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A semigroup S is called completely simple without zero?, if it
contains a minimal left ideal and a minimal right one, and if it does
not contain proper two-sided ideals.

Let: (i) G be a group; (i) L. and R be two non-empty sets,
(iti)) 2 be a mapping of RXL in G, (iv) S=G XL XR, and (v)
a product of two elements of S be defined by
(gl 5 11: 1.1) (gg 3 lg: Tg) = (gl 2 (Tj! l_\) g, l]: TQ) (gt < G: L; = L, r; < R)-

Then S=S(G;L,R;4) is a completely simple semigroup. If A =
=LXR and Go= {(x;a),x< G}, then F = {Gs; d < A} is the col-
lection of all maximal subgroups of S, and the following two

equations are also true:
S= U Gs, (1)
deA
GsS Gs = Gs, for every d < A. (2)

It is well known (see, for example [2] p. 500 or [3] p. 291) that
each completely simple semigroup (without zero) is isomorphic with
a semigroup S(G; L, R; ). Therefore, if F = {Gs; § < A} is the col-
lection of all maximal subgroups of the completey simple semigroup
S, then the statements (1) and (2) are wvalid.

The purpose of this paper is to prove the following results.*

Theorem. Let S be a semigroup such that there exists a col-
lection F = {Gs; 6 < A} of subgroups of S which satisfy (1) and (2).
Then the semigroup S is completely simple, and F is the collection
of all maximal subgroups of S.

Corollary 1. A completely simple semigroup S is isomorphic
with the direct product of a group G and an anticommutative semi-
group® A if and only if the set B of all idempotents of S is a sub-
semigroup of S; then the semigroups A and B are isomorphic.

Corollary 2. If the semigroup S is a union of subgroups
each of which is a left ideal of S, then there exist a group G and
a set A such that S is isomorphic with the semigroup G X A, where
(Ir a) (.’:C', ﬁ) - (xl ﬁ)-

First, in Sections 1 and 2, we prove some more general lemmas,
and then, in Section 3, we prove the Theorem and the Corollaries.

1. Let G,, G¢ and G, be subgroups of the semigroup S such that
the statements G.Gs ("1 G, == 0 and (2) hold, for 6 =a, 8, 7.

Lemma 1.1. Let ¢,d=ua,f,7. If G. (1 Gs=F0, then G.= G..

Proof. Let x < G.(1Gs. Then G. =xG.x < GsS Gs = Gs.
Analogously, Gy © G..

Lemma 1.2, If aa < G, a3 < Gg and a.as < G,, then G, &
g Ga aﬂ [.A] Ay Gﬂ.

Proof Wehave G, =a.,0;G,a,03 & a, a3 S az & a, Gg. Analo-
gously, G, © G.ag.

1 Henceforth, the phrase »without zero« will be omitted.

* Note added in proof. Most of results of this paper are to be found
in the book A. H. Clifford and G. B. Preston, The Algebraic
Theory of Semigroups, Vol. I, Mathematical Surveys Ne 7, Amer. Math.
Soc. 1961. (Ex. 14 and 15, p. 84 § 2.7, Ex. 2 (b), p. 97 § 3.2), which was not
available to the author at the time he submitted the paper for publication.

ﬁ;—A semigroup A is anticommutative if af = fa implies a = g,
o, = A.



Corollary 2. If the semigroup S is a union of subgroups
each of which is a left ideal of S, then there exist a group G and
a set A such that S is isomorphic with the semigroup G X A, where
(x! a) (.’L', .6) = (.’I.', ﬁ)'

Finst, in Sections 1 and 2, we prove some more general lemmas,
and then, in Section 3, we prove the Theorem and the Corollaries.

1. Let G,, Gg and G, be subgroups of the semigroup S such that
the statements G. Gz (71 G, == 0 and (2) hold, for 6 = «a, 3, 7.

Lemma 1.1. Let ¢, d=a,8,7. If G. "1 Gs5F0, then G.= G,.

Proof Let =< G.  1Gs. Then G. =xG.x < GsS Gs = Gs.
Analogously, Gy, € G..

Lemma 1.2, If axs = G, a3 = Gg and a.a; =< G,, then G, &
< Gaag () a. Gg.

Proof We have G, = a, 0 Gya, a5 & a,az S az & a, Gg. Analo-
gously, G, © Gqag.

Proof. Let x, be an arbitrary element of G,. By Lemma 1.5,
G, =x,a,1G,, whence (by 1.2) G, =xsa, 1G, C a0, a,Gs =
= x, Gs. Similarly, G, © G, xs.

Lemma 1.7. If es is the neutral element of Gs then

e,=e,e,, ez=ege,, e =e;e =e,e;.

Proof. By 13, e, e.< G,. If x, is an arbitrary element of
G., then (by 1.3) there is an element b, of G, so that x.,= b, e,.
Hence, x,=Db,e,=Db,e.e, =b,e,e, e, = x,€, €, i. e. e, e, = €, Si-
milarly, es = ez e,. It is clear that e,e.— e, and eg e, = ez (according
to the above lemmas) imply e, = e, e, = e, e;.

Lemma 1.8. The subgroups G., Gy and G, are isomorphic.

Proof. Let ... = Tz, and X, ¢, =X, .. By 1.7, we have
Lo Pay Pya= Ta and T, @y q Pay = Xy, 1. €. @u, is an one-to-one map-
ping G, onto G, and @;« = @« . We have also

(Ta Yo) Pay = Ta Ya € = Ta € Ya € = La Pay * Ya Pay ,

i. e. @a, is an isomorphism of G. on G,. If we put xs s, = e, xg and
x,p,p=e€gx,; in a similar way it can be shown that wg, is an
isomorphism of Gy on G, and v, = s, .

2. Let F= {Gs; 6 < A} be a system of subgroups of the semi-
group S, such that the statement (2) holds.

From the Lemmas 1.6 and 1.8 it follows:

Lemma 21. Let o, S< A and let y< A'(=)G.Gs 1 G,=+F 0.
Then ') G, © x,Gs i Gaxs. If A’=F=0, then all groups of the

YEA'

system {Gs;d< A" L) {a, f}} are isomorphic.

Lemma 22. If G.Gg © ;J G, then there is a G, < F such

A

that Go Gg = . Gg = G, x5 = G,, for every x.< Ga, x5 < Gp.

Proof. Let A (& A) be defined as in Lemma 2.1. Then
G. Gp © ;{' Gs implies G. Gz & 51‘J Gs, whence (by 1.6) we obtain

A eA’
O] 51‘ ) Gs =x. G = G, xxp = Ga Gp.
cA

Let G, and G. be two members of the system {G;; 3 < A’}, and let
Xa, g, T, and x. be arbitrary elements of G., Gs, G, and G. respecti-
vely. Then, by (i), there are elements Ya 2z« < G. and yg, 2z < Gg
such that (i) x, = Ya Xp = Xz Yp, and (iii) x. = z. xg = Ta zg. From (ii)
and (Zii) it follows:

! x5 is an arbitrary element of Gj.



(iv) X, x.=2,2. 08 < Xy GaXp == Ty Ga Ya Xp = 2, Ga X, = G,
and
L e W) X =TaYpT: <X GpXt: =Taz2p Gpx, = . Gpx, = G, ,

wi) xx-<=G, i G:.

From (vi), by 1.1, it follows G.= G, . Therefore, we have A = {y}
and this proves our lemma.

3. Proof of the Theorem. Let F={G;;d< A} be a
collection of (different) subgroups of the semigroup S such that the
statements (1) and (2) hold.

If we put a ff = y{=)G. Gs = G,, then (by 2.2) A becomes a semi-
group and then we have G, Gg=x,Gsg = G,xp= Gap, for every
Ty = Gg, 5 < Gg. We have also Gepga= Gua G Gu & G, i.e. afa=a.
Hence, A is an anticommutative semigroup ([3] p. 109).

Let x be an arbitrary element of S and let x <= G.. Then we have

SxS= 1) Gsgx G, = ) Gpgay=1J Gg» ;?-J Gp=5,
B.veEA B.YEA B.veA
because Say=fF v ([3] p. 109). Therefore, there are no proper two-
sided ideals in the semigroup S.

We shall now prove that every left principal ideal is a left
minimal one. Let .= G, and ¥ = Ypa« = Gpga= Gpgxa & S xa. Then
we have

Sxa= 1) Gosxa= 1) Gsa= 1) Gaﬁn—-'J Gs Ypa=
feAa deA deA
= () G yﬁa—Syﬁa-
deA

Hence, S x is a minimal left ideal.

In a similar way, it can be shown that every right principal
ideal is a right minimal one.

This proves the Theorem.

Proof of Corollary 1. Let G be a group and A an anti-
commutative semigroup. The direct product G >X A becomes a semi-
group if the product is defined by (x, o) (v, ) = (xy, aff), when
r,y<G and a,f< A. If Gs= {(x,0);x< G} then {Gs;d< A} is
a collection of subgroups of S = G X A, such that the equations (1)
and (2) hold. Therefore G X A is a completely simple semigroup.
Then we have (e, a) (e, 8) = (e, @) (if e is the neutral element of
G), i. e. the set B of idempotents of G >X A is a subsemigroup
isomorphic with the semigroup A.

Suppose now, that S is a completely simple semigroup and that
the set B of all its idempotents is a subsemigroup. If F = {Gs; d < A}
is the collection of all maximal (different) subgroups of S, then (as
we have seen in the proof of the Theorem) if we put a.az < G, (=)
(=Yafi=17y, A becomes an anticommutative semigroup. Therefore,
we have e,ep=e.(=>af =, i. e. e, eg = €,5, whence it follows that
the mapping e.— « is an isomorphism of B on A. Let & be a fixed
element of A and let us put (x., @) & = e, x: e.. Then we have

(:Ez, a) E =8y X € = €4 X €, €4 = Cy Xy €pq — X» ff"s, £a 1{":‘ ay a3
whence, by the proof of Lemma 1.8, we find that & is an one-to-one
mapping of G X A onto S. We also have (using Lemma 1.7)

[(xe, @) (Ye, DI E = (X2 Ye, ) & = €up XTe Ye €ap =

=e,e:3€:. X, Y. € €Cup € = €y € X Y: €:r €5 = € X: Y: €5 ==
€q L Crape Ye € — € X €, €4 €3 €, Y, € ==
=€y Xp € €p Y Cp = (x:, @) &- (v, f\‘j) & ’



i. e. £ is an isomorphism of G X A on S. This completes the proof
of Corollary 1.

Clearly, Corollary 2 is a consequence of the Theorem, of Lemma
1.7 and of Corollary 1.
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O POTPUNO PROSTIM POLUGRUPAMA
Sadrzaj

Neka je G grupa, L. i R dva neprazna skupa, a 4 preslikavanje

skupa R X L u G. Ako stavimo _
(@B il 13 @es Leyiy) = (2 A4 0 L)oes s b)) (i< G = b, rw<'R),
onda skup S = G X L X R postaje polugrupal, koju ¢emo oznaciti sa
S(G;L,R;2). Za polugrupu se kaze da je potpuno prosta bez nule
ako je izomorfna sa nekom polugrupom oblika S(G; L, R; 4); u da-
ljem izlaganju izostavlja¢emo izraz »bez nule«.

Poznato je viSe karakteristi¢nih osobina potpuno prostih polu-
grupa (videti na primer [3], gl. V), a osnovni zadatak ovog rada je
da se ukaZe na jo$ jednu karakteristiku pomenute klase polugrupa.
Upravo, pokazano je da je polugrupa S potpuno prosta ako i samo
ako postoji neka familija podgrupa F = {G.;a<= A}, takva da su
zadovoljeni sledeéi uslovi: (i) S = ) Ga, (i1) Ga Gg Go © G, za sva-
ki par G, Gg < F. U tom su sludaju medusobno disjunktne i izo-
morfne sve grupe koje pripadaju datoj familiji; osim toga imamo i
G.Gs < F, ako je Go, Gg < F

Ako je G grupa i A antikomutativna polugrupa, t. j. tacan je
identitet ¢ fa = « u polugrupi A, onda je direktni proizvod G X A
potpuno prosta polugrupa. Pri tome je u skupu G X A operacija
odredena sa (x, o) (y, f) = (xy, ¢f)). Potpuno prosta polugrupa S je
tog oblika, t. j. izomorfna sa direktnim proizvodom neke grupe G
i antikomutativne polugrupe A, ako i samo ako je potpolugrupa
polugrupe S skup svih idempotentnih elemenata te polugrupe. U tom
slutaju je polugrupa A izomorfna sa polugrupom idempotentnih
elemenata.

Na kraju, kao posledica prethodnih rezultata, dobija se i sle-
deéi. Ako je polugrupa S unija neke familije podgrupa od kojih je
svaka i levi ideal,® onda je S izomorfna nekoj polugrupi oblika
G X A, gde je G grupa A neprazan skup, a operacija odredena sa

(x, o) (y, B) = (zy, B).

! Polugrupom nazivamo algebarsku strukturu sa jednom binarnom asocijativnhom operacijom.



