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ON CAUCHY-BUNIAKOWSKI-SCHWARZ'’S INEQUALITY
FOR REAL NUMBERS

S.S. Dragomir, 3.Z. Arslanagié, D.M. MiloZevié

Abstract. A new refinement of the well known Cauchy-
Buniakowski-Schwarz’s inequality for real numbers is given.
The following inequality is known in literature as Cauchy-
Buniakowski~Schwarz’s inequality:
£ p.a? ¢ pb® 2 (I p,a;b,)? (1)
ger +1 ger i ter i1

where (ai) (bi)ieN are sequences of real numbers,

1eN’ (Py) yen
are positive real numbers and I is a finite part of N. Note that
the equality holds in (1) iff a, = r-bi for all i€I, where r is
an arbitrary real number. :

In paper [8] was proved the following refinement of (1):

£ p;a? zp,b? - (I psa,b)?2
jer t1 ger it jer 1174

2| ¢ p,a,]a,| £ p;b,|b,| - £ p.la,lb; I p,a,lb,l] 20
0% SRl B ATS Stk TE S TS ok SR BT S

A property of monotonicity for the inequality (1) is embodied
in the following (see [13]):
. 1/a
[ £ p;a? "t p,b?] - | ¢ pa;b,| 2
ter 11 qer it jer 114

b3]1/z

2[rqa® g -}z qab,] 2 o0,
jer 11 gertt jer 17171

where Py 2q; 2 0 (i€N) and (ai)ieN' (bi)i€N and I are as above.

Note that the above inequality was proved in [(13] for I={1,...,n},
but a similar argument for I a finite part of N also holds. We
will omit the details.
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The main aim of this paper is to give other improvements
for (1).

Theorem. Let (ai)iEN’ (bi)i€N and (p;);ey be sequences of
real numbers so that a, # ay, b, # bj for i # j (i,j€N) and p; > 0

for all i€N. Then for all H a finite part of N are has the ine-
quality:

£ p.a® f p,b® - (I p,a,b,) 2 max{aA,B} 2 0
jen 1 1 ey 11 jeg 1 171
where
[ ¢ £ pyp;a,(bja.-a b.)]1?
. Ji7i%y i
A: = max i€H je€J 2 "
Jc<H P. I p.ai - (I p,a,)
JFg  Jien i1 yep i i
and
[ I I pp:b (b a.-a.b.))?
: . J7i'77i73 TiTg
B: = max i€H j&J
JcsH P. ¢ p.b?2 - (I p;b,)?
J7g Sien ¥ 1 Ty ti
and PJ = I p..

jeJ I
Proof. Let J be a part of H. Define the mapping fJ: R~ R
given by

f.(t):=1 p,a?l : p;b? + I p,(b,+t)?] -
J jeH P lgemg L qeg i d

-[ © pja,b, + I p.a,(b,+t)]13.
jemg + 1t geg i
By Cauchy-Buniakowski-Schwarz’s inequality is obvious that:
fJ(t) 2 0 for all te€R.

On the other hand we have:

£_(t) = I p.a®[ £ p,b2 + 2t I p,b, + t?p.] -
J jen i jeg 14 1eg 11 J

- [ :pjab, +tIp,a,l®=t?Pp,c%pa®-(cp,an)?+
jeg 1117 Tyeyitd Jiew 11 qeg it
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+2tl z p,a? £ p,b, - I p,a,b, I p.a,]l +
ien Tl gey il qem i 1L yeg i
+ [t p,a? zpb® - (51 p,a,b,)?]
ien 1 jey 174 ieg 11

for all te€R.

Since

P_.I p,a? - (:p,a,)22P_fp,a? - (:p,a,)2>0
J €H i%i iET i%i J i7i i“i

(
i i€J i€J
because ai#aj for all i,j with i#j, thus by the inequality
fJ(t) 2 0 for all t€R we get:

1 2
0ssa=171: I P.P. a,b.-a.b, -
7 [iEH jElepjai( P57y l)]

- [p. z p;a? -( £ p,a,)?)[ £ p,a® £ p,b%2 -( £ p,a,b,)?]
Jiem + 1 jeg it Tjem L ljen it gem it i
from where results the inequality:
I p,a? ©p.b?- (Ip.,ab,)?2za,
jen 11 geg il Tyegiii
The second part goes likemise for the mapping 93t R+ R

given by
g.{t): = [ 1z p,a®+ I p, (a,+t)2] ¢ p,b2 -
- [z p;a.b, + L p.b, (a,+t)]?
1€H\T 17171 jeg + 1774

and we will omit the details.
The following corollaries also holds.

Corollary 1. In the above assumptions we have:

£ p,a® Ip,b%?- (% p,ab)?z2 (2)
gen 1 geg 1t gep i id

[ £ p,p;a,(b,a,~b.a,)1* [ : p,p.b,(ba.~b.a,)]?
i,4€H iF371747) T304 i,4€H 13714475 Y31

2 max{ } 2

’
P, I pa?~- (I p,a,)? P, £ pb? - (I p,b,)?2
Hiew 11 ‘jyeg 11 Hiewi1 qegt i

The proof is obvious by the above theorem choosing J=H.
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Corollary 2. In the above assumptions we have:

L p;a? © p,b? - (I p.a,b;)® 2 (3)
jei 1 gen i1 qep i 14 . : .
z pj( b3 piai(biaj'ajbi” z pj( b pibi(biaj—bjai))
1 j€H J i€H 4€H J i€H \
2 max { ' } 2 0.
card (H) -1 5 2 2
Pyaj L psby
ieH i€H

Proof. Choosing in the above theorem J = {j} we get the

inequality 2
[pjiéﬂpiai(biaj-aibj)]

 p,a? zp,b? - (1 p.ab;)?2

T R 171 19474 2 2.2
ieH ieH i€H p; I p;ay - piaZ
Tdjen L 7373
from where we obtain

(zp a?-p2a?)[ ¢ p,a® t p,b? - (I pya,b.)31 2
i€H i1 F375 i€H i-i i1 i€H 17171

i€H
z2p.l. - )12 jEH.
pJ[iéHPiai(biaJ aibj)] for all j€H

Now, summing these inequalities over j€EH we get:

(card(H)-1) t p,a?[ ¢ pya® I p,b? - ( £ p.,a,b,)?]1 2
tef t 1 jep 11 jeg i1 qeg i it
2 1 p.l £ p,a,(ba.~a,b.)]?
jen ) qeg + 1 173 743

from where we get the first part of (3).
The second part goes likemise and we omit the details.
Remark. Suppose that (a;);eys (b;) ey be are real numbers

with ai#aj, bi#bj for i#j (i,jEN). Then for all n€EN, n 2 2, one
has the inequalities:
n n

n
ta? b2~ (zab)?2
i= i =1 i i=1 171
n 2 n
- - 2

2 max{ n o : ' T o - } 20

nta; - (za,)) nib; - (b))

i=1 i i=1 i i=1 i i=1 i

and
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n n

n
a2 I b?-(2fab)22
PR e | P '
n ‘n n n
$ (I a,(bsa,~a.b,))® £ (I b,(bja,-a.b,))?
5> _1 ax{i=1 i=1 177173 7574 i=1 i=1 177473 730 } =0
= = n .2 ’ n 2 *
T 4 b
i=1 i=1 1

For other refinements or connected results with the classical
inequality of Cauchy-Buniakowski-Schwarz we send to [1-14] where
further references are given.

REFERENCES

[1] Dragomir S.S.: Congruences and inequalitigs of Cauchy-Buniakow-
ski-Schwarz type, Sem. "Arghiriade", N~ 13, Univ. Timisoara,
1985

[2] Dragomir S.S.: Some refinements of Schwarz’s inequality, Proc.
Symp. of Math. and its. Appl. 1-2 Nov., 1985, IPTU, Timisoara,
1986, 13-16

[3]) Dragomir S.S.: A refinement of Cauchy-Schwarz’s inequality,
Gaz. Mat. Metod. (Bucuresti), 8(1987), 94-~95

[4] Dragomir S.S.: On an inequality of Tiberiu Popoviciu’s type
(Romanian), Gaz. Mat. Metod. (Bucuresti), 8(1987), 124-126

[5] Dragomir S.S.: Some inequalities of Cauchy-Schwarz’s type for
linear positive functionals (Romanian), Gaz. Mat. Metod.
{Bucuresti), 9(1988), 162-166

[6] Dragomir S.S.: Some refinements of Cauchy-Schwarz’s inequality,
Gaz. Mat. Metod. (Bucuresti), 10(1989), 93-95

[7] Dragomir S.S.: On Cauchy-Buniakowski-Schwarz inequality for
isotonic functionals, Sem. Opt. Theory, Babes-Bolyai Univ.,
Cluj, 8(1989), 27-34

[8] Dragomir S.S., Ionescu N.M.: Some refinements of Cauchy-Buni-
akowski-Schwarz’s inequality for sequences, Proc. of the
Third Symp. of Math. and its Appl. 3-4 Vol. 1989,
Timisoara, 75-78

[9] Dragomir S.S., S&ndor J.: Some generalizations of Cauchy-
Buniakowski-Schwarz’s inequality (Romanian), Gaz. Mat.
Metod. 11(1990), 104-109

[10] bragomir S.S.: On Cauchy-Buniakowski-Schwarz’s inequality for
real numbers, Caicte Metod.-St., 57(1990), Univ. Timisoara



62

[11] Dragomir S.S.: On an inequality for real numbers, Astra
Matematica, 1 4 (1990), 22-23

[12] Dragomir S.S., Arslanagié §.Z.: A refinement of Cauchy-
Buniakowski-Schwarz'’s inequality, Radovi Matematiéki
(Sarajevo), 7(1991), 299-303

[13] Dragomir S.S., Arslanagié 5.%Z.: An improvement of Cauchy-
Buniakowski-Schwarz’s inequality, Mat. Bilten (Skopje),
16(1992), 77-80

[14] Mitrinovié D.S.: Analytic Inequalities, Springer-Verlag, 1970
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