SEMIGROUPS IN WHICH SOME LEFT IDEAL IS A GROUP
I'on. 300p. IIM® Ckomnje, 14 (1963), 15-17

In this note we give a structural theorem for semigroups containing a left
ideal which is a group. This theorem is a generalization of the main results
of the papers [2], [31 and [4]

Theorem. Some left ideal of a semigroup § is a group if and only if Sis
isomorphic to a semigroup GxJUP =[G,J, P, p, E}, where

(i) G is a group, P is a partial semigroup’) (which may be empty), J is
a non-empty set and GxJp P={%

(ii} :p+po is a homomorphism from P into G and &:p>£, a homo-
morphism from P into 7;?) such that £, &, is a constant if the product pg is
not defined n P;

(iii) the product of two clements of the set GXJUP is defined by:

(D) G0 = (xp.j) (2 (e D p=(xpe,iEp). (3) p(x. ) =(pox,i),

(4) pg=r in P =>pg=rin GxJUP, and (5)pge P =>pg=(peqo.ityEy),
where x, ye G, p.q.reP, i,jel.

Proof. If G,J,P, ¢ and % satisfy the conditions (i) and (ii) and if an ope-
ration is defined in GxJ U P by (iii), then it can be easily seen that GxJUP =
‘= [G,J,P; 3,E] is a semigroup and if G;={(x,i);xeG) then {Gi;ieJ} 152
collection of left ideals which are groups isomorphic to G.

Suppose now that § is a semigroup in which some left ideal G; is a group.
Then G; is a minimal left ideal and therefore (see, for example, [1) {G:s;5¢€S)
is the collection of all minimal left ideals of S.

The element s may not belong to G;s but we can chose an reG;s such that
re G;r=G;s; thus we may assume s¢ G,s and then s=us for some ueG;. Let
x;y€G;s and x=x,5, y=y, 8 where x,,y,€G;; if ¢ is the identity element of
Gy then see G; and se=x;"! y,uz,~! for some z,e G, From s=us it follows
xz=y where z=z,5¢ Gis. Thus x Gis = Gys for every xe Gy, i. e. Gis is a right
simple semigroup As a minimal left ideal Gy is also a left simple semigroup,
and therefore it is a group. Thus we have proved that every minimal left ideal
of § is a group.

Let {G;: ieJ} be the coliection of all (different) minimal left ideals of the
semigroup .S( and let K = UG, Ther K is a two-sided ideal of § and {Gy; ieJ}

iet

is a collection of left ideals of X which are groups. Therefore (sec, for example,
[51 Lemma 2) there is a group G such that X is isomorphic to a semigroup G xJ
where the product is defined by (1); and we assume that K= GxJ. The subset
P =S\ K is a partial semigroup and we assume it to be non-empty.

Let pc P,i,jcJ be arbitrary elements and e the identity ¢lement of G. Then

ple,i)=((p. D9, De G ={(x,D);x€ G}?)

(because G; is a left ideal of S) and

(.. D)=ple,))=p (e, (& D)={(2,Ne. N(e.D={(p. )%, D)
i.e. (p, )¢ does not depend on #; and so
) ple.i}=(pe.i),
whepe o is a mapping of P into G. Also
(e.f) p= ((i,p) $,igp) € G = TP,

1) P i3 a partial semigroup if a partial binary operation is defined im P such that
Pr ¢ P =) pgre P and then p-gr=pq.r.

2) Ty is the semigroup of all mappings from J into itself.
N (e i)p D) heG, Eped



for GxJ is a right ideal of §. Then
((,2) 9, 1) ={(i, P) . 15) (e,i) = (&) p (e,i) = (P, ),
i.e. (i,pyy =po for every ieJ, peP; thus
M (e.)p = (p9,i8p)
where £:p+E, is a mapping of P into T;. From (6) and (7) there follow

p(x,)=pei) (x, i =(pe, i) (x,i) = (P‘Px’ i)
and

(x,)yp={(x,0) (e, ))p = (x, 1) (pp, i p) = (xpw, & p)s
i.e. the equations (2) and (3) are satisfied.
Let p,qeP. If pg=recP then
' (re,iE;) = (e, r= (e. 1) pg = (Ppa9.iE i)
whence follows that ¢ and £ are homomorphisms. If pg=(x,k)eG xJ, then,

for every ieJ,
(x’ k) = (epiJ (x» k) = (e’f)Pq= (P?qq’; iEpaq)!

whence follows the equation (5) and that £,E, is a constant. This completes the
proof of Theorem. .

Some notes,

1. For an arbitrary group G, a non-empty set J and a partial semigroup P,
there exists a [G,J, P; @,§] -semigroup. For example, we can putpp=e, i§, =k
where k is a fixed element of J; if P={7 then [G,J, P; 9, E&] = GxJ.

2. Two semigroups {G,J, P;o,E] and (G*,J*, P* o* E*] are isomorphic if
and only if there exist an isomorfism o from G onto G*, an isomorphism B
from P onto P* and a one-to-one mapping v from J onto J*, such that Bo* =g«
and Ep 7=y E*p- .

3. GxJ is the minimal two-sided ideal and also the unique minimal right
ideal of a {G,J, P; ¢, E] -semigrougp; therefore it is the set of all right zeroid
clements of the semigroup {1]. From this follows that if a semigroup contains
a left ideal and a right ideal which are groups then the semigroup contains two-
sided zeroid elements.
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TOAYIPYIN BO KOH HEKOJ AAEAJ E I'PYITA

PearmMme

Bo pafoTaTa € OOKAXKAH CIEOHROT pe3ynTaT. Heroj meB mzcan Ha nomy-
rpynaTa S e rpyna ako H CaMO ako S ¢ u3oMopdHa CO HEKOja [OMYyrpyna of
obmmx G X JUP = [G,J, P; 9, E] kame: {i) G ¢ rpyna, J € HANPasHO MHOMCCTBO,
a P e ZenyMudMHA OOJNYI'pYNa QHMCjyHKTHA CO MHOMecTBOTO G X J (P Moxe ma
6ue ™ npa3zno MaEOXKECTBO); (if) ¢: p>pp e Xomomopdmiam om P Bo G, a &
p+Ep e xomomopdusam on P o T; TakoB ma £, £, € KOHCTauTHA aK0 NpPOH3-
BOJNOT pg He € OIpeneiaeH Bo P; (#f) onepamMjaTra BO MHOXecTsOTO G X JUP
e ompedexeHa co (1)—(5).

Iipm TOa mon XexyMH<dHa TONYrpyna nogpasGHpame anrefapcxa CTPyK-
Typa ¢O ¢IHA fJenyME4HA DHRapHa oNepanuja Koja € AacommjaTHBHA, T.C.
pgreP <=3 pgreP u npu 10a pgr=p-gr. Co T;ja o3navysamMme moayrpynara
oa cuTe TPaHCHOPMANEH Ha MHOMKECTBOTO J, T.e. Tpecnukyeama ol J BoJ; ome-
pandjaTa BO TAA NOmMYTpyna ¢ o6HUHOTO MHOXEHLE Ha NMpeciAKyBama.
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