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Abstract

Some new refinements of the well known Jansen’s inequality
and certain natural applications are given

1. Introduction

The following inequality is well known in literature as Jansen’s inequal-
ity

(5 X piad) < 5 3 pif(es) M
moi=1 " oi=1

where f: ¢ C X — R is a convex mapping on the convex subset C' of the
real linear space X, zy arein C (¢ = 1,2, ..., n) and p; > 0 with

Pn::i:pi>0.
i=1
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In the recent paper [7] is considered the following sequences of map-
pings:

F[m](t Z pi, f [041(15)1-zl + ay(t)zs, +

11—1

+ (am( t) Z p,z,]

11—1

Fm(2): = 2 Piupif [ (t)zi, + aa()oi, + -+

+ (ag( )+ am( t)) Z p,z,}

m 1
F™ ()= =prT >, "'Pim_lf[al(t)ﬂcil oot

il,...,im_lzl
+ oo l(t)xzm N + am Z pza;z]

and

n

Flml(e): = FIE > o ---pi,,,f(m(t)wi1 +eoet am(t)zim)

el =1

where aq,...,a,: T — R are m functions with the property that a;(t) > 0
and aq(t)+---+an(t) =1forall t € T(i =1, m), and is proved, between

other, the following refinement of Jensen’s result:

nzl

f(%f: Pwi) <FM@)y < - < FM (6) < FIM(1) < —- Z if
" oi=1

For other sharpenings of this classic fact see also the papers [7] and

[9).
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2. The Main Result
Now, we will point out the main result of this paper which give another

refinement of (1).

Theorem. Let f, z;, p;, k be as above and e(J) are real numbers with
egl) oot e =1 forall s =1,...,m (m is a given natural number).
S’uppose ws >0 (s=1,...,m) with Wm: =", ws > 0. Then one has
the inequalities:

n

f(PLZn:pﬂi) S% Z Piy * Piy X
™i=1 =1, =1
X KVV Ze(l w)xh—}— +(Wm si::legk)ws>xik] <
SP,’fi/Vm l 1%)@} Diy - P1, X (2)
) [ s (e, -+ ef¥12,,)] <
s=1

SP%L Zpif(iﬂi)

Proof. By Jensen’s inequality for multiple sums, we have:
y

i p X
zl,,kl
Xf[(Wl S u,)ai + - (L zem AR
T os=1
D N [ DI
11 geeny i =1
F( 3 ew)eal).
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Since a simple computation shows that:

n

% > i P X

i1y ik =1

X f[(WLm i e(sl)ws)xil +--+ (ng Z: e(sk)ws):cik] =

s=1

:_V%__ Z e(l)ws—Pl—k. Z Dy Pi i, F ot

s=1 11 geeeyt =1

+ WL Z egk)ws 7;}: E pzl sz zzk
m s=1 T et =1
Sl sy Ly s Ll y
Wms;swpn;“ Wms;es PR;“
I L N A BT
Pn;prmZ:I(es e )w
:L ipﬂi
P i=1
the first of (2) is thus proven.
By Jensen’s inequality, we also have:
WLm zm: wsf(e(sl)alc21 +-- 4 e(sk)zik) >
s=1
1 m
Zf s s gl) zl+ + gk) 7 -
(7 2 w1 z,))
= [(Wim i egl)ws)xil + -t (Lm i egk)ws)zsz
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By multiplying this inequality with p; ---p;, > 0 and summing after
1,...,1% to 1 at n, we derive the second inequality in (2).
Now, let observe that:

f(egl)mil +ot e(sk)’ﬁik) <elVf(wi) +--+ €9 f(zs)

forall s = 1,...,m. If we multiply this inequality with w, > 0 and summming
after s to 1 at m, we conclude:

Ewsf( T+ +e(sk)a:ik)§

S=

W— Z weelM f(z;)) E B flag,).
mos=1

Finally, by multiplying this inequality with p;, ...p;, > 0 and summing
after 74, ..., 7 to 1 at n, we deduce:

m

13%7‘ Z > wo(eDaiy + -+ ey <

1k 1 s=1
Z (sl) Z Pir---Pi flzi)) + -+
s=1 zl,...,ikzl

n

1 & 1
+W e(sk) ﬁ Z plkf(z'u) =
m s=1 n

194y =1

m n m n

RIS SWIRE S DS e
m nog=1

s=1 =1

Zp@

=1

and the proof is finished.
The following corollary also holds.
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Corollary. Let f: C C X — (0, 00) be a convex mapping on convex

set C of real linear space X which is also logaritmically concave on (', i.e.,

the mapping log f is concave on C, then for all z;, p;, e(sj), w, and m as

above, we have the following improvement of arithmetic mean - geometric
mean inequality:

n

%;Zl%‘f(%‘) > Pki/V > piy.pi X
i=1 n m

11 gy I =1

X [i 'wsf(e(sl):ci1 +----|—e(sk)x,~k)] >
i=1
2;1,; zn: Piy - - - Pip X
T ik=1
X f[(WLm Zj; e(san)m“ + +( . s: e(sk)ws)zik] >
Zf(Pi i Pﬂz) > (3)
" oi=1
S0 RO R
i1yeensip=1 mos=1
+ (5 gegmws)z,kr" IR

1/(PEWo)

v

2 TT [T (0 oo el

114,05 =1 s=1

> [ﬁ fpi(xi)] V- .

Proof. The argument of the second part of (3) follows from (2) for
the convex mapping — log f, and we omit the details.
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Remark. If in the above theorem we chosse m = 1,

egl) =q |Q,...,egk) = qg|Qk, where ¢; > 0,7 =1,...,k and Qx > 0
(1 £ k£ < n), then we recapture the improvement of Jensen’s inequality
embodied in Theorem.

3. Applications

1. Let (X, | - ||) be a real normed space, z; € X and p;, k, el9),
w,; and m be as in the above theorem. Then for all p > 1 we have the
inequalities:

n Pp_k n
Py p e P2 55— Y Piepi X
i=1 m

’i;,...,‘ik=1

X [2 ws || eMai, + -+ ePay, ||p} a
s=1

m

zPﬁ_k Z Piy - Dir | (WLZ egl)ws)aml +---+
m s=1

Tigeeeyte =1

1 & .
(7= X w121 Y pias |17
mos=1 i=1

The proof follows from inequality (2) for the convex mapping f: X —
R, f(z)=| = ||”.

2. Now. let consider the mapping f: (0, 1/2] — (0, co) given by f(z) =
(fi)r, r > 1. It is easy to see that f is convex on (0, 1/2) and also
logarithmically concave on this interwal. By the use of the above corollary
one gets:

1 n ; ” 1 n n
Ez;p"(l_m) > PV > ]Ph""”’k[; Ws X
1= = =

21 geeey ik

>

[ e(sl)wil + -+ e(sl)xik )’”]
e(sl)(l —-zy)+ o+ egk)(l - i)

1 n
Zﬁ Z Piy* " Pip X

n ‘i] ,...,’ik=1
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ra

X >

(Zry elws)oi, + -+ (T e w, ) o,
(T e ) (1 - i) + -+ (20, Pwy) (1 - 4,)

Z[ nzizlpﬂ’i ] >
Zi:lpi(l—xl)

i1 oo Di 1
> ﬁ [( (s e w)ait - HE, P wdas, )r ; i
)

o egl)ws)(l—l‘il)-l-"“F é:;n:l e(sk))(l—xik

11 ey Tp=1

1/(PfW,,)

A Lﬁ( RO H i
iy k -
i1ymyin=1 Ls=1 egl)(l—-’lil)-i-----i-e(s )(l—xik)

ITicy o e
[H?:l(l - wi)pi]

v

where z; € (0,1/2] (1 =1,...,n) and p; e(sj), ws, k and m are as above.

Remark. The previous inequalites contain refinements of C-L. Wang’s
inequality [12] and also (if p; = 1, ¢ = 1,...,n) of Ky Fan’ s result [3, p. 5].
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ITIOAOBPYBAIBE HA HEPABEHCTBOTO
HA JEHCEH U ITPUMEHUN

Hanean ce HeKOM HOBM mOAOOpyBama Ha HOOGPO NMO3HATOTO HEP-
aBeHCTBO Ha JeHCeH W HEKOW NPUPONHU NPUMEHW KOU OX TOa NPOU-
3jleryBaar.
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