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BOUNDARY VALUE PROBLEM WITH SHIFT FOR
TWO SIMPLE CONNECTED REGIONS

Bosko Damjanovi¢

Abstract

In this paper it is considered a boundary value problem for two
analytic functions in different simple connected regions. If index
corresponded to the problem is not greater then zero that it is shown
solvable of that problem without any conditions and its solution is
given by (4) in explicite form. If however the index is greater then
zero then problem is solvable and its solution is given by (5) if real
conditions of solvability (6) hold.

1. Let S and D are finite simple-connected regions, bounded by closed
Ljapunov curves L and I respectively. Suppose that the contours L and T
are traversed in the positive sense to their interiors S and D respectively,
so that a person moving around L or T in this direction always has their
interiors lying to his left.

Let a(t) be the function given on L satisfying the following conditions:

a) It transforms homeomorphically the closed contour L into the closed
contour changing the direction of movement.

b) Function «(t) has continuous derivatives which are different from
zero at all the points of the contour L.

Let the function a~1(¢), ¢ € L, be the inverse function of a(t).

We shall determine the functions ¢1(z) and ¢2(2) which are analytic in
S and D respectively, whose boundary values on the appropriate contours
satisfy the following boundary conditions:

$2(a(t)) = G(t) x 1 (t) + g(t), tel, (1)

where G(t) and ¢(t) are continues function on L in the sense of Holder ([5]).
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In the case D = exterior (s) many authors (cf.[4]) considered the
problem of finding functions ¢;(z) and ¢2(z) which are analytic in § and
D, respectively whose boundary values on appropriate contours satisfy the
boundary condition analogous (1).

Assume that the coordinate origin belongs to the regions S and define
the function G z)(t) in the following way: Gy)(t) = f~*G(t), t € L, where

is k = ["“ggcz;(t)]ithe index corresponded to the function G(?).

Now, M%ML— = 0. From the paper [2] it follows that for the
homogeneous boundary value problem with the coefficient G(2)(t) there
exist the functions X(3)(t) and X(9)1(t) being analytic in 5 and D re-
spectively, and different from zero successively in S U L and D UT, and
which on the appropriate contours L and I have the limits X(3)(t) € H(L)
and X(gy1(t) € H(L) satisfying the following boundary value condition:
X@2)1(a(t)) = Ga)(t) * X2)(1), t € L.

Those functions are determined by the formulae:

1
X2)(2) =exp (—% {

X(2),1(2) =exp <“L J

2Tt t—=z

where h(%), t € L, is the solution of the equation:

(Fh)(t) =h(t) - % / ( : j e h(;;'(_"zl(tﬂ h(o)do =

=In G(g)(t) s t,oe L.

According to all of this it follows that the coefficient G(t) of the prob-
lem (1) for the contour L, can be represented in the form:

Xo, (1))

O

tel. (2)

In this way, the boundary condition (1) can be written in the following

way:
$2 (a(t)) __n® 9
XO,l (a(t)) t.‘kXO(t) XO,l (a(t)) ’

Let us denote by f,(z) the function )f:) 252 y» 2 € D. In the case

k < Ofunction ;:%—l)—%)(—;j, z € 5, has the point 2z = 0 as a pole of order —k,

telL. (3)




71

so that it can be represented in the form:

—k

¢1(2’) _ Ci
S e, ses
where f1(z) is indefinite analytic function in S and ¢;, 1 = 1,2, ..., —k,

are complex constants.
If we introduce notation By;_1 = Recj, Byj = Imej, g2j—1(t) = 21;,
t€ L, goj(t) = &, t € L we shall get the boundary value problem:

-2k

faa(t) - fi(t) = 2 Bjg;(t)

with solution:

-2k

A(2)=Bay) - Y

j=1

-2k -1
_ B; . ile”'(®)
fg(z)_B(z)—f—jZ:; 27”,! — - dt, zeD,

&fﬂ(ﬂ

- dt ze§
o t—z ’

where B(y) is an arbitrary complex constant and ¢;(t) are the solutions of
Fredholm’s integral equations: (Fg;)(t) = g,;(t),j=1,2,..., —2k.

Let us assume that B_sxy1 = Re By, B_sx+2 = Im By and let us
define the functions:

1 1 i—1(2
sz_l(Z)::—— f Mdt, ZGS,

11 ©24(t)
sz(Z):z—J—Zr—li ti dt ZGS,

W_akt1(z)=1, z€§, W_okso(2) =14, 2€8
pi(o1 (1)
()= — [ 2\ ) D
Ho= g 20, e,

V_2k+1(z) =1, z€eD V_2k+2(z) =1, z€D.
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Now, we can give the general solution of the boundary value problem
(1) in the case k < 0 in the following way:

—2k+2

$1(2) :z_kX(g)(z) ( Z B;W 27” / ?(1) dt) , ZE€S,

\ —2k+2 (4)
$2(2) =X(2),1(2) ( Z B;Vi(z) + tEt)z dt) , z€D,

where ¢(t) is the solutions of the integral equation:

g9(1)
Xox (0(0)

In the case k > 0, the solution, if it exists at all, may be represented
in the form:

Fo(t) =

$1(2) = X(2 (2) (0(2 o t"”ftl dt) z€$,
- (5)
$2(2) =X(2)1(2) (C(z) + ﬁ / ¢_({§_)_)_ dt) z€D,

where C'(5) is an arbitrary complex constant.
For the purpose of finding the conditions of solvability, we shall expand
the function: ( )
— _ 4l
Pul2) = C(Z) 27rz [ t— z
in Taylor’s series in the neighborhood of the point z = 0. Thus, the func-
tion:

$1(z)=2" X(Z)(z) (C(z)—— ! t) dt— Z o zgi) dt) , z€ 8,

will be analytic in § if all the coeficients at z(), 21, ... , ZzF=1 in this

expansion are equal to zero. If we choose:

2)21l I w(t )dt
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and separate the real and imaginary parts in the conditions:

f:j(H)dt 0, j=1,2,.... k=1,

we get the next 2(k — 1) real conditions of solvability:

() (1) .
Re f ]+1dt'0 Im{ ]-l-ldt 0, j=1,2,...,k—-1. (6)

The unique solution in this case is given by (5). With this we have
proved the following theorem.

Theorem 1. It the index k = E&GZ(—“]L > 0 then the problem (1) is
solvable and its unique solution is given by (5) if and only if all the 2(k—1)
real conditions of solvability (6) hold. If, however, index k < = 0 then the
boundary value problem (1) is solvable and its solution, represented by the
formula (4), contains 2(—k + 1) arbitrary real constants.
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I'PAHNUYEH IIPOBJIEM CO IIOMECTYBAIBE 3A
JABE IIPOCTO ITIOBP3AHHM OBJIACTHN

Bomniko IlamjanoBuk

Pezume

Bo oBaa pabota e pa3rienyBaH rpaHWYeH IpobieM 3a IBe aHAJIU-
TUYKMA QYHKIWY BO [Be Pa3JUYHUA NPOCTO NOBp3aHU obJacTu. AKo MH-
IeKcOoT Ha IpobJaeMOoT He e IOroJieM oJ Hyla, OpobieMoT e penieH 6e3
JIOIIOTHATEJHA yCJIOBM M HETOBOTO pelleHre e nantero co (4). Axo ua-
JIEKCOT € MOroJieM OJ HyJa, IpobjeMoT ce pelnaBa IpH IPeTHOCTaBKa
Zla BaskaT ycuaoBuTe (6) M mpuToa peureEreTo e maneHo co (5).
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