ON THE GROUP PROPERTIES OF SOME CONTRACTIONS

Ognjan Jotov

In this paper we consider some contractions between the tensor spa-
ces T3 = R*® R* R (RR)* R (RP)* and T] = Re R (Rm)*.
It is proved that the restriction of a certain contraction on T}

T x 1! 5T}

induces group properties of the left action induced by this contraction, and
at the end we obtain the canonical form of the so obtained Lie group. (In
these notations R denotes the real numbers line, and an asterisk is written
to the correspondmg dual spaces.)

Let T} and T3 be the tensor spaces
= R* Q) (Rn)*,
= R* Q@ R* R (RM* @ (Rm)*

and let s/ (1 <C4, j < n) and uf (1< 4, j, k, I < n) be the natural coordinate
systems m T}and T} respectlvely The elements of T,? shall be written by
Latin, and those of T§ by Greek letres.

We shall consider the contractions

¢:T3x Ti— T}

and
YT XT3 5T
defined by
Se@d=w@s@ @ACTIxTL O
st (a, @) = 57 (a) udl () (@) €T XT3, )

3 buareH



“ ,
or, if we denote
o, a) =«xa and (2 =acx,
(1) and (2) can be written as
5; (@ @) = uf () 57 (a), 1)
si(@ @) = s ()] udl (o). )

The contractions ¢ and ¢ -define a left and a right action of the ele-
ments of T% on the space T}. We shall prove that these actions have equal

identity elements 2:, and :t,;.
For the coordinates of the left identity element o:, defined by
N (% a=a)
«€ T}
or, in coordinate form
uP (&) 59(a) = s!(a),
we obtain ‘
uj‘f (@) =8 8," 1< kr<n @)

In the same way, the definition

A @ag=a)
aET]
leads to o
52 (a) utl (ag) = (0. @
Since
5/ (@) = 81', L s2 (a),
(4) leads to

W) =88 1<iikI<n ©)
which in view of (3) proves the identity

o °
fﬂ(:“q.
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Let 4 be the contraction
T3 X T2 T3
defined by
ufy - b, B) =uf (&) uy () @, BET
or, if we denote
h(x, ) =aB,
l ( B) = ul, () ut ).

"It is easily seen that herewith a left and a right action on T3 for each its ele-
ment is defined. If we ask for the corresponding identity elements (left and
right identity) of these actions, defined by

N (@ae=0) and /A (xe?=ua),

acT:® a€T} °
we can easily obtain
. ) .
ul, (@) =83, and uf, @) =28 3,
[+}
and hence

(-] L]
ol = b = o = oy )

o

o]

In view of (7) we will denote all the four obtained identity elements by .
It is clear that if the elements of T are expressed by their n? coordi-
nates, they can be written in a natural way as an n X n-matrix. We define

now a one to one mapping }" which maps T3 onto the space R™ whose. ele-
ments are all (n? X n?) — matrices in the following way:

To each «¢ T? whith coordinates o = uly («) the function f asigns
the matrix

=f@eR"

K<,

3*
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defined by

1 .,12 In 411 412 In 11 1n

Oy 0y e e &gy Ky O e e+ By o e XLy e Ky

1 12 In 11 412 1n 11 1n

%1 %3 Rap Oy g5 %yp v %y ®on

11 412 1n o 11 12 1n 11 In

“nl a’nl e “nl “nz “nZ ° “n2 0':nn v o{'nn

21 22 21 21 5,22 2n 21 2n

0y ®py e %y Ky A5 - - - K7 Xn in

21 22 2 21 422 2 21 n

M T TR TR R TR R e
21 22 M 21 522 2n 21 20

°"nl “nl ‘ ocnl an2 °"n2 n2 " “nn “nn

- patt]l n2 nn aanl on2 nn nl nn

of oaff ..o e, aly ey

nl . n2 nn anl on2 nn nl nn

AN Sl Sl U SN N Rl %

nl n2 nn onl o n2 nn ni nn

anl un2 ce “nl unZ ng : “nz mrm * “nn

Let 4 = (ocj’.') (1 <{i,j<n) be the matrix with elements ajf' == sj!'(a), assigned

to an arbitrary element a € T!. If we denote by £ the mapping which 1o
each 4 assigns the (n% X 1) matrix ’

i<
N

e’
i
Q<
i




)
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it is easily seen that contraction
o: (e, @) > xa
- . a v v
can be interpreted as the usual matrix multiplication of « and a4, namely

v

fro@a=ua ®)
Let G be the subset of fv(Ti) whose elements are nonsingular, and let

G = {a; fl0) € G}. ©
If we denote by A, the left action of an element & £ G on T7,
laa’= xa aeT},
(8) and (9) imply for each « € G the existence of some B € G such that
Do Ay =g - Ay = N,
whereby B is defined by the condition

=
If we denote
Ag =Ng'
and hence
Aa!l = gt ,

we can easily prove the correctness of the relation
g =lp %BET,
as well as the fact that for each « € G the element «—! € G defined by
Flay = ot | (10)
is a uniue one. On the other hand, it is clear that the mapping
h:T5 x 15— T3
satisfiés the associative law,

@By=«@Y) «f €T3
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These results prove that the left action 3, of each « ¢ G on T! isa
group action, i.e. G is a group whereby the group operation is the multiplication

) (oz, B)—af

defined by A. The identity element is «, and for each « ¢ G the inverse element
o1 is defined by (10). It is ease to see that G is isomorphic whith the Lie
group GL (n%; R).
We shall find now the coordinate express1on for the canonical form on
G. If we denote by D' () the tangent space of G at «, each element

—';Jae D' (x)

->
can be considered as the value at « € G of some vector field » on T% which

is left-invariant for the action of the group operation and which value np
at each € G is defined by

-

'nB =d)\Y.’qa, (ll)

whereby B = y «. The canonical form [+ can be defined as the mapping which
-> -> °

to each vector 7, at arbitrary o € G assigns the value 7, at the identity « of

> ->
the left-invariant vector field v induced from », by (11), i.e.

> > :
(ne) =drg—1 - Mg ) (12)

In order to obrain the coordinate expression for p., we first obtainsuch an
expression for the differential of the left action A,.

One of the basic consequences of the definition of vector fields and
tangent vectors is that the actions of the differential forms duf, (u¥, the natural

->
coordinate system) on a field » gives at each a the coordinates of the vector
field value at that point, namely

rY) -) » s
(dull,- g = 1 (). (13)
In our case we obtain
> b d .
duzl (d)"Y : 7)¢)=7)0( (u;c,l ° l‘y)
which in view of the identity

(ufor)e = u'l’ (‘Y) ug; (e) eCG



39
gives
@Mm?w—wmwww (14)
If we denote d/dulf =3/, we have
dy (o) = ik @y 1) Ops B =7
or, in view of (14),
dy () = e () gk )OL) (15)
If in (15) we fix ¥ = «~! and hence B = oou, and if we denote
Q) =el 1< i gk In, |
(15) gives the canonical form as

b= “]q dupr o eﬂ
whereby 47 are defined by
*

i (€) = uji (57 <€G.
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