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ON IDEALS IN REGULAR n-SEMIGROUPS

Wiestaw A. Dudek aud Izabela GroZdifiska

In this paper we introduce a new definition of regular n-semigroups
and prove some theorems about special elements in that structure. Most
attention has been paid to some idealthcoretic aspects. We prove also

that every ideal of a regular and commutative (m, n)-ring is a radical
ideal,

1. Regular n-semigroups
Let f be an n-ary operation in a set G. Let us denote

S &eee, Xn)=f (3D,

(]
f (xp ooy XEs xk+1’ ey, xk""a xk+8+1; cey xn)=f (xf, x, x,"‘+'+1)
whenever Xgy;=2Xt+9=...=Xk4s=Xx (%/ is the empty symbol for j<i

)
also x is the empty symbol).

We shall use terminology and notations of papers [4] and [2].

An p-semigroup < G, f> is called regular [6], if

) (Va€G) A x..., x.4€ G fw(@x," d=a.

An ordinary regular semigroup is a special case of a regural n-se-
migroup, namely for n=2.

In the sequel we consider only n-semigroups (n-groups) where n > 2.

$
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It is clear that the condition (1) implies
@ (Va€G) @z z-..r r€6) f(@ 22, d)=a.
A non-empty subset B; C G is called an j-ideal of the n-semigro-
up <G, f >, if x; € By implies f(xy,..., Xp..., Xu) € By for all xy,...,
cees Xj—gy Xp415...5 ¥n € G and fixed 1 <j<n.

~ An j-ideal for each j=1, 2,..., n is simply called an ideal.
The set

@y ={f {"a x¢ ):x€GU {a}
is called a principial j-ideal generatep by an element a € G.

Theorem 1. In an n-semigroup < G, f > the next conditions are
equivalent: : '

(@ <G, f> is regular,

(i) ( BjC f(By Bu-y, Bus,..., By, By) for all j-ideals B,,
J=1

G A @) C (@1 @i > @i Bn)n)

j=1

for all a;, as,..., an € G,
M) () @ C S (@p @y ---, @s @ (a)n) for each a€G.
J=1
Proof. (i) — (ii) If a (n\ B; and <G, f>is regular, thén there exists
. =1 ] ) ]
Zsy ..., Zu— € G such that
a=f(@ 237!, a)=f(f (@23, a), 227, A)=....=
=f(f(a, Z;“» a), f(zg—l’ a,z) f (25 a 23), ey
ces f(En—ys @, 277N, f (@ 237, a))
E f(Bb Bﬂ-—ls BM’ e Ba» Ba, B"))
since f(a, z3~!, @) € B; N By and f(z;‘“, a, Z;)Q,Bn—iﬂ-

(ii) = (iii) = (iv) Obvious,
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(iv) = (i) For all a€ G We have anél (a). Hence, for each a€ G there
exists elements b; € (a); such that
(3  a=f(by, bu—s, bus,..., by, by bp).
If b € (@), then by=a or
@ by = f (%Y, axir ) for some x; € G.
But if b;=a, then ,
() by=a=f(by, buy..., bers, @ Doy, .., ba, bn).
In view of associative law and (3), (4), (5) we have
a=f(f(a x33),..., f " La))=f (@ x27), fo—» (*1m. ...,

vy xﬂ]_): xl:;—l‘ d})

which completes the proof of our Theorem. R
In this same manner as (i) —» (ii} we prove:

COROLLARY. If <G, f> is a regular n-semigroup, then
!n‘ By C f(Bn, Bu—y, Bo—s, ..., By, By) for ali j-ideals B;. [

Theorem 2.An n-semigroup < G, f > is regurlar if and enly if
every ideal of G is an idempotent ideal, i. e. B=/f(B,..., B) for every
ideal B, '

Preof, Puting B=B,=B;= ...=By in Theorem 1 (i), we have B C
S(B,..., B). But B is an ideal, hence f (B, ..., B) C B. Thesefore regularity
implies B=f(B,..., B) for all ideals B.

Conversely, if all B; are j-ideals in an m-semigroup <G, f>, then

n n
N By is an ideal su h that (> B; C B; for each j=1, 2,..., n.
J=1 . =t

This imlies that
o) B;=f(]nl Y )Cf By Ba—y ..., By Bu)
- - -

i. e. <@, f> is regular. i
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An r-semigroup < G. f> is called regular in the sense of Sice
son, if ‘

(6) (Va E G) (V i J=1: 2,..., n) Gx,; e G)
a=f(f (a’ x};)r S (xsu’ a, x%';)--'-, S (x:'ll_l, a)).

Theorem 3. (Sioson [7]. If <G,f > is an n-semigroup, then next
conditions are equivalent;

@) <G, f> satisfies (6),

(i) f (By B ..., Ba,)=0 B; for all Jj-ideals By,
J=1
i) f(@) @, (@nn) =J{\,l (@) for all a,,..., an€G,

(v f(@ @g-.., @n) = @)y for all a€G,
Jj=t

(v) every ideal is idempotent. R

F. M. Sioson proved the condition (v) only for commutative n-semi.
groups. It is also true for non-commutative n-semigroups.
The proof is anologous as Theorem 2.
From above results immediately follows

Theorem 4. For an n-semigroup < G, f>, conditions (1), (2), (6) and

(M (Va€G) Arp ..., 1€G) fl@, Yo @ Js 8., @ yn, D=a

f@ x, a,..., a xx, a)=a if n=2k+1
fla, x. %3, a, X3, a,...,a xe0)=a if n=2k

®(Vac6) Axy..., xx€G)

dre equivalent. |

2. n-groups

An n-group is an n-semigroup <G, f> possesing the additional
property that for each ay, a;,..., @—1, G141,..., an €G, a2 unique solu-
tion in the indeterminate x; exists for the equation

® f@! x, g )=ae

for each i=1, 2,..., n.
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It is worth while to note that it suffices only to postulate the exi-
existence of a solution of (9) at the places i=1 and i=n or at the one
place i other than 1 and n. Then, one can prove uniqueness of the solu-
tion of (9) for all i=1, 2,..., n.

Theorem 5. An n-semigroup < G, f> is an n-group if and only if,
for some k=1, 2,..., n-2

(10 Va,..., akEG) A Xkt 00 Xn—y, Veg1, e 005 Ya— € G) (VbEG)
fat, xi31 O=f0, i1 ah)=b. '

N. Celcko:ki proved in [1] a sp>cial case of this thcorem.
The proof in [1] is more complicated. :

Proof. If <G, f> is an n-group, then for all a, a,,..., ax, beag
there exists Xky1,..., Xn—1,2s ..., 2a & G such that f (% x271, a)=aand
b=f (a,z3). Hence

b=r@.2) =Af @}, xi31a) ) =Rak, 37}, f@ 2))=f(ak, xi7L,b)
for every b€ G.

Simylarly, we obtain the second part of (10).

On the other hand, if (10) is true, then we shall show a solution
of the equation f (23 2)=2, for arbitrary z,, z,,..., za € G.

Put

- k pn on—1 3k o3 n-1 2k 42 n—1
2=fa» @5 x 330, Bk X nih G X550 2)

where f(z, a} &, x! 271, b)=b for all b€ G, we‘g_et
@ D=Ffop @ ay 5 x50k s @ 5 Gl 2)=

=@ @m0y 5 x il e D) @) B i )=

=..=f(z, &%, XL =z,
In this same manner we can verify that the element

" n=1_ n k-1 3n-1 3 k-t -1 2 k=1y
Z=fo @ ¥ioih @ kL, Vikir B L G Y

vf/heref(b. 1 %i1 @ %Y, z)=b for each b€ G, is a solution of the equ-
ation f (2, 2)=z,, which completes the prcof. i




As an immediate consequence we obtain

Theorem 6. A regular n-semigroup is an n-group if and only if, it
is cancellative.

Ploof. The first part is trivial. To prove the second part we assume that
<G, f> is regular and cancellative. Then :

S (b'xg’a) =f (&, x:’f(a'xg’ a)) =f(,)(b,x;', a, x3, a)
for all 5£G and some x;,...., ¥» € G such that a =f (a.x3.a).
Gancellativity implies that b=f(b, x%, g) for all b¢ G.

Similarly we obtain b=f (a,x2,b). B

Sinee all autodistributive and cancellative n-semiroups are regular
131, then we have

COROLLARY. An autodistributive n-semigroup is an n-group if and on-
ly if it is cancellative. [

3. Idemotents in reguiar n-semigroups

Elements X;,..., X» € G are regular conjugates if f(x?,x}) = x;for
each i=2, 3,..., n. An element x; is called regular conjugate with the
SequUence Xg, ..., X¢—1s Xi415+--, Xn. AN n-semigroup is regular if and
only if for every element x there exists the sequence regular conjugates
with x. O. W. Kolesnikov proved [6] that an n-semigroup is inverse if
and only if all elements regular conjugates with given the sequence
are identical.. Hence each regular and canccllative n-semigroup i inverse.

Direct computation show that
COROLLARY. If 3 ys.e., Yo and ¥, Ys,..., Yu—, @, are regular
conju_gates, then b TR £ T f (03 y;) and Yooooos Yy af(yﬂ’y‘;_l’a)
aslo are regular conjugates. |

Idemotents of n-semigroups, for n >3, have properties different
from a}binary case. For example: there exists n-groups which have seve-
ral idempotents but there exists also n-groups without idempotents. An
idempotent of an mn-group is not mecessarily an identity element. Moreo-
ver, for every n3there exists an n-group (an (m,n)—ring) such that all
clements are identities [3]. There exists also cyclic n-groups without idem-
Potents [3].
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It is well known that, if a and b are idempotents of a binary in-
verse semigroup, then ab is an idempotent and ab=ba. In the n-ary
case, where n > 3, it is not true. Indeed, if <G, f> is a 3-group deri-
ved from a group S, then

1234 1234) (1234)
a— , b: ’ -0=
4231 (1324 (2134
are idempotents, f(a,b,c) # f(c,b,a) and f(a,b,c) is not an idempotent.
But we can prove

Theorem 7. If b= f(b,x},b) for some xj..., xs, and b is an
idempotent, then f(x7,b,b,x}"1) is an idempotent for all 3 <i <n+1.

Conversely, iff(x2,b,b,xi") is an idempotent for some i and
b = f(b, x3,b), where <G, f> is a cancellative n-semigroup, then b is
an idempotent. |

4. Regular (m,n)-rings

An algebraic structure < R; g, f>is called an (m,n)-ring, if
(i < Rg> is a commutative m-group,
(i) < RS> is an n-semigroup,

(iii) multiplication f is distributive with respect to g, i. e.

an (VX1 0s X1 Xiprse.os €6 (V... ym€G) (VI <i<n)
£ 0D, *) = U G yL R, s S m )

An (mn)ring <R; g, f> is regular, if <R, f> is regular,

An’element x € R is called an additive idempotent, if it is an idem-
potent in < R,g>. ,

It is easily verified that if an (mn)-ring <R; g, f> has at least
one additve idempotent, then the set of these elements forms an ideal,
Each ideal of this (m,n)-ring contains at least one such idempotent, If
an (m,n)-ring is cancellative, then R has not additive idempotents, or R
has only one such idempotent, or < R, g > is an idempotent m-group [3].

Now we prove useful
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Theorem 8. Every ideal of a regular commutative (m, n)-ring is a
radical ideal, i, e, every ideal 4 is the form

V4 ={a€R:ak ¢ A. for some natural k}.
Proof. It is clear that 4 C 1/ 4. Now we prove that |/ 4 C 4.
A simple induction show that if @€ R\ 4, then we have a<» =

(s n—1)+1) i
f® ( a ) ¢ A for all natural s. Indeed, if a*" € A, then regularity

and commutativity implies that

a=f@ x,8,...,8 xn,a0=f (f@..., a), x3) € A for some x,,..., xs

what is impossible,

51> .
Assume that ", .., 4" & A and s, > 5 for i=2,..,n

Than for some yy,..., y» € R we have
a=fw(a®, y a7, @V ya, ) =
| =f(f(a,..., a), pm)
(@0, e, Y f @™, 4 1))
where p=ns;— (s;4 53+ ...+ )—(n—2).

Now, if / (a*, a7, ..., &™) € 4, then o7 € 4, too,

This contradiction completes the proof, i
GOROLLARY. If a € R is not an additive idempotent of a regular co-

mmutative (m, n)-ring < R;g,f>, then a*%>, is not an additive idem-
potent for all natural S. |

COROLLARY, [7} 4 regular commutative n-semigroup with a zero has
not nilpotent elements. |
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O UAEAJNAX B PEIVISPHBIX »-IIOJYIPVIIIIAX
Wieslaw A. Dudek, Izabela GroZd zifiska

PesoMe

B 3Toit paboTe nonp3yeMcs 3amECEIO M onpegeNeHRsMH paborT [4] 1 [2].
Mzt o6o6maeM MORATHE peryaApHEIX IOJNYTPYHN HA n-apHbOE Coryuait

(n > 2) » poxaswiBaeM, ¥ro ompeaenenns (1), (2), (6), (7), (8) 3xsmBanen-
THBEI.

Maxectso (@)= {f(*]"', a, x7,)): xx € G} U {a} HasbmaeTcss ria-
BHBIM j-HAEaJIOM n-HOayrpymmsl < G,f> MOPOXIECHHLIM IEMEHTOM a < G.

Teopema 1. Ins p-monyrpymmul <G, f> ciepylodiliye CBOHCTBA
IXBHBAICHTHBL: ) ‘

(i) <G, f> perynspnai,

n
(ii) nl Bj :f (Bl' Bn—l, Bn—g, ceey Bg, Bn) A BCEX j-HJIeaJIOB Bj»
!-:

(iii) 161 (@) CSf((a), (@)n—y, @g)n—s, ..., (@n—Ds (an)n) R BCEX ay,
ds, ..., anEG.

@ @ CF(@ @rsy @ra-e. @s @) mux moSoro a€G.




Teoopema 2. Bce Huealbl #-nOMYTPYIIsl HICMIIOTEHTHE! TOTJa M TOM-
KO TOr[a, KOra OHA peryjspHad.

Ecnu B n-momyrpymie < G, f> ypasuenHe (9) paspelmaMo OJHO3HA-
YHO il JMIOOBIX adg, Qi ..., @4—1,Gi41,..., An€ G B mua moboro i=1,
2,..., n, To OHa Ha3LIBAETCH n-rPyNnmoi. ~

Metonom ®3 pabot [4], [S] MoXHO AOKa3aTh, UTO:

Teopema S. r-monyrpymna sBIfeTCS n-TpYmIO# TOTAZ M TOJNKO TOrMa,
Koraa ycrosue (10) HcImosnHeHO Uit HekoToporo k=1, 2,..., n-2.

M3 3TOro BHITEKaeT %TO JMI00ast peryndpHAs H COKDaTHMas n-TIOJY-
rpymma 6yaet n-rpymmoii, Ja e Bce aBTOAMCTPHOYTHBHEIE [3] HCOKpATHMEIC
R-TIOJIYTPYIIEL ABIAIOTCA n-TPYNIOAMM,

Teopema MHenskockoro [1] sBaseTcd YacTHYHEIM CIyJaeM Hamelf
TeopeMbI.

WeMIIOTEHTEl PETYJIAPHRX n-mONyrpymn {(n > 2 nMexo'r HECKOJIBKO
OTJHYHBIX CBOHCTB WeM B OHHAPHOM CiyvYae.

Anrebpa < R; g, f> HasniBaeTes peryaspusim (m, n)-KodUoM, eClIR
MCIOHEHE! CIIeAYIoHAe CBOMHCTBA:

(i) <R, g> xKoMMyTaTHBHad mM-TpyHIa,
(i) <R, f> perynspuas n-mOIyrpymma,
(iii) mcnommeno (11).
Teopema 8. BeskHit Macalt 4 peryl1apHOro KOMMYTATHBHOTO (m, n)-Ko-

apna mMeeT BEA {aCR:fu (a,..., )€ A N9 HEKOTOPOTO HATYpPAIbHO-
ro k},

W3 storo cuemyer ¥ro fin (@,..., 4) He OyAeT a[yMATHUBHBEIM HIeM-
IOTEHTOM [JIst HHKAKOTO K, G g C R me OyleT TakHM HISMIIOTEHTOM.
PerynsipHast KOMMYTaTHBHAS n-HOJIYTPYINA ¢ HYJIcM He MMEET HEIHIIOTCH~
HEIX 3JIeMEHTOS.
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