3A AJT'EBPUTE HA CMECTYBAIBE
I'op. 360p. IIM® Ckomje, 20 (1970), 15-24

ITo3uaTi ce MoBeke BHIOBM Omepalidd Mely (PWHMTAPHHTE OMEpaldH, Kako
M JlaJIeHH COOJIBETHH HHBHH aNCTPaKTHH KapakTepucTHKH. ([Ja ce BraaT, Ha mpumep,

padotute [2] u [3]). Bo paborara [5], benoycos ru u3yuysa onepanunte ,,j—” Mery
GUHMTAPDHATE omepalMi, KOH LITO OJ aBTOPOT Ha oBaa padborta ce mnedHHHPAHH
Bo [1]. Bo [5], umeno, ce u3nBOjyBaaT YeTHpH ocodMHM Ha oBue omepanuu (A. 1,
A. 2, A. 3, m A. 4) u pasrneayea kjacata YRMBepP3aJHH anredpu 1ITO I'M WMAaaT
THe 4 ocobunn. CneumjaiHo BHHMAHHE WM € TIOCBETEHO HA ajredpHTe KBA3WIPYNH
H JO0DMEHH HEKOJIKY ONIUTH pPe3yJTaTH, KOH LITO OBO3MOXYBAaT Jia C¢ pelld ejeH
CPAaBHHTEJIHO ONIOT BHJ (YHKUHOHATHH DPaBEHKH.

Ogaa paboTa, aBTOPOT ja CMeTa KAKO H3BECHO HAJONOJHYBame Ha pado”
TaTa [5). MmeHo, oBfie ce m3yvyBa KjacaTa YHMBEp3aJHH ajiredpu 1WTO T 3301
BojyBaaT ocodunnte A. 1, A. 2, n A, 3 on [5] (oBme Toa ce 1.1, 1.2, u 1.3). Bo npsuot
JieJ1 Ha paboTaBa ce M3HECYBAaT HEONXOAHMTE MPETXOAHH XeHHULMHA, a MOTOA BO
BTOPHOT JieJi ce popMy/IMpa U J0KaXyBa OCHOBHHOT Pe3yJITAaT JeKka cekoja ajredbpa
Ha cMmecTyBame (T.e. cTpykTypa co ocodunute 1.1, 1.2 u 1.3) e noganredpa oxa He-
KOja KOHKpeTHa anredpa Ha omepauud, T.e. oa ¢amunujata (A) duHMTADHM
onepanMy Hag JAJeHO MHOXeCTBO A, MpH LUTO ONepaLMHTe ‘,_{_” ce ompeaeny-
Baat co (6).

1. AareSpu ma cmecrysamwa. Heka (A, n=—1,0,1,2,...} ¢ ancjyHkTHa
(aMHIIHja MHOXKECTBA M HeKa ©
= L'JI An-

Axo fc A, Toram ke numyBame | f| = n. OcBen Toa, Heka {j— ,i=0,1,2,...} e
damunuja SuHapuu nenymHo nepuaupanu onepauun Bo A co crneaHuTe OCODHHM:

1.1. Ako f,g€ A, a i e HeHeraTHBeH LN Opoj TakoB WITO I <|f|, TorauI

i i
h=f--g ¢ eqno3nauyno onpenenen enement on A. (3a i >|f|, f 4 g Hema cMHucna.)

Mpuroa: t .
\ftel=|fl+1g (e
1.2. Axo f,g,hCc A naxo i <|f|, j <|g!, Toram:
i J i i+J
fH@E+n=(f+g +h (2
13. Axo f, g, hC€ A, |h!=p, j<i <|f|, Toram:
i J J o itp
S+ +h=0U+n+ g 3

Axo e ceto Toa mcmonHeTo Benume meka A ( +;i=0,1,2,...) e anredpa
Ha cMecTyBama. (3a mokpaTko M3pa3yBame, BO MOHATAMOIIHOTO H3jarame, 0DHYHO,
Ke BelMMe caMo ,,anrebpa’.)

Hexa f5, fy, ..., fx ce k+1 enementn on anrebpara A u Heka iy, by, ..., i
€ HHM3a HEHEraTHBHA LEJNH OpOeBH, TAKBH IUTO

v < |fo| + AT+ -+ 4] @)

i

I1 1 jk
fitht - +h

Toram, 30mpoT
ce ompenmenysa co:

‘1 ‘I ‘k I1 ‘l ‘k
h+th+-+ = L+ )+ ). )+ fi. (5)
Ilpumep 1. Heka A e HenpasHo MHOXeCTBO, M Heka £2(A4) e MHOXECTBOTO 01
cute n-+1-TapHu onepalimn Bo A, npu wro Q_,(A)=A4. Axof € Q,(4), g€ Qn(A4)

H ako i < m, Toram f - g ro ompejesyBaMe co:



i
f+ g(xlls xls sy xm+ﬂ) __’f(xn, sesy xf—lv g(xf’ reey x.['+s)’ LR xm-{-l)‘ (6)
Jlecno ce mposepysa ([1] crp. 11, [5] crp. 12) nexa ce ucrmonuern yciaosute 1.1,
1.2. u 1.3, 1.e. nexa L2 (4) e anrebpa Ha cMmecTyBama, Kaje INTO:
Q4) = U Q,(4).

3adenemxa. Co uen pasercrsarta (1), (2) n (3) na mmaar nompoct oOJHK
OBJIe CMe H3BpLIWIE JBe MOoIH(HKAlLMK Kaj 03HAKHTEe BO oaHoc Ha [1] 1 ]5]. Umeno,
i i+1

oBae A, ce nuurypa Hamecto A,y, Bo [l] u [5], a ucto Taka + , HamecTo + .

JacHo e Jexka oBHe M3MEHH MMaaT CcaMO TeXHHMUYKH KapakTep. Bo omdoc Ha pabo-

Tata [5] € HanpaBeHa M3MeHa M BO TOA IUTO € H30CTaBEHA ClEAHATA AKCHOMA:
@eCA) WICN OIS i|f|=F+ e=f,

T.e. DapameTo 3a Er3UCTEHUMja HAa JIECEH HEYTPAJIEH €JIEMEHT,

M nokpaj Toa wto noMMuTe 3a xomoMmopduiam (MoHomopdulam enumop-
dm3am, usomophusam), kourpyennuja, (akrop anredpa, nonanredpa, ce aepuHu-
paar Ha BOODHYAEHHOT HaHH, CO LEJ H3JIarambeTo na Sﬂﬂ,e NOoMnoTIMHOJIHO, ﬁe TH
JA0EME CKCITIHUMTHO THE Jled)HHHU.HH.

1.4. Heka A u A’ ce npe anredpu. 3a npecinkypamwero ¢: 4 — A’ Benume
Jeka e xomomopiusam, ako:

WIEN o) =11, o
v/ gCA, i<|f]), AS+ ) =alf) -+ olg)

AKO @, KAKO NPECINKYBabe € Wi WHJeKUMja, cypjeKuuja, Duekuuja, Toraul Beiume
JIeKa 9 € C00/BeTHO: MoHomopdhuzam, enumopdulamM, usoMophHiam.

1.5. 3a esuBajenTHocTa » BO airebpata A BesiMMe JeKa € KOHIPYEHUMja
axo: fishi= ] = 1Al ®
hag&fieg > (Wi<f = gaDhthizat g

1.6. Heka o e xourpyeHumja Bo anrebpata A v Heka 3a cexoj fo A co f¢
ja O3HAYMME Kjacata Ha o BO koja ce coapxku f. Toraur || Hf“—ti— g% ce onpe-

[enyBaar co: i i
[fe =1fl, f*+g* =+ 8" ©)
1.7. 3a noamuoxectBoto £ oa aiaredpara A Benume aeka e nopanredpa

dKO € HUCIIOJIHET YCJIOBOT! i
f,gcQ&i<|f|=f+gCQ. (10)
JlecHO ce mMpoBepyBa TOYHOCTA HA CJIEHMUTE OCOOHHH.

1.8. Ako o e KOHrpyeHuuja Bo anredpata Ha cmeTyBarba A Toram u Afa
e anrebpa Ha cMecTyBamwa BO OJHOC Ha onepaumute aeduuupanu Bo (9). Ilpuroa,

NPUPOJIHOTO NPECNUKyBalbe:
gif— f¢ (1)
e enumopduzam.

1.9. Axo 9: A — A’ e xomoMopdu3zam, Torau jaapoTo a—Kker @ Ha @ €
KOHTpYeHIMja BO A M NPUTOA NOCTOM, €AHO3HAYHO ONpelesieH MOHOMOpP(hHU3AM
*: Ao — A’ Taka wiro
¢ 9 =9* (12)

xane wro : A — Afz e npuponnuor enumopduzam,

Baxat m apyrute TeopeMH 3a H3omopdH3am, KOH WITO OBJe HEMa jJa TH
dopmyaupame. (Ha ce Bunm, Ha npumep [4] ctp. 61).

1.10. Knacata on cHTe anredpH Ha CMeCTyBama € KaTeropuja, MpPHILTO
MophHu3MH ce XoMOMOp(hH3IMHUTE.
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On oBaa ocobuHa cienypa Aeka CHTe MOHMH LITO C& OCMHMCICHH Kaj MpoM3-
BOJIHA KaTeropHja ce OCMMCJICHH M Kaj Kjacata anredpH Ha omepauuu. Toa ce,
Ha NpHMeEp, MOMMHUTE 3a CI0DOJAHM anredpd, cJODOAHM WU JUPEKTHH NMPOU3BOIH.

2. IlpercrasyBaibe Ha ajredpHTe 01 CMeCTYyBalhba KAaKo a.iredpH Ha onepa-
mas. 3a eqHa anrebpa Ha cMmecTyBama A BesiuMe feKa e KOHKpeTHa ajiredpa aKo
e mopmanredpa on Hekoja anredpa () (A) onpenesena kako M Bo mpumepor 1. Ke
ja nokaxeme cienHaTa

Teopema. Cekoja anrebpa Ha cMecTyBaiba € KOHKPETHA.

Hoxa3s. Jloka3oT ke ro M3HecemMe BO HEKOJIKY €TalH.

(i) Hexa A e nanena anrebpa u a cumBon wTo He npunara Ha A; Ke craBuMe

|a| =— 1. To dopmupamMe MHOXECTBOTO X O/ CHTE HHM3H:
(fo Frseens Jis ins day oees i) = (f85 i)V (13)
kage wro f, C Al {a), a i, ce HeHeraTHBHM LeAH OPOEBH TAKBH IUTO:
fvﬁ<~iv+1€|ﬁ:l+"'+|fv|° (14)
3a k=0, (13) uma obauk (fy). Bo £ onpenenysame ,,Hopma” co:
Axo: 6 i = 1ol + 1Al + -+ + il (15)
J(fov Illl )I l; i< I,H-l: Js—i-)\ = ‘s+: + |f| (16)

TOram craBame:
Uh i+ = £ 7 i 6 e, (7
npH wTo 3a s=0 neckara crpana Ha (17) uma obauk (f, f, fEo, jf) a (f6, f;
if, i) 3a iy <i.
IMoonTo, axo i<|(fos;il)|, Toram:
r+1, 1 k. kol roo.r +Jrt1
(f5; 11)+(8 s )=1os ir)+(gos j1)] +  (gp41) (18)

i
Co obuyHa WHOyKIHMja, ce NOKaxysBa jeka = (- |i=0,1,2,...) TH 3a10BoyiyBa
yciosute 1.1, 1.2, m 1.3, T.e. meka Taa e anrebpa na cMecTyBamba.
YouysBaMe HCTO Taka jeka: ; ;
1 2 k
(fo3 i) =(f) + () + - + () (18"
3a HaTaMy eJleMEHTHTe Ha X Ke I o3Havysame u co: f, g/, .. ..
(i) Bo X ja onpeaenysame pejauHjata o co:
S, 8¢ El‘"{f"-g‘ :’(3.{:" ey fm fu-H.! .- fk? &1 g‘!( AU{‘I})

=(fy) + + (fa) + + (fk) (19)

g= (fo) + + (glv 82, ‘) + + (fk)}O

Kaje wro f, =g, + g BO A
On (19), ako ce umaat npeasup (15), (17) u (18), e jacHo meka:
Jeg=\fl=gl (20)
d UCTO TaKa M OEKa:

fag hCS, r<|f|, s<|h|=f+hog+h h+fahtg @1)
i

T.e. JeKa penanujata « € BO COlJACHOCT CO omnepauuuTe ,,4 ‘.
Heka 3 e cuMeTPHYHOTO NMPOLUHPYBAH:E HA o, a Y MHHMMAJIHATA KBUBAJICHT-
HOCT BO KOja Ce& COIOPXKH o, T.€.
ﬁ = Glum_l (22)
f'Yg<:>{f=SV(E[h1a ceay hmEE)fahlﬂ'--maBg-

1 x:lE Xy Xyqy s X, M > 15 .n.‘:‘!+l=a.



Oxn (20) u (21) cneaysa neka y e kourpyenumja Bo X. Co @ ja o3ua yyesame
daxTopanredbpara X/y. Ako f€ X, Toraw co f7¥ ja o3HauyBaMe KjIacaTa HAa eKBH-
BAaJNEHTHOCTA Y BO KOJa CE COAPXKH f.

(éii) Ke nokaxeme cera jeka moxeme anreSpata A ga ja cMeTaMe 3a MOI-
anredpa on ®. [lpen ce, npecnuKyBameTo:

e f—= ()Y (23)
e xomomopdusam, dunejkn [(f)Y| = [(f)| = |f], n ako f=g-+h Bo A, Torawm

{
(g h; i)Y = (g)Y+ (h)Y Bo O.
Hu npeoctanyBa na mokaxeme aeka ¢ € MoOHOMopdH3aM, T.e. [JeKa Kako
NPEC/IHKYBatbe € HHjEKLHja.
Ipeo, ako f( A, Toram
(flagerg=(fy fr; i), [= fu+f1 Bo A.
Co uHaykumja nodupame jeka:
(A gy G ()ogroageo.. agiohle
i iy (24)
h=(f6; it), f=fo+fit+ -+ fi Bo A.

Jla npernocraBuMe cera Jieka e TOUHO (24) u neka gahr. Cnopen Toa, MMame
iy j"
g =(8) 1+ (@) (ga) g (8- 1) (g @5
h 2
h = (g + (g) + - + ((h) + (hy)) + - + (8r-1)=(fE; %)
= 4{ hy BO A
On (24) n (25 ﬂ05HBaMc
iy fg J'_:~ 1 h o da i
Lt g+ +3»+ st k=8t &t H (At )t g (26)
On ceTo Toa cienysa jaeka
FEAN&(S)y hesh=(ho, ko), [ = h, +----+-h$ BO A, 27
a o Toa mak noduBame:
S, 8CA&(f)y () >f~g- (28)
T.€. JIeKa ¢ € HAaBUCTHHA MoOHOMOpGhHU3aM.

Op nokaxaHoTo cieyBa feka, ako cekoj enemeHT /¢ A ro uaeHTHOHUKYBame
co (/)Y € ®, a ucto Taka n a co (a)¥, moxkeme ga cmetame jgeka A I {a} e
HOAMHOKECTBO o P, a ¥ ywre noseke aeka A J {a} ¢ TCHEPATOPHO MHOKECTBO
Ha @, mpu wro A e no,rlanrcﬁpa om O. Cnope,a "_roa MOXKeMe Ja THLIyBaMe:,

(S5 i) =10 +f1 4 Ji- (29)
(iii) Heka co A ro 03HaYMMe MHOMKECTBOTO II)_I, Te.bCASHCD & b=
—1, Cnopen toa, A_,\J {a} C A. Heka fC @, [fl=nwn ay, ay, ..., anC A.
Torau: 0
_f—i—au-}-al i----—+an|:n—71—1---—I=—l,

ma 3Haud b = f —II}— a, —?— a, —{0— s ?F an - A. Axko craBume:
f@yay, ... an)=b (30)
noGuBave geka f e n-+ 1 — TapHa omepauuja Bo A, T.e. f(_ Q. (A).
JlecHo ce TIpoBepyBa JieKa MPECITHKYBAHETO
b fof (31)
e xomomophuzam oa P Bo Q (A). (Iposepkata ce crnipoBeayBa OUPEKTHO, a UCTO
MoOXke 7a ce jjo0ue U KAKO CrielHjaNeH cllydaj Ha eieH pe3yatat op [5], crp. 18, 20).
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Ja npernocrasume aeka f, g€ Aw f— g. Toraui, nmame, Ha npumep:
0 (1] 0 0 0 0 ] 0
f—]—ﬂ-l—a-!'"“{—ﬂ":g‘f’ﬂ+ﬂ—.|“°.+ﬂ;
nil nd-1

(fa,..., a;o,0,...,0) yv(g,a,...,a;0,..,0). (32)
o X. TMoBTOpYBajkM ja AMCKyCHjaTa M3BpLUEHA TIPH dOKaXyBameTo Ha (28), ce
jodusa geka on (31) cneaysa f—g. Crnopen Toa, pecTpukimjata Y|A om o Ha A
e MoHoMopduzam, na 3HauM Moxeme aa cMeTame jeka A e nomanreSpa ox () (A4),
Co Toa ro KOMIJIETHpaBMe MAOKA30T Ha Teopemarta.
3abesemka. M nokpaj toa wiTo, NpH J0Ka30T Ha TeopemaTa Ha MHOXe-
CTBOTO KOHCTAHTH MY A0JAJI0BME CaMO €lIeH eJIEMeHT @, NMpH (POPMHPaeTO Ha
aaredpata X, MHOXKECTBOTO KOHCTAHTH C€ IPOLLUHPYBA JlalieKy MoBeke, OMEjKH,
1}

Ha npuwmep, 3a cekoj fC A, | f1=0, f—cl'— a 3— a 0{- ++«+4a e HOBa KOHCTaHaT. 3aToa
nt1

€ MpPUPOJHO [a Ce MOCTAaBH MPauIabeTo JajiH OBa MPOIUIHPYBAIE € HEOMNXOIHO,
T.e JanH mpeciaukysameto f— f onpeienerno B (31), ve e cekorau (kora A_; 7~ (/)
mMoHoMmopduzam, Jleka OJAroBOPOT € HeraTHBEH ce rJeJa oJi CHeAHHOT eji-
HOCTaBEH.

TMpumep 2. Heka B ¢ MHOXeCTBO CO TOBeKe Ol €/ICH €JIEMEHT, H Heka ja
pasraeaame anredpata (B). Ako a - B, a ro o3naunme co A MHOKECTBOTO Ha
cute onepauuu f (- Q (B), Taksu 1Iro

T. €.

flaa...a) —a, (33)

TIpH 1ITO 3eMaMe na Ouze H a enement o A. JacHo e meka A e anredpa Ha cmecTy-
Bama M Jeka ako |f| =|g|, Toram f= E, 71a 3HaYM BO OBOj CNy4aj INpec/uKyBa-
1BeTO f — f He € MOHOMOPH3IAM.
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ON INSERTION ALGEBRAS
(SUMMARY)

The class of insertion algebras is defined in [5] as a generalization of a class
of algebras of finitary operations which are considered in [1]. The purpose of this
note is to show that every insertion algebra can be embedded as a subalgebra in
an algebra of operations.

1. Insertion algebras. Let A be a nonempty set and f—/| f| a mapping from
A into the set N—=NI /{—1}, where N is the set of non-negative integers, and

1
{+ |i¢ N} a collection of partial binary operation on A. The (partial) algebra

A -f— i © N) is said to be an insertion algebraif the following propositions are sa-
tisfied.
AL If fLgc A, ic N, then f’+ g is uniquelly defined element of A, if,
and only if, i < | f|, and then: i _
If+el=Irl+lgl (n

. . . i i i i+f
A2 XL g hcAi<|f|, j<|gl.then f4 (g +h) = (f+g) +h (2)

L YN i
A 3 I f, g, hE A, j<i<|f|. p=|h| then (f+&)+h=(S+h +g O
Let A be an insertion algebra and

fEAns |fl=n @
5



Then, {Anjn € N—} is a disjoint collection £f sets (some of which may be empty) and
A = £J| An ‘ (5)
The elements of A_,, are said to be constants.

Example. Let 4 be a nonempty set, and £2(A) the set of the finitary operations
on A, including the elements of 4. If fC (A) is n + 1 -ary, then we put |f| = n;

therefore |f|=—1 < fEC A If |f| =m, |g| =mn, then an m + n + 1 — ary ope-
ration h=f_f_ g is defined by:

h Gty = £ 8 Ot x5 O ©
It can be easily shown that (A4) (f;_ | i€ N) is an insertion algebra. ([1] p. 11, or
(5] p. 12).

Remark. Here we have made some modifications in the definition of the
class of insertion algebras, with respect to [5], but they are of only technical cha-
racter.

The notions of subalgebras, homomorphisms (monomorphisms, epimorphisms,
isomorphisms), congruences and factoralgebras are defined in the usual manner,
and these definitions will be not stated here explicitly.

2. Algebras of operations. An insertion algebra A is said to be an algebra
of operations if there is a set A such that A is a subalgebra of the insertion algebra
€2 (A) of the finitary operations on A.

THEOREM. Every insertion algebra is an algebra of operations.

Proof. (i) Let A be an insertion algebra, and a an object such that ad-A. Put

A% = A\ {a}, and define a norm of a, by |a| = —1. Let Z be the set of the all
sequences: F=Urs: ), @
where
Sy €A% G, CN, and iy Sipa < |Sol + -+ + |4 ®)
A collection of partial binary operations {_1_ | i€ N} is defined in £ by:
- (Jh: #) L (D=3 £ F5, s i 8 75 ) ©)
félfu|+"‘+1fk|’ is€i<is+1’fs+L=fs+l+1f|- ) (10)

By induction: ; . i+, gy
S (geT S i) = L+ @5 iDl + (g+1)- (1)
By a straight forward computation it can be shown that the constructed

(partial) algebra £ (ﬂ_- l'i € N)is an insertion algebra, where the ,,norm™ is defined by

LS iD= 1fl + -+ (12)
(ii) Let v be the minimal congruence in the insertion algebra X such that
filg=hinA=(f gi)yh) inZ, (13)

This congruence separates the elements of A9, i. e.
£, 8N &(N)y(®)—=S=g (14)
and therefore the mapping T ()Y (15)

is a monomorphism from A into ® — X/y. Thus we may assume that A is a subal-
gebra of ® and that A? < ®_,.

(iii) If £€ A, Bo» Byo-.os buC®_y — A, then

b=f3b S b - S b =7t A,

and therefore Yif—F (16)

is a mapping from A into € (4). Moreover ¢ is a monomorpfism, and thus A may
be embedded as subalgebra into £2 (A).

This completes the proof of Theorem.

Remark. If A is an arbitrary insertion algebra such that 4 =A_, is nonempty.
then the mapping f—»f is a homomorphism from A into Q (4), but in general
it is not a monomorphism. For example, let B — {a, b}, A = {a}, and

— {/1FCQ(B). f(a,a. . .a) — a}.
Then A is an insertion algebra such that |f| — |g| > f - g, and therefore the ho-
momorphism /- f from A into € (A) is not a monomorphism.

D X=X Xy e X 0 r Qs x4 1=



