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ToBpo e mo3uaTo ([1] cTp. 185) mexa cexoja anreSpa 4 () Moxe Ja ce cMecTH
BO XONyrpyma .S, Taxa INTo 3a ceXoja onepaumja o €L} ma nocrow enemeHT aw €5,
TAKOB IOTO W Xg* " * X; = a® Xy * * x,, 34 cexoH x,C A. Bo tpymor [2] (Teopema 2)
ce uoXaxyBa Oeka ¢Ha ajredpa A (0) Moxe na ce GMECTH BO IOJIyrpyna, Taxa
wTo onepanuuTe 0O {2 ce o ODMHK Xo @® Xy - - - Xp, KO, H CaMo akKo, BO anredpaTa
A (€2) ce UCTOMHETH HASHTHTETH OJF OOIHK 0 T Xg* ** Xpgm — T Xg ' ** Xpgoiq 6 Xy~ - *
Xppne ‘OBHE JABA PE3YNTATA C¢ CIHYHH, OHIEIKH Tue IOKAXYBAAT HIeka ABe XJacd
Hojaredp HAa HONYCPYIH MOXAT Ja e OKapaXTeDH3HPAAT CO IIOMOLL Ha HJIeH-
TaTeTH. Ho, Kracara moaanreSpy Ha IOIYrpyItd, YHHINTO OICPAIWA ce IOIIMHOMM
o ODNHK X, ' * - X, HE MOXKE Ha CE OKapaKTepH3Wpa C¢O IOMOII HA WACHTHTETH.
Toa e moxaxkaHo, HMeHO, BO Tpyjgor [3].

Bo oBoj Tpyam ce M3HeCcyBaaT JBa IIOONIITA Pe3yiTaTa BO BPCKA CO IOJI-
anreDpuTe Ha onyrpynurte. IIpBHOT €, MoXe Ja ce pede, OJ HAJOMIIT KapakTep,
Aopeka BTOPHOT C& OJHECYBAa 33 €JHA IOCHElMjalHA KJAca MOJaredpH Ha JONy-
IP¥Od, HO JOBONHC OJNINTA 3a J4a c& JOOWJAT, KaKO MOCIEIWITH HA OBOJ PE3YITAT,
TOPeCIOMEHATHUTE PE3YIITATH.

0. ITpen ma WpucTanmuMe KoH QOPMYyIMpale HA Pe3YNTATHTE LITO C€ IIPeh-
MeT Ha 0BOj Tpyd, Ke oJjacHHMe HeXOJKY MOWMHU M O3HAKHM HITO Ke DHOaT yrorpe-
OysaHH momaTamy.

0.1. Hexa 4 (L) e anrebpa. Axo « ¢ n -+ 1-TapHa oNepalja, TOrall IHIIY-
BAMC M, = N, 4 CO W X" * ' X, TO O3HAYYBAME DE3YJTATOT OJ IIPHMEHATA Ha OIE-

paumjata o Ha n+l-roprarta (xg, - -, Xp)h
Hera wy, @y, "+, €0, v Heka 1 = ny |+ + -}y, Xage mWro n, = Ry
ARO Iy, Ty, ***, Ix © HM3A HEHETATUBHM LETH OPOEBH 1ITO TO 3aJ0BONIYBAAT YCIOBOT:
0l o Sty + 7+ 1y _ M
TOr&LI MOXKCME [4 j4 OlpeAc/iuMe CIeJHAaBa IOJWHOMHA onepauuja &:
EXgr " Xp==0gXo""* Xy 3 Wy Xyttt Xy G Xpp C X @

MxoxecTBoTO 0OF CHTE Taka AeOHHUPAHY JOJHHOMHE ONEPAlEE K& I'0  O3HAYyBaMe
co [£2]. Jacro e mexa 2 ( [€1]  mexa, Bo cymTuHA, [(2] He 3aBUCH O HOCHTEIOT
A ua amrebpara, a camo of HejsmEEoT THO L.

0.2. Hexa X e DecxpajHo IIpedpouBo MHOXKeCTBO, & D MHOXKECTBO JUC]YHKTHO
co X. EnemMenTrTe Ha X ke BemAMe Jeka ce cIODOIHU ITPOMEHIIMBY, & Tue o D —
KoHcTaHTH. [Ja ja o3Havume co F IOAyrpynarta IITO € ciloDOJHO I'eHepHpaHa O
MHoMKecTBoTO X U D, T.e. F ce COCTOM OJf CHTE KOHEYHH HHU3H J; Vs *** Vg, KAle
wro y; € XUD. Heka Q' e mogMuoxXecTBo of F, IITO C& COCTOH Of €JIEMEHTH

co obmuK dyxody Xy dyxpdyyy, €

Kafe WIITO Xg, *° *, X, CC PA3JIMYHM CHODOMHH OPOMEHJUBH, L dy, **°, d,py CC XOH-
CTAaHTH, IpW IUTO €JHA WJH MoBeKe OJ HHB MoOXe Ja OHIe Ipa3sHHOT CHMOOJX.
(TepvmHoT mpa3seH cumMOon Oy MOXKEN Ja ce M30CTaBH, ako Ha momyrpynara F
M JonajeBMe SAMHILA). .

Hexa S ¢ nonyrpyna, a ¢ :d — d” npecaukysame ox D Bo S. Ha cexoj cue-
MeHT €L MomeMe na My npuapyxeMe n-+l-TapHa omlepaiHja o Bo S olipe-
JIeJIEHA CO: ¢ | ;

¥ Y

o XgXy o xp=dy XedyTrrXpdi “4)
xaje wro d,” ¢ MPasHUOT CHMBOM ceXoralll kora d, € mpaszed. Ilputoa, x4, * -, X,
ce CMETaaT 3a cJODOAHH NPOMEHJIHBH Ham S.

3a emua anrebpa A (£2) meimme gexa e (Y -momanreSpa Ha IOMYrpynaTa
S, axo A LS ¢ axo mocTou duexiyja o — ' of £2 8o £ upH uIrro ng = n,’ Taxsa
uITo:
(o €Q) (yay, -, a,€A) way "y =& do* " ap, %
Kaje mWTo « e onpemencHa co (4).

1. Ke ro QopMylmpamMe cera NpBHOT PE3YyJITAT HA OBOj TPY.



TEOPEMA. Hexa A4 () ¢ amrebpa, {0’ MHOXKECTBO TIONYTPYITHH ONEPAIlHMH
on oomuk (4), a o — o Ouexuuja ox L) Bo ', Takea wWro ng, = a1, Hexa T e momy-
Tpyiiata WITO € cliobogHo TeHepupaHa of A U D, mpu TO IpeTnocTaByBaMe H
nexa A 1 D ce cocToH caMo o xoucTanTuTe Ha anredpara 4 (). Hexa « e muim-
ManHaTa XOHIpPyeHUMja Bo mosyrpymata 7, TakBa IOTO

way tdp=a B0 A(Q) => ' @ -a, x a BO T, (6)
u Heka B e pecTpukuujaTa of o« Ha A. Toramr mvanme:

()P e xourpyempija Bo anredpara A () u ipuroa anredpara A/B () Moxke
ma ce cMmectH kaxo Q'-mopanredpa Bo itonyrpynata M = Tl

(i) Axo A e pamMunujaTa ol CHTe KOHIPYSHLUHH p BO A (L), TaKBH 1UTO COOI-
BeTHUTe (daxTop-anredpu A/p (1) ce '-momanredpu Ha MOXYrpymw, Toraur 3 e
HAJjMAMOT eleMeHT Bo A.

(i) Anredparta A (Q) e Q'-nmopanrebpa Ha HeKoja ILOIYrpyia, axo, H caMo
AKO0, © MCITOJIHET CJEJHUOB YCIOB:

a,b€A & ash => a=b. (7
Bo Toj ciydaj, cexoe MASHTHYHO PABEHCTBO IOTO & Touno Bo T (L)) ¢ TodHno u BO
A(€), T.e. arredpara 4 () My npuiara Ha cexoe MHOryoBpaswe Ha Xoe My IpH-
mara u T (L)).

Hoxasz, Opne Ke gajeMe OMUC HAa KOHTPYCHIHIATA ¢, HE BIYINTAjKU Ce BO
MEJIOCHO JOKAXYBAILE HA TEOPEMATA H Toa O ABC MPHUWHEM: 1) HOKA30T € CKOpOo
HOSHTIYeH €O COOABETHHOT JIOKA3 Ha Teopemara 2 o Tpyaor [3], Xoja e creuu-
janen cydaj o oBaa TeopeMa; 2) cMeTamMe Jiexa Hema Ja My HpeTcraByBa ipob-
JIeM H4 YHTATENOT ¢AM Ja I'0 COpoBede KOMILICTHHOT JOKA3.

Axou=rcy - cigaciyy e €T, xane mrro ¢,£ AUD, a€ 4, w axo Bo A ({2)
€ TOYHO PaBEHCTBOTO & = w dy " * * dy, TOTAII HHHIYBAME:

Ul—cCp oy & Gy Ay iyt " Cpe (8)
IloToa, Heka |—| e PedICKCHBHOTO M CHEMETPHYHO IPOLIMPYBAILC HA —, T.C.
ub—|v<=>u=vy Vul—vV vl—u 9
JlecHO ce moXajkyBa AeKa o € TPAHIMTHBHOTO TIPOLIMPYBAH-e Ha |, T.e. Jexa
o ve=>{gwy,c, Wwe€T) u|— wyb—| || we || v. 0

Jalenemxa, ManeceHata Teopema OH ModKesaa Oa ce GoOpMylIHpa ¥ BO I0-
OIIIT BHA, CO TOA IXTO HAMECTO IOJYIPYIHH IOJHHOMHEN ONepaiui oJl oDIHuk
(3) 81 ce pasriesale olepaluu OX oDIHK:

o Xg Xyttt X, =dy X1 dy Xt X, Ay 3"

Kajge mro v — i, e cypjexumja ox {0,1,---, m} Bo {0, 1,..., n}. IlpuToa, He e
moTpedHo a3 ce mAMPaBAT HEUKAKBH W3IMEHH H BO JOKA30T.

2. TeopemaTa MITO cera Ke ja JOKaXeMe Io MPeTCTABYBA OCHOBHUOT PE3yJITaT
Ha 0Boj TpyI. Ja comomueme upBo mexa [(Q'], Fu T ce yroTpebyBaaT Bo HCTA CMHCIA
xaxo u Bo 0.1,. 0.2 ommocHo 1.

TEOPEMA. Heka ' e nommviioxectBo off F, wui eJeMeHTH c€ of oBJIHK
(3) ¥ Hexa e UCIIONHET CICOHHOB YCIIOB:

(I) Axo zy, -+, 2, EXU D, o' €, x4, - -+, x,, x € X 1 axo mocrou £ €[],
TaKBa 1UTO
Zyt i 0 Xt XpZptt Zp =yt X X Vit Y (1D
Kajle ITO Yy, . .., V, € X, TOraul moctou oneparja »' €[], Takea mTo
230t XZp 2 =0 Yottt Yieg XVidn Ve (12)

Axrebpara A4 (L)) e Q'-mojanredpa Ha IToayrpyma, axo, W CaMo aKo, BO
A (L)) e 3amoBoNeHo ceXoe WISHTHMYHO PABEHCTBO IITO Baxu m Bo 1 (Q).

Joxa3, ToynocTa Ha TeopeMaTa BO €JHA HACOKA CJEIYBa Ol TPETHOT JgJt
HA TIPETXOJHATA TEOpPeMa. :

Hexa npermocraBume cera gexa (' ro samoposyea ycmoBoT (I) u mexa Bo
A (L)) e TOYHO ceKoe MIEHTHYHO PABEHCTBO IUTO € TovHo M Bo T (L)), Axo ce uma
npejgug toa wro T e codogHa NOAYrpyna, 3akiyuyyBaMe JeKa aKo ¢JHO PABENCTEO
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Bty ay =1 by by
e Touno Bo 7, xame Wto «; b; €A, £, 0 €[], Torawx m = n, @; = b;, a ocBeH
TOA BO CEX0ja IONYFPYIA, 1a 3HAYM M BO F, € TOYHO MICHTHYHOTO PABEHCTBO:
£ xo"'xrz*"']’ Xo * " Xp.

3a Oa MoKakKeme gexka A () e Q'-nomanrebpa Ha Wolyrpyla, JOBOJHO €
Ia Toxaxeme geka € uciomHeT ycrmosor (7).

Opx mednnmmuyjata na -, gagena co (8), jaco e gexa IMOCTOW HU3A Uy, Uy, . . . ,
uy €7, Taxsa urro

@b— iy, uy =ty oy Upy — Uy, (13)
kage wro « €4, axo, ¥ CAMO dKO0, IIOCTOM HU3d dy,- .., d, €A, W omepaiuja
£ €[], TakBu urro:

up==%ay, - a,Bo T, a=E%a, " -a, B0 A(Q). (14)

(IMputoa, Suexuujata @ — @' ce MPOIIKMPYBA, HA OUMTICAEH HAMHH, 10 OWEKHja
ox [Q] Bo [2]).

Hexa mpetnocraBume cera Jexa moxpaj (13), ma suaww w (14), wmame u:

Ve=czpr otz by b= g w0 by bz zg, (15)

kajue wro z, EAUD, b= w by« - b, Bo A ().

HMmajikn npenpun meka e uciodiHeT yeitosor (I), Xako u - clIoMeHATHOT haxT
wro T e cmobopma momyrpyma, ox (14) w (15) cnemysa fAexa IOCTOM OllepanMja
' €[Q'], Taxsa wurro:

v=un"c ey begcp, (16)
u jgeka Bo T (L)) e TOYHO paBeHCTBOTO:
A ey Gy @ byt B ity =E Cpr g Byt by e, =g, (17)
a
po A(Q). a==&8c; ¢y by byeicy, (18)

Ox (17) u (18) crmexgysa:
a :E.»Cl"'ci-—l bl}"'bmci"'cp

=AC Gy @ bn"'bmf‘f"'(’pZ“’JC1"‘C!<1 bct’"'cy
0J, 1UTO, CHOPE TOrope XaXaHOTO, CAeyBa JeKa TOCTOJaT Vp, Vo ..., Vo€ 7,
TAXKBHY 1UTO
ab b b v = (19)

Hexa npermocraBume cera jexa a,c €A w jaexa g« c. Op medunuunjara
Ha o, fajgeHa co (10), u mpeTXoIHATA JHCKYCH]a, CNeAYBa JleKa IOCTOjaT Wy, Wy, . . ,

w, €T, TakBM LUTO
S ) S A
mpu wro mocrojat &, v €[], raxsu 1mro
E.’ bn' "bm = "“r:'ff b(l.' 'bm (20)

=Eby by c=mby by, 2n
Om (20) n (21), xoHeuo moDuMBaMe @ = ¢, CO IUTO IO KOMIUIETHpABME
JIOKA30T Ha TeopeMata.
3. OBge ke HoOKaeMe XAKO MOXKAT PE3YATATHTE CIIOMEHATH BO YBOLOT
Ja ce Todujar Xako Yocaeauiy oj Teopemara 2.
3.1. Hexa Bo (3) cure XOHCTAHTH d), . .., dyyq TO IPETCTABYBAAT TPA3ZHHOT
cumdos, T.e. (3) wMa obnmk:
dxgxy- - X, 3
Axo ) e MHOXECTBOTO Ha IOJHHOMHH olepauud of ofmmx (3'"), mpu wro 3a
PA3MYHM eJIEMEHTH o B T o { M coo/BeTHHTE KOHCTAHTH d®, d* ce pa3/jiuvHH,
TOTALI & CKopo oYurjenuo fAeka Bo 1'({)) He ¢ HCIONHETO HHTH €4HO HETPHBH-
jaHo PaBEeHCTBO W JeKa e MCIOJNHeT ycioBoT (I), ox Teopemara 2. Mmajku ro Toa
NMpedBUI, KaxXo IOCHeAMIla OJf 0BAA TeopeMa TO JOOUBAME CIIOMEHATHOT ITO3ZHAT
pesylnTat jleka cexoja anredpa A () Moxe ga ce CMECTH BO DOJIYTpyIa S, Taka mITo
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(Fo€Q) (Fa,....a,€4) wag - a,=d%a," - a, (22)
xage mro {d®| w €Q} e damunuja dukcHn ememeHTa on S.
3.2. Hexa mpeTmocTaBuMe cera Jeka Q' & MHOXECTBO Ha MOJYIPYIHM ITOJTH-
HOMHM OMNEPAlHH 0Jf OOJIMK: s
Xodxy - Xp, 3"

npu wro # = 1. Jlecno ce moxaxysa mexa Bo anrebpara F (L)), ma 3uaum u BO
ceK0ja Hej3HHA XOMOMOp(QHA CHKa, Ce HCIIONTHETH CIEIHWBE ACOUHjaTHBHH 3aKOHH:

(V m” 7 EQ’) (V Koy e - s x?lr+?lo)) (23)

roy ’ - ’ PP
W T Xg ' Xpgptng = T Xg' ' Xagr— 100 Xy K 4-ngy’

Cexoja anrebpa A (£2) Bo Koja ce MCTIONHETH OBWE 3aKOHH ja BUKAME OEIYMEH 4co-
IV jaTHB,

Hexa nperiocraBume cera gexka A (€)) e JeiyMeH acouMjaTHR H HEKa Olie-
pauuja £ e onpesgesiena ¢o (2). AXO HMaMe i, = f,q;, 3@ HEKO] v, TOTaLl MOXKeMe
Ja TO MPHMEHUME ACOUHjaTHBHUOT 3aKoH (23) ¥ 10 KOHEYHO MHOTY TAKBH IOCTAIIKH
ke modumeme HOBA olepauuja w:

s - s — - " - EEEE ) L ’

N Xy Xy = Tg Xp Xp—1 T Xy, Th Xp X 29

Kajie wto 0 <Tj, < jop1 < g+ =" + Ry, Tps Tis+ + - » T © HEPMYyTAUMjd Ha g,
W, ..., Gf, & OCBCH TOA TOYEH € MJICHTMTETOT

EXo " Xq="10XyXg" " Xp. (24

(3aToa MoxeMe A NpeTIIOCTaBUMe JIeKa YIlTe BO ollepalijata £ uMasme: O < i, <

fogpqg < Mg + -+ -+ 1,.) .
Heka ce 3appxkuMe cera Ha ciyvajoT Xora £’ e MHOXeCTBO Ha IIOJIyTPYIHH
onepamuu of obimk (3'"). Ako 0 e onepanmja ox obmmx (2'), Toram Xe mMame:
N X Xp=Xody Xy Xy, dyr e Xg, di o X, (2

Kaje wTo d, € KOHCTAHTATA CO TIOMOII HA KOja € OIPeACIieHa olepanujaTa 1, . Mimajku
o TOA NPeABHA, 3aKNyYyBame ASKa aKo ©JHO PABELCTBO € 2aJI0BOJIEHO BO JIOJY-
rpynara T (£)), Toramr Toa ¢ WICHTUTET M BO CEKOj NelyMEH ACOLHJATHR.

Co mocieJoBaTeNHM 3aMEHM Ha JiecHata crpama oj (23) co JjieBaTta, Mo-
KeME [Ja ypeamMe BO JajeHa IoJMHOMHA ouepauuja & oxg odaux (2) ma Oume
0<Ciy < ippq <Hg+ ' - +mn, Hmajku ro Toa IpeiBu[], JECHO Cce NOKaXyBa
Jexa e uernoaHeT yeuaoeoT (I) of TeopemMara 2, ol IITO ClelyBa NEKA CeKOj ASIIyMEH
acomujatuB A ({2) MoxKe ma ce ¢CMECTH BO NOJyrpyna S, Taka ITO:

(Fo€Q) (Fxg,...>%X,€A4) wxg-"Xxp=xd” X1 Xp, (24)
kage wro {d®|w €0} e damunuja va dukcHu eneMenTH on S.

3.3. Heka npermocraBume cera geka cure cumbonm d,, Bo (3), ce npasuu,
T.c. neka (3) mma obmuk: _
Xo Xy Xpe @)
Jacho e nexa ABe NPOM3BONHM ToJsmHOMHM omepatmw £y, £, om obdmwk (2), urro
WMAAT WCTA JIOJDKWHA K, ce emuakBu. Cekoja anreSpa A4 (L)) mro ja wma Taa oco-
Ouua, ce Buka acouwjatuB ([3]). Hexa k e majmammor mpupoaex Opoj, TAKeB
wro Bo £} mocTou onepauuia T co moiukuHa k-1, T.e. k = n.. JlecHo ce mokaxyBa
nexa yemosot (I) e MCImonHeT, ako, H caMoO ako, 3a ceKoja omnepanuvia w, k e JTenuTe)t
Ha Hg,. AXo Toa He Due WCIIONHETO, TOTAII NOCTOjaT ACOLHjATHBH IITO HE MOXAT
Ia ce CMeCTAT BO NOJYIPYIIM, Taka LITO ONepalHUTe HA ACOLUHjATHBHTE Aa Ouiar
nomuHoMmu of, o&mwk (3'°). ([3] npumep 2).

3.4, ITocnegnara 3adeliellka I'O CYrepupa CICHAHHOB!

ITPOBJIEM. Hexa ' e moamoxkecrBo on F, YHWINTO ENEMEHTH CE& O/
oBmux (3), HO mpHTOA He ¢ uclioNHeT yeiaoBoT (1). Heka X e xyacaTa anredpu A (£2)
BO KOMIUITO BaaT CHTE HICHTHTETH, Kako u Bo 1 (). Hasmu mocrou anredpa,
A (Q)€X, rojawrro ve e L) -nomanredpa Ha nonyrpyma?
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SUBALGEBRAS OF SEMIGROUPS
Summary

Let S be a semigroup, D a subset of S, and D a collection of sequences
d=d,, dy,. .. ,dy, where d; € D or d; is an empty symbol. Each element d € D imduces
an operator «»? defined by:

odxgxy Xy =dyXgdy Xy - dpXpdpta )
Denote by [D*] the system of all the operators which can be obtained by successive
applications of operators of D* = {wddED}].

Suppose that A(£}) is a universal algebra, and ®:w — G a bijection from )
into D*, such that the arity of w and ®w are equal. The mapping ® can be, in an
obvious way, extended to a bijection @ : [Q]— [D*].

The algebra 4(L)) is said to be a (0,D)—subalgebra of a semigroup, if, and
only if, there is a semigroup S, such that AUD C S, and

(Fow€Q)(Fay, --a,€Awd---a,=wldy -+ -ay, @
where o == Qo.

The following results are proved in this paper.

THEOREM. Let T be the semigroup which is freely generated by the set
AUD, and let & be the minimal cengruence on the semigroup 7, such that:

Waydy---a, =ainA(Q)=> odaya,---a,a a in T. (€)]

(i) If @ is the restriction of « on A, then [ is a congruence on A(£2),
and A/f can be embedded as (@, D) — subalgebra in the semigroup T/«. Moreover,
{ is the minimal congruence on A(£2), such that the corresponding factor algebra
is a (©,D)-subalgrebra of a semigroup.

(i) A(£) is a (®,D)-subalgebra of a semigroup, if, and only if, the following
condition is satisfied:

a,bCAd&anb=>a=>0 ®)
If (5) holds, then the following condition is also satisfied:
(I) Let Z,7m€[€2] and &9, 74 €[D*], where @ &E=E9, @ v =x7.
If BdXg Xyt - Xy = N4 Xg Xy v -+ X )
is an identity equation in the algrebra T(D¥), then
EXogXpr e X = N Xg Xy Xy (7)
is also an identity equation in the algebra A(L2).
(iii) Suppose that the following condition is satisfied in T:

(D) If ¢, - cx CAUD, @, ap, +++ , g, by, ++, by € A, 0 €D*, E4€ [D*], and if

ooy 0y ey e = BBy by gy anby by, ®)
then there is an 79 €[D*], such that:
€1 CjqdCpe--Cp = ’ndbl--'b,'.._lab{“-bm. (9)

Then, an algebra A({}) is a (@, D)-subalgebra of a semigroup, if, and onlyif,
the condition (I) is satisfied.



