (X),
{AeL (X): A4 is right invertible} =@ (X),
{AeL(X): A is invertible} =@ (X).

In other words, the classes of operators in L (X) that have (left.
right) regulators coincide with (@% (X), @. (X)) @ (X).

Therefore, any operator having a (left, right) regulator has also a
relative inverse. The converse. is not true: a finite rank operator cannot

have a regulator (since it is not semi-Fredholm, unless dim X < oc). We
now show that relative inverses are regulators, when the latter exist.

Lema 9. Let A4, B belong to L(X), and let B be a relative inverse
of A. Then,

(a) If Ae®](X), B is a left regulator of A

(b) If Ae®_(X), B is a right regulator of A

Proof. (a) The operator /—BA is a prcjector onto Ker A; thus
BA—T has finite rank.

(b) The operator 7 — AB is a projector onto Ker B; since
Be @' (X), AB—I has finite rank.

We now show that a relative inverse is, in a certain sense, the
best regulator a (semi-Fredholm) operator can have.

Lema 10. Let A4, B, C belong to L(X), let B be a relative inverse
of A, and let C be a left regulator of A. Then,

Im (CA—1) D Im (BA—ID—Ker A.
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Proof. Clearly, (CA—1I) (Ker A) = —KerA=Ker A, so that Im
(CA—1I) D Ker A.

Lemma 11* Let 4, B, C belong to L(X), let B be a relative inverse
of A, and let D be a right regulator of 4. Then, Im A=Ker (AB —
—I) D Ker (4D—1I).

Proof. Let XeKer (4D—1). Then ADx=x. Apply the operator
AB: ABAD x=AB x, or ADx=ABx. Therefore x=AB x and xc Im A.

We see that (in the notation of Lemmas 10 and 11) the operator
BA—1 is tke ,.closest” to the zero operator among all the operators
CA—1I; and that the operator 4B —1T is the closest to the zero opera-
tor among all the operators 4D — 1. The relative inverse is, in a sense,
a measure of how far an operator is from being (left, right) invertible.

Let G be a domain in the complex plane and 4:G—L(X,Y) a
holomorphic operator-valued function. 4 necessary condition for A4 to ha-

ve a holomorphic relative inverse is the constancy of dim Ker A() and
codim Im A(A) on G.

Theorem 12. ([3], [4]). Let 4:G—~®% (X, Y) [respectively,
@_ (X, Y)] be holomorphic. Then 4 has a holomorphic relative inverse
B:G— @ (X, Y) [respectively), @} (X, ¥)] if and only if dim Ker
A (M)=constant [respectively, codim /m A (A)=-constant].

Theorem 13 ([2]; see also [7]). Let A4:G — @) (X) [respectively,

@_ (X)] be holomorphic. Then there exists a holomorphic left [respecti-
vely, right] regulator

C:G — @ (X) [respectively, @7 (X)].

The constancy of dim Ker A4 (3) [respectively, codim Im A ()] on
G is not needed in Theorem 13, and it is essential ir Theorem 12. Howe-
ver, in that case Theorem 12 is more precise: the holomorphic regulator
of Theorem 13 can be built from the ,best” regulators of A.
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PE3HME

Hexa ce X, V Gamaxopm mnpocropm, L (X,V) mpocTtopoT on cHTe
OrpaHHYenH JIAHCADHM omepaToph ox X o V, L (X, X)=L (X), F(X,¥)
THHEAPHHOT NOTIPOCTOP OA CHTe KOHEYHM DAHTOBH OTEpPATOPH, H Heka
¢ G xoMmiexcHa obnact. Toram XonoMopdHa dysxmuja 4:G — F X, V)
HMa XO0JOMOp(HA penaTMBHA WHBED3HA OnepaTopcka (QyHKuHjA HA G axo
B caMo ako dim Im A(}), A G, ¢ xoncTanTHAa HA G. OBOj pe3yITaT €
AokaxaH B0 [1]; Bo oBaa craTHja W3HECYBaMe ADYr MOKa3 HA 0BOj pe-
syn7ar. [loHaTamy, CHOpeJCHE ce 3HAawemaTa HA DENATHBHA MHBEP3HA
onepatopcka QYHKIMjA B Ha PeryJaTOp Kako mTO ¢ JICPHHADAHO MOJONY.
Osoj matepwjar ce coapxa Bo [3].
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