n-SUBSEMIGROUPS OF SEMIGROUPS SATISFYING THE
IDENTITY x7 = x’+m
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A subset Q of a semigroup S is said to be an n-subsemigroup of S if Q"+CQ.
If C is a class of semigroups, then by C(n) is denoted the class of n-subsemigroups
of C-semigroups. Let P,,» be the variety of semigroups cefined in the title, and C,,m
be the variety of commutative P,,,-semigroups. Main results :P, s (n), Po,m (n), Py,m ()
and C,,m (n) are varieties for any r, s, m, n; if r£0,1 and n is not a divisor of m,
then P, (n) is not a variety.

0. Preliminary definitions and main results
0. 1. An algebra Q [...] with an n + l-ary operation
[...0:(x...,xn) = [xp...Xxz]
is called an n-semigroup if the operation is associative, i. e. if the follo-
wing identity equations are satisfied:
[[xg-..xn] Xnpy...Xon] = [Xe[xy. . . Xny ) Xnus. .- Xan] = ...

=[xg.. Xn—y [Xn...xa]l
Then, all the continued products on a sequence ay,...,adsn, of ele-
ments of Q are equal, and the result of such a product is denoted by
lag... asa]; if s =0, then [@y] =a,. An n-semigroup is said to be commu-
tative if for any permutation iy,...,ip of 0, 1,...., n the following
identity is satisfied:
[x° caa xu] = [xg-o. ‘e xin]'
If s =0 and if j, ...js» is a permutation of 0, 1,..., sn, then the fo-
llowing identity satisfies every commutative n-semigroup:

[Xo- .. xsm] = [.on .o ij].

Throughout the paper we will usually write s»n-semigroup Q¢ instead
of , n-semigroup Q[...J".

0.2. Let S be a semigroup and Q@ a subset of § such that
Q7+t C Q. Then Q is called an n-subsemigroup of S. Clearly, the semi-
group operation induces on Q an associative n + l-ary operation, and the
corresponding n-semigroup @ is said to be induced by the given semi-
group S. If, in addition, ¢ is a generating subset of S, then § is caled
a covering semigroup of Q; and this covering is proper if Qi() Qo
= i=]) (modn). We note that the class of proper coverings of an
n-semigroup is not empty and that a commutative n-semigroup admits
proper commutative coverings. (These results, and convenient descriptions
of some other classes of n-semigroups, can be found in [2] and |3].)

If C is a class of semigroups, then by C(n) is denoted the class
of n-semigroups which can be embedded in C-semigroups as n-subsemi-
groups. For example, if C is the variety of (commutative) semigroups
then C(n) is the variety of (commutative) n-semigroups.

0.3 letrn=1, r==0 and m =1 be given integers. Denote by
P, the variety of semigroups which satisfy the identity equation x" =
= x"t"_ and by Cyy,m the variety of commutative Pr,p-semigroups. (Po.m
is the variety of semigroups which satisfy the identities x™y = y, yx™ = y,
and it is, in fact, the class of groups in which the orders of all elements
are divisors of m.)

The following theorems are the main results of this paper.

Teorem 1. Prn (n) is a variety iff n is a divisor of m orr € {0,1}.

Theorem 2. C;,; (n) is a variety.



The proofs of these results are given in the sections 1-4. In the
section § it is shown that each of the varieties Prsn (n), Py (1),
Poym (n) and Cr,m(n) can be defined by a finite system of identities.

0. 4 If C is a variety (or more generally a quasivariety) of semi-
groups, then C(n) is a quasivariety of n-semigroups. This result is a
special case of the corresponding result on quasivarieties of universal
algebras (for example, [I] p. 274). We find it interesting to look for a
convenient description of the set 7!, of the varieties C of semigroups
such that the corresponding classes C(n) are varieties of n-semigroups.
Each of theorems 1 and 2 implies that the intersection %! of all the sets
Uy is an infinite set. Theorem 1 implies that the complement %', (in the
set of varieties of semigroups) of %4, is an infinite set, for each » = 2.

We will state herc the main results of the papers [4] and [5]. Let
L; (Rx) be the variety of semigroups S such that each element of S¥ is
a left (right) zero in S, and let Ox= Lz (i Rx. Then Ly, Ri, Op € YU,
for every k=1. If D¢ (D) is the variety of left (right) distributive semi-
groups, and D = D¢ () D, then D¢, D*€ 2, and D€ L, for every n = 2,

1. Here will be asumed that n is a divisor of m. As corollaries of
the main result of the paper [3] we obtain the following descriptions
of the classes P,sa (1), Crsn (n).

1.1. Q € Prsn(n) iff the following identity is satisfied in Q:

Py xi Gepgr e - - X" Xpgae o o Xp]l =[xy 0 o Xt (Xpgy - - - X THO7 L xp),  (1.1)
Jor any integers i, p, g such that 0 < i < p <<gq and p + r(qg-p)=1 (modn).

1.2. Q € Crsn (n) iff Q is a commutative n-semigroup which satisfies
all the identities (1.1.)

Now, from 1.1. and 1.2. it follows that:

1.3. Prsn (1) and Cyysn (n) are varieties.

2. Let d be the greatest common divisor of m and », and i, j, m,,
n, be integers such that:

in=jm-+d, n=nd m=md, i>0, j=0.
The following two propositions are obvious.
2.1. Let Q be an n-semigroup and let a d + I-ary operation [...] be

defined on Q by: [xo...xa) = [x}m*" x,...xa]. 2.1)
If Q[...7 € Pum (d) and if the following identity is satisfied:
[xe%1. .xu) = [xpx1...%n], 2.2)

then Q € Pym (n).
22. If Q € Pyym (n) and p, s, q, k are such integers that 0 < p < d,
0<g<usd, | <k <sd-q+1, then the following identities are satisfied in Q:
[xfrt'xy .. xd) =[xq..-Xp—y XmFlxpiq...xa]; 2.3)
[XoX; . .. xXn] = [xg"im+1 x, ... xn]; (2.4)
[xfm+! xq ... Xea] = [¥pE+mPOmtLxy o Xgsk—s(Xg ... Xq4 k—1) "X g4k -+ Xsa)  (2.5)
Now. Pm(n) and Ci,m(n) will be described.
2.3. Q € Pym (n) iff all the identities (2.3) — (2.5) are satisfied.
Proof. Assume the identities (2-3) —(2-5). By a finite number of
applications of (2.3) we obtain that
[xgm+ix; ... Xea) = [Xo. .. Xp—y XI™H! x5, . Xsq]
is an identity for any integers s, p such that s >0, 0 < p <sd If the
operation [...]" is defined by (2.1), then it can be easily seen that
[Xo-. . Xp—1[Xp...Xpsal Xpiaty--- Xaa) =[x+ !Xy ... Xpa],
and this implies that Q[...] is a d-semigroup. Moreover we have:

2



forlevery = 0, [xo...Xsa] =[x+ x;... Xsa), (2.6)

Let s, g, k be such that 0 < g <sd | <sd—gq + 1. By (2.6) and
(2.5) we have:

[Xo... Xsa] =[xy +1x;.. . Xsa] =[x T +m b1y, xoik1(Xqee - Xq+k-1)™Xqs k... Xsd]
=[x.,...xq_1 (xq e S k.._l)m+1 xq+g...x,¢]',

and this implies that Q[...] satisfres (1.1), i.e. that Q[...] € P (d).

Finaly, by 2.1 we get that Q € Py,m (n).

24 Q € Cym (n) iff Q is a commutative n-semigroup which satisfies
all the identities (2.3)—(2.5).

Proof. The d-semigroup Q[...]" defined by (2.1) is also commu-
tatioe and by 1.2 Q[...] is a d-subsemigroup of a semigroup
T & C,,m- Then Q is an n-subsemigroup of T.

The following statements can be proved in the same way as the
corresponding statements for the case r = 1.

2.1'. Let Q be an n-semigroup, c¢ a fixed element of Q and [...]
a d -+ l-ary operation on Q defined by:

[xg---xa) =[c!™ x,...xd] (2.19)
If Q[...7 € Pom (d) and if (2.2) is satisfied then Q € Pom (n).)
22", If Q € Pym (n) then the following identities are satisfied

[x/™ Xq...xq] =[xg:..Xp—3 Y™ xp...xa]; (2.3
[xu e x-n] = [x"””" Xg- oo xn]; (2.4')
[xIomxg . .. Xea) = [/ CHmBm xo L Xp(Xsdsy - - - Xag+ k)™ Xeg1 - -« Xsq); (2.5)

Sfor any integers p,st. k such that s >0, k =1, 0 <{p<d-+1, 0=r<sd

23.. Q € Pom (n) iff all the identities (2.3")—(2.5") are satisfied.

24'. Q € Com (n) iff O is commutative and all the identities
(2.3") —(2.5") are satisfied.

As a summary we have the following proposition:

2.5. The classes Pym (n), Cyp (n), Poym (n) and Cgy.,;m (n) are varieties.

3. Here we shall complete the proof of Theorem 1.

Assume that r 40,1 and that » is not a divisor of m.

Let T be the set of all identities that hold in Py, (i.e. the iden-
tites which are consequences from the identity x” = x7+™), and X (n) be
the set of m-semigroup identities defined by:

= () = [ ipd = ... syl | Fiq- - Xt =X - 34, € E}.
Clearly, if Q € Pr.m(n), then @ satisfies all the identities in X (n).

Moreover, if an identity holds in every Q€ Py, (n), then it belongs to X (n).

Denote by X (n)* the variety of n-semigroups determined by X (n).
We will show that P;., (n) is a proper subclass of X (#)* and this will
imply that Pr, (n) is not a variety.

Let / and j be nonnegative integers such that

r+j=1 (mod n), i + | 4+-m=0 (mod n),
and let A= 1{ay ...,aq;:5,6,by,...,b5, ¢;,...,cn} be a set with n 47 -+
+ 2j + 3 distinct elements. Denote by F the p-semigroup which is fre-
ely generated by A in the variety X (n)*, and let p be the minimal
congruence on F such that:
(bg...b; b Np las...azej (bey...ca) . (3.1

Namely, p is the transitive extension of § defined by:



u, v F=> v uay or u=v or vow),
where wov iff ¥ and v are such that:
w=1\d ...di_y by... by b7 d;...dswn]
v=I[dy...di_y ai...a;;j (bey...cn) ™1 d;. .. dsn)

for some d,....,dsn and 1 << i < sn.

We shall show that it is not true that:
lag...aiy bo... by b7 ey oo ca]l p lag... agrs (bey... ey, (3.2)

To prove that, denote by u the left hand side of (3.2), and by v
the right one. By a finite number of applications of equalities that hold
in F we obtain that

u=lay...a;_y bo...by brim+tp ¢ .. cq],

where p is the least common multiple of m and n, and ¢ is an abritra-
ny nonnegative integer; # can not be written as a ,,product®

{an...a;_l bo... bj br Cpoene Cn],
for i+ j+r # 0(mod n). Therefore there is not a w such that wau, and wav, iff
Vv, = [ao. oo Aiqq (bcl 050 Cn)"_l b1+m+t'p Cy.. - C-n:[. (3‘3)

If v, is defined by (3.3) then there is not a w such that v, e w.
Thus we get the following statement:
uBv, and v PBv, > va=u or v;=1v, or u= vy,
and therefore there is not a sequence v,,..., Vi such that
uPv;BvB... BB,
and this finaly implies that (3.2) does not hold.
Denote by Q the n-semigroup F/p, which obviously belongs to
X (n)*. We will show that Q does not belong to Pr,» (n), and this will
imply that Py, (n) is a proper subclass of X (n)* i.e. that Py, (1) is
not a variety.
First, we can assume that 4 < P, and thus we have:
[Bo. .. by br=]=laq... aes (bey... en)™]. G.1)
The fact that (3.2) does not hold implies that the following inequality is
satisfied in Q:
lag...azrs (bey...cp)r ™ L ag. .. ap_y bg... by b7 ¢, ... cp]. (3.2")
If Q were an n-subsemigroup of a semigroup S € Prm, then we
would have:
[ag... azig (bey...cnY ™ =ay...ai— [a;...a;15 (bey...en)™ Y bey. .. cn
=dg... A [bg...b; b bey... cn=1I[ag... ai_ 1 by... by b"F™ ¢, ... cq].
This completes the proof of the following proposition:
3.1. If n is not a divisor of m and r # 0,1, then Py (n) is not a variety.
4. Theorem 2 is a consequence from the following statement:
4.1. An n-semigroup Q belongs to Crm (n) iff the following identity
is satisfied in Q:

[xlil MU x:f"_l - [ xJix .. xk}k_l 4.1
Sfor every sequence i, ... ikj, ..., jk of positive integers, such that;
Iy <<r or jo<<r=ip=jy 4.2)
iv == r and jo = r = iy =jy (mod m), -
W+ ...+ ik=j,+ ...+ jr =1 (mod n). (4.3)
Proof. 1) It is easy to see that every identity in the variety C,nm
has a form R 111 . xk};,, 4.1')



where 7y, j» are such that (4.2) 1s satisfied. This implies that every iden-
tity which holds in Cr,m (n) has a form (4.1), where (4.2) and (4.3) are
satisfied.

We have to show that if an n-semigroup Q satisfy all the identi-
ties (4.1) then Q € Cpm (n). If n is a divisor of m or r € {0,1}, then
this conclusion follows from 1.2, 2.4 and 2.4'. Further on, it will be
assumed that n is not a divisor of m and r > 1.

2) Let F & Gy, be treely generated (in C,,n) by the carrier of the
given n-semigroup Q. If a,,...a; are different elements of Q and if
fy..., Iix are positive integers less than r, then

u= alfl cooag®
is said to be an irreducible element of F, for u can be represented in a
unique way as a product or powers of different elements of @, And,
v € F iz reducible if it is not irreducible, i.e. if there exists a b € Q
and a positive integer j such that v = bimy,

Define a relation « in F by:

a=[ay...axn] in Q>au o ay... ayn i,
where ¥ € F or u is an empty symbol. If B is the symmetric extension
of B, and v the transitive extension of @, then = is a congruence on F.

We will show that a, bE Q= (@ath=a=b), 4.4)
and this will complete the proof.

3) Let a € Q, u, v € F. Having in mind the assumptions on r, m and,
n, we conclude that the following statements are statisfied.

(i) vea=>a=u; (ii) aBue= aw u;

(iii) aawu iff there exist ay, ..., asp € Q such that
a=/ay...asy] and u=ay,... as;

(iv) u is irreducible = (@ uf v = aa v).

4) Assume now that @ € Q and aww;,Pu,B...Bug _, B ug, where u,,
ug are reducible and uy,, ..., wug—, are irreducible. Then there exist nonne-
gative iniegers k,, ..., k¢, and ¢, d, a,, ay, € Q such that:

Uy =1Cdy...0sp = Clyg ... iy, Uy =0z ... gk, ..., Ug=ddgs.. - gk,
a=|[ca,...asm], ky=sn+1 (mod m), ky=ky....=kq (mod n).
From the reducibility of », and w, it follows that we may assume that
u, =™ uy, ug=di™ uy
for every j = 0. If i =0 is such that im + k; =1 (mod »), then we have:

[diﬂi d dgs - .. aqkq] = [dim dg—q1++ . Qg—q kq_]_] =...= [dim Cdys - . . “lkl]
= [di™ cT™ cq,. . cay) = ... =[d"™ " dag, . .. age,]
= [ermmtiMdag, ... ag )= ... = [cT"mFIm cq, .. a]

= [e™™™" cq, ... asu] =[ca,...asn]=a,
and this implies that ¢« wug.

5) Now, it can be easily shown the statement (4.4), and this will
complete the proof.

Let a,b C Q be such that a<b. Then, there exist u,..., u, such
that aBu, Bu, B...B u, Bb. If p=0 or p=1, then by 3) we have
a=>b. Assume that p = 2. If wu, is irreducible, then also by 3) we havc
axu, Thus we may assume that w; and u, are reducible, and if ¢ >2
is the least integer such that w, is reducible, then by 4) we get axug.



5. The Varietties Prsa (1), Prom (1), Py (n) and C,,, (n) are
described in 1.1, 23, 2,4 and 4.1 respectively. But cach of these vari-
eties is characterized by an infinite numbezr of identities.

Clearly. every identity of the form (1.1) is a consequence from the
finite set of identities where the following relations are assumed:

O<i<nmi<p<itn p<qg<ntp
p+r(g-p)=1 (mod n)
Thus we have the following description of Prsm (#).

5.1. Q€ Prsn (n) iff for any integers i.p,q which satisfv (5.1) the
identity (1.1) holds in Q.

Let i, j, d, ny, m; be as in 3., and let the infegers p, ¢, s, k sa-
tisfy the following relations:

Oiifﬂir'éd. 0<"s=<2, | -~ k=d, (5.2)
0<qg=d qgtk<=sd+1<=d-iq-{k.
The following two statements are corollaries from 5.1, 2.1(2.1), and 2.3(2.3").

52 (82) O C Py (n) (Q € Poym (n) ) iff for anv integers which satis-
y (5.2), the identities (2.3)—(2.5) ( (2.3")—(2.5") ) hold in Q.

It can be shown in the saume way that each of the varieties C,sn (n)’
Com (7). Cyom (1) is finitely axiomatizable, but we will prove directly that
each variety Cr., (n) is finitely axiomatizable.

53, Let p and g be the least nonnegative integers such that

p+r=gq-+2r+ m=1 (mod n). (5.3)
end let n=1td, where d is the greatest common divisor of m and n. Then:
Q ¢ Crm (0) iff Q is a commutative n-semigroup which satisfies the follo-
wing identities:

(ERY

[x7 xy . oxp] =[x+t x, 000 x) (5.4)
[xr yrim o x, oo xg) = [xTT™ pr Xy LX) (5.5)
Proof. We have to show that if a commutative r-semigroup sa-

tisfies the identities (5.4) and (5.5), then it satisfies all the identities (4.1).
Assume that the nonnegative integers iy,..., iz, j;»..-. jr satisfy
(4.2) and (4.3). By (5.4) and (5.5) it can be easily shown that if i,-
= Jaseees fpg=jp OF iy =js, la=Jy, Iy =Jg .... fx=jr then (4.1) holds.
By applications of these results we obtain that all identities (4.1) hold in Q.
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n- NMMOTIIOJIVIPYIIH HA TMOJIVIPYIIWU ITO IO 3AO0O0OBOJIVBAAT
JAKOHOT xr= xr+™m
Pesuwme

3a MOAMHOXKECTBOTO (0 04 eaHa TOJyrpyna S BeluMe [eKa € H-{oliioayipyia ako
nr+1 C 8. Axo C e knaca nonyrpymu, toraul co C (n) ja o3wayyBaMe KjacarTa a-Ilony-
Ny W10 MOXat aa ce cmecrart Bo C-nonyrpymu. Bo Tpynor, uMeHo, ce Tnpoy4yBa Kia-
cara Py,m (1), Ipu WTO P,,m € MHOTYKPAaTHOCTAa TOJYIPYNH CIIOMEHATA BO HACIOBOT.
Hoxaxyeame nexa P,,m (/) € MHOTYKPaTHOCT ako M Camo ako r € {0,1} wnu n e aenu-
Text Ha m. Hcro Taka, mokaxysame geka C,,m (#) € Bo CeKoj ciyyaj] MHOTYKPaTHOCT,
mpu W10 Cpym © MHOTYKPaTHOCTa KOMYTATHBHU P, nm-monyrpymu.



