k—SEMINETS
Yanez Usan

This paper introduces the concept of k-seminets, k >3, establishes
some of its basic properties, establishes the characterization of 3-seminets
by means of a class of partial quasigroups and establishes the characteriza-
tion of k-seminets, k > 3, by means of a class of orthogonal systems of par-
tial quasigroups. )

k-Seminet, basides, generalises the k-net [1], whereas 3-seminets and
3-nets are special cases of halfnets of V. Havel [2].

The elements of the non-empty est 1 will be said to be the points,
and the elements of the sets L, C PN\{D}, i€{L, ..., k}, k€ N\{1,2},
to be the lines. Let, further, L; N L; = (7 each i€ {l,...,k} and each
JE{, ... k) ifi#j (v,Ly, ..., L) will be said to be a k-seminet iff the
following conditions are fulfilled:

RLVI)WI)(VIE(L ..., kPp(ViE{l,.... kDI EL, A LEL; A
NigFD=>eBNY)<1]; i ‘

R2. (VTCo QLEL) ... QL) TCh A ... NTEH).

Ifin RL. w () ™ l;) =1, is a k-seminet (1, Ly, ..., Lg) is a k-net.

Figures 1 and 2 represent, in turn, a 3-seminet and a 4-seminet respec-
tively. , :
If ~ is a finite set, the k-seminet will be said to be finite. We shall

primarily be interested in the finite k-seminets.
def
m¢E N is an L-order of the k-seminet (v, L,, .. ., L) <= m = Max

{®L¢li €{1,...,k}}.nE N is a T-order of the k-seminet
def
>an=Max {ul|I€L, U ...\ L}

” Cardinal number of the set /; N /;.

<




42

?18 01 Y

La = {ab as, as}

Lb = {bla bz, bs}

L = {ey, ca, €3}

a, = {4, B}, a3 = {C, D}, ay = {E, F, G}
b, = {4, C,E}, b, = {B, D, F}, by = {G)
¢; = {4, D, G}, ¢y = {B, E}, ¢; = {C, F}

The concepts, L-order and T-order generalize the concept of the or-
. der of the k-net.

THEOREM 1. Let » € N be a T-order of the k-semmet (v Ly, ..., L)

k€ N\ {1,2}. Then »
E<n+1+A,

where A = min {T—D,|TC€t ANICLLU... UL ATEI}, k—1—T,

the number of the lines passing through ‘the point T and cutting the
line I 2 T, and n— D, is the total number of the points upon the line /.
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Let 0# (5, D#and DC Q X Q. If 4:D — Q, then (Q, 4) is
said to be a partial groupoid, If in the partial groupoid (Q,4) each pair of
elements in the equation 4 (x, y) = z uniquely defines the third one, if such
exists, (Q, A) is said to be a partial quasigroup. The k-seminets will be de-
fined by means of regular partial quasigroups: the partial quasigroup (Q,4)
will be said to be regular, ift it satisfies the following conditions:

I (VEN(GHED > [ANG#T ANGIED)]V
[QiNGE#£iP A @,7)ED); and

2. VENMAGH =t =>UEGN ={i} x N DV
{GD} =@ x{jPpnNDl=>
QEINEGND # TN AT, T) =)l

THEOREM 3. To each 3-seminet there:corresponds a regular par-
tial quasigroup, and vice versa.

Proof

Let (Q,4) be a regular partial quasigroup. The elements of the set
v ={(i, , t) | A (i, j) = t} will be said to be points, and each of the non-empty
sets a; = {(la Js t) IA(laj) = t}’ b]' = {(l’.]9 t) | 4 (l’,) = t}a ¢y = {(l>.]’ t)/
A (i,j) = t}, will be said to be lines. (v, Lg, Ly, L) is a 3-seminet, if L, =
={a\a # O}, L, ={b;|b; 7} and L, = {c;| ¢, %= I} ,

Let, now, (t, Lg, L, L) be a 3-seminet, O be a set of the power of
the set L,, x € {a, b, c}, with the highest power, and mappings f:L,—~ Q,
g:Ly—0, h:L.~—Q be injections. If (Q, 4) is defined in the following way

def
A (fay, gby) = hey<—=> (@, €L, N\ b €Ly A
a, N\ by N e, ={T} ATE,

then (Q, 4) is a regular partial quasigroup.
In each quasigroup, the conditions 1° and 2° are satisfied. T3. gene-
ralizes the wellknown characterization of 3-nets by means of quasigroups.

Let (Q, 4) and (Q, B) be partial groupoids with the same domain
D=PDA =B, DC QxQ. A and B are said to be orthogonal iff the
system of equations

A.(x,y) =4a, B(x’y) =b

is uniquely soluble for each (a, ) € Q2 for which a solution exists. If we
introduce

0 (63) = (A »)B )
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then, 4 and B can be said to be orthogonal iff 0,5 is a byjection of the set
D upon the set “R04p.

The orthogonal operations 4 and B will be said to be regularly ortho-
gonal iff the following condition is fulfilled:

. (VEMNIENE RO > @IVG #T A GF)EROB) V
V @i)GE #i A7) E R

The set of partial operations of the same domian will be said to be an
orthogonal system of operations iff each pair of the operations of this set il
orthogonal. If each pair of the operations is regularly orthogonal, we shal
say that a regular orthogonal system of operations is dealt with.

" THEOREM 4. To each k-seminet, k > 3, there corresponds a regu-
larly orthogonal system of k—?2 regular partial quasigroup, and vice versa,

Proof

Let Ay, ..., A;_, form a system of regularly ortsogbnal regular par-
tial quasigroups. The elements of the set = = {(e, f, t1,. . ., tx—3) [As(e, /) =
=t A ... A\ Ax_2(e,f) = t,_p} will be said to be points, and each of the
following non-empty sets will be said to be lines:

af_,l) = {(e,f; t:l’ cec tk—?.)l Al (eaf) = tl /\ e /\ Ak—-z (esf) = tk—z}

}a}z) ={le.fitr,.... D d(ef)=t; A-.. N dg-2(e,f) = tk—z}

{a ={Efitn. D )=t A Ads(ef) = o).
(t,Ly, ..., L) is a k-seminet, if L, ={a®| a0 # @), ..., L =
={ap | ap # T}

k—2

Let (v, Ly, . . ., L) be a k-seminet, k > 3. Let Q be a set of the power
of the set L,, x€ {1, ..., k}, with the greatest power, and let the mappings

[ Li— 0, i Ly— 0

be injections. Let the operations 4,,..., Ay be defined in the following way:

def

A (il o) = fiva lige = 1 €Ly A L ELy A
LNy ={T} ANTCx for each ic{l,...,k—2}
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The following holds: A4;, i€{l,...,k—2}, are regular partial
quasigroups; because of R1, they form an orthogonal system, and, beacause
the crossings of each of each pair of the sets L,,. .., Ly, are empty; they form
a regular orthogonal system.

In a non-partial case, each pair of orthogonal operations satisfies the
condition 3°. Theorem 4. generalizes the well-known statement about cha-
racterization of the k-nets.

Let Sk represent a set of all k-seminets of the L-order n€ N. If in
Sk a k-net exists, its = has the power of n2 If v is a set of points of any of
k-seminets from Si, then pv < n? Finding the set My C Sk of k-seminets,
the ' s of which have the gratest power, is considered by the author to be
one of the basic tasks of the k-seminet theory.

An affine plane is a k-net in which ¥ =7 4 1 [1]. Theorem 1. offers
a suggestion for the generalization of the affine plane.

The m-dimensional k-seminets are already being studied.
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