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In this note it is shown that each topological n-group can be embe-
dded into a topological group.
At first, some preliminary definitions and results will be stated.
Let Q be a non-empty set and:
(o0 2 (XpyeeesXn) — (Xg---Xn)
N PH (65000008 Xn) —> [Xp - X1\ %] n
0 (Xg v Xn) > [Xg Xy X5])
be three »n + l-ary operations on Q. Q is said to be an nmn-group if the
following identities are satisfied.

((Xp-2"Xp)---Xgp) =(Xg(X1°*  Xpp1) " Xpn) = ... = (Xg-=-(Xp-- .,\*")) (2)
(X1 - Xplxpe - XX =x=(lx"Xp--- %] X1+ - Xp) (3)

An n-group Q is said to be a topological n-group if Q is a topolo-

gical space such that the operations (...), [..> ] and [_..] are continous

(in the all variables together).
The following result is known as Post’s Coset Theorem?!). If Q is an
n-group then there is a unique (within to a canonical isomorphism) group

G such that: G=0UQ*U...UQ" (4)
(Vg . Gnt Q) @y --ap) =aq---ay (5)
1<is<j<<ma,, b, € Q = {al'--al’_bl--.h_; & (6)

= [i-j & (g Cos " s Cpi 6 Q)(('n' N "-u—fal"‘al"(co" O bl‘ . b[)]}
The group G is said to be the free covering of the given n-group Q

Now we shall state and prove the following

Theorem. Let Q be a toopological n-group, and G the free covering
of Q. Define a collection B of subsets of G by:

B=fAy- - A | 1< k<n A4,,...,4, are open in Q} (7
Then we have: _

(i) 7B is a base of a topology ¥ on G.

(ity The given topology on @ is induced by & on Q, and Q is an
open and closed subset of G.

(iii) G is a topological group.

(iv) If @ is a compact (Hausdorff} n-group then G is a compact
(Hausdorff) group.

First, we prove three lemmas.

1. If A,,...,4, <0, and 4, is an open subset of @, then
(A, --Ay)=2A is an open subset of Q too.

Proof. Il ay.....a, are arbitrary elements of Q then the mappings:
J(x) = (a---a,x) and Y (x) = lay---a,~x] are continous, and therefore
J(x) is a homeomorphism.

2 Letay,....ap, by,....0¢cQ, 1< i<_nand B,,...,B be (open)
neighborhoods of b,,....b;. If ay---a; =b.--.b; (in G) then there exist
neighborhoods A4,,...,4; of a;,...,a; such that 4,.---A4; C B,--- B;.

Proof. By (6) there exist cg,...,¢;,_s €O such that c=(¢,---
Cnei@ -+ @))=(Co*Cn_iby-+by), and (by 1) U= (co-..Cn_; Br..B)) is
a neighborhood of ¢. Therefore there exist neighborhoods C,,...,C,_
of ¢g,.ooncp_i, and A,, ..., A; of a,,...,a such that

(Co--+CugAy-- A)) S U=(co---Cpi By---By)

Cor Cpai Ay - A4 CC - Cp gy Ay Ay S0y~ - Cpy By - - By,
and thus we have 4,...4;,C B,... B
3.0IF ayyennnayy by by €0, and s=ay---a; (in G), then
s =[blbya; - ayby_i--- byl by by (8)
Proof. By (3) and (5) we have [x/x,---x,]=xx,*---xT}, and this implies (8).

1) [1] p. 37 , or [5] p. 218
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Proof of Theorem. (i) By (4) and (7), G =BgﬁB. Assume that g¢

A ... Ay v By... B, where 1 <i<n, and A, B, are open in @. Then
there exist a, & A4,, b, & B, , such that g=a,---ag; = b, ---b;. By 2, there
exist neighborhoods 4,',...,4," of a;,...,a; such that 4,"-.-- 4, C B, ...
--Bs,and thus g€ A" --- 4" C A4,---A;"\B,...B;, where A, "=A, A,
This proves that 78 is a base of a topology & on G.
(i) By (6) and (7), O, Q*,..., and Q" are disjoint open subsets
of G, and therefore they are closed too.
If ACQ and if A is an open set in the given topolology on (O,
then 4 € “B,i.e. A is open in G too. Convercely, if 4 is an open subset of G
and A C Q, then A4 =-"E{; B;, where B;CB: by (6), for each i &I, there

exist open sets A,..., 4y, (1<Tk;<Cn) such that By=A,..- 4, and this, implies
that k; =1, i.e. B;=A, is an open subset of @, and therefore 4 is an open
subset of @ too. This proves fhat the given topology on Q is induced by .
(i) Let s=ay---a;, t=>by---b;(i, j<n, a,, b, C Q) be two elements
of G, and g=sr. Let CEB and g¢ C. Then, if C=C,-.. Cp(k <n),
where C,,...,C, are open sets in @, there exist ¢;,..., ¢, € Q such that
e, €EC,. and g =¢,--- s Thus:
ay---apby - by=cp- - g
If i+ j<n, then i+ j=4k, and by 1 there exist neighborhoods
Ay,..,A; of ay,...,a; and By,...,B; of b,,...,b; such that
Ay---A; By - - B CCy-- -G =C, 9
where 4=A,---A; is a neighborhood of s and B=B,---B; is a neighborhood of 1.

If id-j>n and if we put a=(a,+--a;by-+ bu_;i;), then we have
a by i49--by=c,---c¢; and k=7 j—n; by 1 there exist neighborhoods
A’ Of a and Bn__;+2 F ooy B‘; of bﬂ__f.‘_s, ODo b,v such that A’ Bn_{.}_z- oo B_f EC.
From the equation a=(a;---a; by---b, ;4,) follows that there exist neig-
horhoods 4,,...,4; of a;,...,a;and By,..., By _;4,0f b, - -, b, 4, such
that (4,...A;B,...B,_;1,) C A’, and this implies that 4B < C, where
A=A,---A;, B,---B;=B. This completes the proof that the operation """
of the group G is continous.

Assume now that s=a,---a;¢ G, where | < i<"n, a.€ Q. If
by,....by ;are arb:lrary elements of Q, then by 3 we have st -—.!vb== cobp 4,
where b=[b/byas-- arby_y---b]. f C=BC,..-C,_y is a neighbor-
hood of 51, then S_'l =b"cg:-Cp_j="bbyr-- bn_;, where &' C B, ¢, € C, .
By 2 there exist neighborhoods B, B,,...,B, 4 of b, by,..., b,
such that BB,...B, ; ZC. From b(CRB and b=1[by/bya;-ayb,_;---by
follows that there exist neighborhoods B,’, B, of b, A4,,...,A4; of
ay,.--,a; and By ,... B, _; of b, ..,b, 4, such that [B,/B,"" A4,---
<+ By'] © B. Then we have:

(Ay---A) 1= [b,,’b, Ai- Ay by i --bilby. . by ;T
L_[B’jBl"A; B_;---Ba]Bu- - By, ,-—C'

Thus we have proved that the mapping s — s is continous, and
this completes the proof of the statement (iii).

(iv) If the given space Q is compact then each cartezian product
Q x Q@ x---x @ is a compact space, and hence QK is a compact subset

of G, because the mapping (x;,...,Xx;) — x;---Xx; is continous. Then G
is a compact space for it is a union of n compact subsets Q, Q%...., o".
Assume now @ to be a Hausdorff space, and let s =a,---a,,

t=bhyeiby (a, b, € Q, 1 <i<{j<n) be two different elements of G,

If i~ j, them @' is a neighborhood of s, and @/ is a neighborhood of 1,

where Q/ ™ O =@. If i =, then for arbitrary ¢,,....¢p_; € Q we have:
(cor " Cpmg @) =a74=b={(c,---Ccuag by---b),

and fherefore there are a neighborhood 4 of @ and a neighborhood B of &

such that 4 M B= @. Also, there exist neighborhoods C,,...,C,_ of
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CpnevrsCpein Ayy. .., Ay of @y, ...,a; and By, ...,B; of by, ..., b; such that
(Co'--Ca4¢A1As)§A, (Ca"'CuABl"'Bi)EB.

whence follows Cov*"Cuy Ay+er Ay CprrCns By 2By =D,

i.e. A(\B =0, where A=A4,--- A; is a neighborhood of s, and B=258,--- B;
is a neighborhood of r. This completes the proof that G is a Hausdorff group.
Some remarks

a) It is well known ([5], p. 21) that the notions of T, 7, and T,
spaces are equivalent in the class of topological groups. Is the same sta.
tement true in the class of topological n-groups?

b) An algebra Q(...) with an n 4+ I —ary operation (...) is said to
be an n-semigroup if the identities (2) are satisfied. Then ([2], p. 23) there
is a semigroup G (the free covering semigroup of @) such that (4) and (5)
are satisfied. If in addition the operation (...) is continous (in the all va-
riables together) then (Q is said to be a topological n-semigroup Are the
statements of Theorem true in the class of topological n-semigroups?

It is known ([3]) that every topological universal algebra A ({2) may
be (in a corresponding way) embedded into a topological semigroup S,
but even in the case when A is a topological n-semigroups, S is not the
free covering of A.

c) A group G is said to be semitopological if G is a topological
space in which each translation (left or right) is continous. This notion for
n- groups. can be generalized in an obvious way. Are the statements of
Theorem true for semitopological n-groups?
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3A TOIIOJOMKHWTE »-I'PVIIU
Peanme

Bo paboraBa ce OOKaxXyBa CJlieIHaBa

Teopema. Hexka ( e Tononoluka n-rpyna, a G rpynara wro e crobogsa
nokpuBka Ha Q. Axo 7B e damunMjaTa noaMHoNecTsa Ha G onpencneHa co:

B={A,---Ax | A,,..., Ax ce orBopenn BO Q)

TOTall HMame:

(i) B e Baza wma Tononoruja J wag G, NMpH WITO AaJeHaTa TONOJOTHja
Han @ e wAayuupasHa oa . Q € M OTBOPEHO H 3AaTBOPEHO NOIMHOXEC-
T80 BO C.

(ii) G e Tornonourka rpyna BO OJHOC Ha Tonojaorujara G.

(iii) Ako Tononowkata a-rpyna Q e kommakTHa (Xaycnopgora), Toramw
M TomosollkaTa rpyna G e xommakTHa (Xaycaopdopa).

(Tpuroa, 3a anredpara @ co Tpu n-+1—apuu onepaumm (...)[. .\ ].
[/..] ce Benn nexa e m-rpyna, ako Ce HCIONHETH HAEHTHTeTHTEe (2) U (3):
rpynata G ¢ cinofoaHa NOKpHBKA Ha n-rpynara  ako c€ MCMOJIHETH ycno-
BuTe (4), (5) n (6); n-rpynata Q ce BHKa TOTOMOMKA ako ( € TOMOJMOWKH
NpocTop, TAKOB LITO OOCPAlMATE HAa A-rpynaTa ce HenpeKMHATH.)



