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A subset Q of a semigroup S is said to be an n-subsemigroup of § if:
Ay o .a-eQ:.}al agEQ mn. by [x1 xﬂ]"—"xl . Xn ls defl-
ned an associative n-ary operation [ ] on Q, i.e. (Q, [Dis an n-semigroup.
If C is a class of semigroups, then the class of n-semigroups that are n-subsem-
groups of C-semigroupes is denoted by C(n). A variety of semigroups C is
called an m-variety of semigroups iff C(n) is a variety of n-semigroups.
(Clearly, every variety of semigrops is a 2-variety.) The set of n-varieties of
semigroups and its complement, in the set of varieties of semigroups, are
infinite for any n> 3. ([1], [2], 13], [4]D It is also known that the set of n-varie-
ties of commutative semtgmups is infinite. ([2)) Here we show that ifn >3
then the set of varieties of commutative semigroups that are not n-varieties
is also infinite.

Further on, by a semigroup (n-semigroup) we will mean a commuta-

tive semigroup (commutative n-semigroup).
A variety of semigroups is defined by a set of identities of the follo-
wing form: . ;

s xaxr. ..l =xixh.. . X, *
where: X,, Xy, ... are variables; i,, j, are nonnegative integers such that
(Zi)(Zj) >0. If i, = j,, for each v, then (*)is called a trivial identity.
(As usualy, variables will be also denoted by x,y,z,...).

Let m, s, n, k be positive integers such that s + 2 < m, m =k 2541,
mz#25+2 m=1(mod —1) and m3 2 < k. Cons1der the following

two identities: XS Y8 = x§+2 pm—s1 n, 5)
X1Xp...X = X2 Xp .. X k)
Denote by (m, s; k) the set of the given two identities, and by (m, s; k)* the
set of identities (*) which are consequences of (m, 5; k) and the exponents
satisfy the following condition:
Zi=2Xj,==1 (mod n—1).
Every identity (*) which belongs to (m, s; k)* induces an identity

[xl oo c ;p] = [x{l- 5 x;i’] [*]

of n-semigroups. We denote by [m, s; k]" the set of identities [*] such that
*) is in (m,s; K)*.

Tt is clear that if x®y™ % = xiy/ is in (m, 5; k), then i = 5, j = m —s>
ie. [m, s; k]* does not contain a nontrivial identity [x3y™—3%] = [x? y7].

Consider the variety CU™ sk of semigroups defined by (m,s; k)-
We will show namely that C %R js not an n-variety. To prove this state-
ment it is enough to find an n-semigroup (Q; [ ]) which satisfies all identities
belonging to [m, s; k]*, but dces not belong to C™ =0 (n).

Let a, b, ¢ be three different objects and let (Q; [ ]) be the n-semigroup

with a presentation <a b e [at+2em — [bree e = (%)
in the variety of n-semigroups defined by [m, s; k]*. Let us give a more ex-
plicit construction of (Q;[ ]). First, let (F;[ 1) be the free n-semigroup
with a basis B = {a, b, ¢} in the variety defined by [m, 5; k]”. In other words
F consists of all,,commutatwe products of powers® [af bJ cP], such that: i,j,
p=0,i+j+p=1 (modn—1), and the equality



[a7 b1 cP) = [a¥ b7’ cP']
holds in F iff the following identity

[xt y1 27] = [x¥ y?’ zP']
is int [m, s; k1. The operation [ ] is defined in the usual way, i.e. by the fo-
llowing equation:

[[a® BJv eP1) . . . [aPn bin oPH]] = [girT " - Finplr+ oon Fin cPrtoes T Pa)

Consider the minimal ‘congruence == on (F; [ ]} such that

. [a8+2 Cm_.l'—S] ~ [b8+2 cm-—-‘——zl-
Namely =~ is defined in the following way. If # = a/bfc¥ is such that
i+ j+ k=0 (mod n — 1), then:

[ a%+2 ¢ —5~F) ~ [ b5+2 ¢33 and [u b5+2 c™—3—2] ~ [ug®+? c™—*—2].
Now, =~ is the transitive and reflexive extension of ~ , ie. u ~ v iff
there exist wo, ..., #; € F such that ¥ = w,, v = vt = 0, and #—y ~ u; if
i > 1. Then (F/ = ;[ ]} is the desired n-semigroup (Q;[ J). We can assume
that @, b, c¢ Q.

Let us show that [a® ¢™—%] 3£ [b%¢™—*] in (Q; [ ]). Namely, we first
conclude that if [a® ¢™—*] = [a’bicP] in F, then i =35, j =0, p =m — 5. We
also have that [a® ¢™—9] ~' [a?bicP], for any i, ], p, and therefore [a®c™—?]
' [b%c™-%], ie. [a® c™*] £ [B5 ™5 in (Q; [ ]

Now, it is easy to show that (Q; [ ]) does not belong to C" :B) (n).
Namely, if (Q; [ ]) were an n-subsemigroup of a semigroup S¢ Ce-5H8,
then we would have

ad ¢cMm—38 — gs+2 pm—s—1 — g8+2 oM—3—2 ¢
= pS+2 oM—8-2 o — hS+2 pM—8—l — b8 oM—5

in S, 2nd this would imply the equality [¢* ¢™—*] = [6* "] in (Q; [ ])

Clearly, if m 4+ 2 < k' < k” then Cm5¥) is a proper subvaricty of
Cm: s k) and thus if s and m are fixed positive integers such that s 4+ 2 < m,
m==2s+ 1, m==2s +2, m=1(mod n— 1) then we have an infinite set
of varieties {C" =8|k > n 4 2} of commutative semigroups which are
not n-varicties.

Denote by C™ 9 (C®) the variety of semigroups defined by the iden-
tity (m, s) ((k)). Frcm the above considerations it follows that C 9 js not
an n-varicty. Namely, we notice again that there is nct a nontrivial identity
[x2y™—5]= [xiy7] in [m, s]*. And, the n-semigroup (@;[ ]} with a presentation
(**) in the variety of n-semigroups defined by [m, s]" is not an n-subsemigroup
of a semigrcup belonging to CO™ 9,

But, the variety C® is an n-variety for every pair of positive numbcrs
n,_k such that n>2. (Namely, the assumption k> n 4 2 is not necessary.)
First we notice that (*) is a consequence of (k) if i, = j, for each v or Z iy=> k>
Zjy=kand iy>0¢&j >0. This gives a complete description of [k]",
as well.

Assume now that (Q;[ ]) is an n-semigroup which satisfy any 1dcn-
tity of [k]”, i.e. each identity [*] such that

Zjy=Zj,=1(modn—1), Zi, =k, Zj=>k
and i >0&j, > 0.

We have to show that (Q; [ ]) is an n-subsemigroup of a semigroup

belonging to C®,
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Let n = k, and let a binary operation - be defined on Q by:
x.y = [xy"-1].
Then it easy to see that (Q; -) is a semigroup in C®, and moreover

that
X1 X3z.. .x-_:[x;xg.. .x,],

and therefore (Q; [ ]) is an n-subsemigroup of (Q; -).
In the general case, we consider the semigroup S with a presentation
< Qi{a=a,...ay|la=1[a:...a,] in (@;[)D}>
in the variety C%), and we have to show that:
a,bcEQ=>(@=b in S>2a=5b in Q)
but here we will not give the complete proof of this statement.
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n— MOTTIOJNYIPYTIN O HEKOH KOMYTATHBHH TNMOJINTPYITH
Pe3sume

Bo pa6oTaBa ce moxaxysa JeKa MHOXECTBOTO MuOryGpasuja M KOMYTaTHBHE MONY-
FpymH, Taks® mTo M (n) (T.e. XnacaTa oX M-IOTIONYIPYRH Off M-IONYTpYIH) € BRCTHHCKO
xBa3EMHOTyoOpasue, ¢ OeckoneuHo, 3a cexoe n > 3.



