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A unary F-algebra is a universal algebra A = (A4; F) with a carrier
A on which each f€ F induces a unary operation a |— af. If F={f} is
a one-element set, then A = (A4;f) is called a wnar, and then we usually
write @ instead of a’. If (B;’) is a unar, then a mapping (b,k) | — b¥
of BxN into B is defined by: b°=b, bk+1= (b*), where bEB, KEN
(N is the set of non-negative integers). Let I:f |— | f| be a mapping of
F into N, A = (A;F) be an F-algebra and B = (B;’) be a unar. A
mapping ¢: A - B is called an I-homomorphism of A into B if

P(x) = () 17!
for any x€ A and f€ F. If « is a cardinal number such that Card ¢(4) <
< a for every -homomorphism ¢: A — B and the equality « = Card {(A4)
holds for at least one /lhomomorphism ¢:A -+ B, then we say that
« is the f-order of A, and we write ||A|; =« or, simply, ||A||=a. If
||A]l =1, then A is said to be ILsingular.

Some properties concerning I-orders, or /-singularity of unary
algebras are shown in this paper. Namely, we show that almost all the
results obtained in [2] for semigroup orders of universal algebras have
corresponding analogies for unary algebras.

1. SINGULAR UNARY ALGEBRAS

Consider first the case when Card F == 2. Let f,g be two different
elements of F such that m = |f|> |g| = n. Suppose that A4 is a non-empty
set and e a fixed element of 4. Let A = (A;F) be a unary F-algebra
such that (Vx € A) xI=—x, x9=e.

If B=(B;") is a unar and ¢: A - B an Ihomomorphism, then we have:
(X)) =N =@EN"=((PCENMN™ " = (PxN™ " = (e ()™ " =

=@ENm™"m=(p@)") ™ " = (p()™ =9 (e)) =2 (e),
for any x € A. Therefore A is an [I-singular algebra.

Thus we have proved the following proposition:

1.1, If Card F = 2, then any non-empty set A is the carrier of an
I-singular algebra.ll

Assume again that Card F =2, and let f,g,m,n be as above.
Let 4 be a non-empty set and e an object such that e 4 X N. Let
A* be an F-algebra with the carrier A% = {e} ) 4 X N such that:

(i) e? = ef = e,
(i) (x, k+ 1) =e, (x;k+ 1)) =(x,k) for any x&£ 4, kc N.

Let ¢: A* —» B be an /-homomorphism from A¥* into a unar B.
Then we have:

P (x, k) = o ((x, k+1)7) = (o (x, k1™ = ((p (%, k+1)M)™ " =

= ((p ((x, k+1)7)™ " = (p (&)™ " = (R ()™ ™ =
= (@ ()" = ¢ (ef) = ¢ (e),

for every x € A, kL € N. This implies that A* is an Isingular algebra.

Now, we can show the following proposition.

1.2. If Card F = 2, then every F-algebrda is a subalgebra of an
I-singular F-algebra.

Namely, a unary F-algebra A = (A4; F) can be embedded as a sub-
algebra in an algebra A* defined as above. B



It remains the cass when F = {f} is a one-element set. Then, if
|f| = n, we say ,,an n-singular unar‘ instcad of ,,an l-singular unarc,

We have shown in [3] that if (4;f) is a unar and n>1, then
there exists a unar (B;’) such that 4 C B and af = a”, for any ac A.
This implies the following result:

1.3. If n =1, then a unar {(A;f) is n-singulgr iff Card 4 = 1.1

We recall (see, for example, [5]) that if a relation ~ is defined in
8 unar (4;f) by x~y&(3P.gEN) xt” =y,
then a congruence is obtained, and if (B; ) is the corresponding factor-unar,
then we have: b= b, for any b€ B. Then the canonical mapping

nat.: ai— b (a€b)
is a O-homomorphism of (4:f) in (B;’). Assume now that ¢ is an arbi-
trary 0-homomorphism from (A;f) into a unar (C;¥*), ie. ¢ (af) = 9(a)
for every a € 4. This implies that:
x~y=>9® =90, ie~ Ckero.
A ~ -equivalence class is called a connected class of (A;f) and the unar
is connected iff there exists only one connected class.

Thus we have the following result:

1.4. The O-order of a unar is the number of its connected classes.
(Therefore, a unar is O-singular iff it is connected.) W

As a corollary we obtain the following two propositions:

1.5. Let A be a non-empty set and o a cardinal number such that
O0<o=<CCardA. Then there is a unar (A;f) with the 0-order o. There-
fore, any non-empty set is the carrier of a O-singular unar.)l

1.6. Let B be a subunar of a unar A. If o is the O-order of A and
B is the O-grder of B, then B << o. (Thus, every subunar of a O-singular
unar is a O-singular unar)ll

From the above results it follows that neither of the propositions
1.1, 1. 2 hold for m-singular unars if n > 0. As concerns the O-singu-
larity, we have the same situation with 1.2, but 1. 1 is satisfied.

2. UNARY F-ALGEBRAS WITH ARBITRARY UNARY ORDERS

Let A — (A; F) be a unary F-algebra and let /: F—> N be an
arbitrary mapping. Denote by F(A4) the set {x7|{xC A4, fE€ F}, and put
B = {e} u (AN F(A)), where e & A F(A). If a unar B = (B;") is defined
by (VxEB)x'=e and 9: 4 - B is defined by

¢ () ___{ x ‘1f X E AN F(A),
e if xCF(4),
then an /~-homomorphism from A into B is obtained. Thus:

21 If A= (A, F) is an arbitrary F-algebra and I1: F— N is an

arbitrary mapping, then the following inequality is satisfied: ’
|A|] = Card (AN F(4)) + 1.1 2. 1)

As a consequence from (2. 1) we obrain that:

2.2 If A= (A;F) is I-singular for some [, then it is surjective,
F4y=4. 1 '

Let A be a subalgebra of a unary F-algebra A* and letp:A* > B
be such an I-homomorphism that Carde (4*) = || A*||. Then the restriction
@, of ¢ on A4 is an IFhomomorphism as well and this implies thart:

JA*|| = Card @ (4*) = Card ¢,(4) + Card ¢ (A*\A)
< || A} -+ Card (4¥\ A4).

Therefore the following proposition holds:



2.3. If A is a subalgebra of a unary F-algebra A* — (A*; F), then
the following ineguality is satisfied:
| A¥|| < [JA[] + Card (4*\4) 2.2)
Jor any mapping 1:F—- N. 1 :
: Now we will show that every F-algebra A is a subalgebra of an
F-algebra A* such that the equality holds in (2.2).

2.4 Let A be a unary F-algebra and o an arbitrary cardinal number.
There is an F-algebra A* = (A*; F) such that A is a subalgebra of A* and
the following egualities are satisfied:

a = Card (A*N\A), || AY| = || A]| + «.

Proof. We can assume that « >0, for if o« =0, then there is
nothing to prove. Let C be a set disjoint with 4 such that e€ C and
Card C=«. Let A*= AUC and let A* = (4*;F) be defined in the
following way:

(i) A is a subalgebra of A¥;

(i) (VXEC, fEF) xI=e.

Then, by 2.3, we have: |A*| < ||A|| + «.

Let ¢: A— B be an I-homomorphism such that BN C=§ and
Card ¢:(4) = ||A|]. Define a unar B* = (BUC;’) such that:

(iii) B is a subumar of B*;

(iv) (Vx€C) x' =e.

Extend the mapping ¢ to a mapping : A* = A1 JC — B JC = B* by

P (x) = p(x) if xg4A

if x€C.
Then ¢: A* —» B* is an I-homomorphism such that ¢ (4*) = ¢ (A)UC and
therefore we obtain: ||A*[| = Card § (4*) = Carde (A +ax={|Af +x.
This, finally, implies that [|A*| =|{| A}| + «, which completes the proof.H

Further on the algebra A* obtained in the proof of the previous
proposition will be dencted by A(C).

Now we can generalize the proposition 1.2.

2.5 If «a(20) is a given cardinal and Card F = 2, then every
F-algebra A is a subalgebra of an F-algebra A** such that || A**|| = .

Proof. By 1.2, A is a subalgebra of an I-singular algebra A*. If
« = 1, then A* is the desired algebra, and thus we can assume that
a>1. Let C be a non-empty set such that ANC =@ and 1+ Card C =
— o« . Then A* is a subalgebra of A*(C) and by 2.4. we have

NA*(C)|l=|A*||+ CardC =1+ CardC=«. B

The proposition 1.1 can be generalized as well. Assume that
Card F > 2 and that « is a given cardinal such that 1 << o << Card A.
Let A= A*UC, A*NC =% and 1 +~ Card C=«. By 1.1, there is an
I-singular algebra A* = (4*; F). If A = A* (C), then by 2.4 wc have

HAll=1|A*[|+ Card C =1+ Card C = «.

Thus we have the following proposition:

2.6. Let CardF =2 and let A be a non-empty set. If o is a car-
dinal number such that 1 < a << Card A, rhen there is an F-algebra
A = (A; F) such that ||[A]l= .1

If F= {f} is a one-element set and if |f| = n > 1, then neither
of the propositions 2.5, 2. 6 hold, for then the n-order of a unar is the
usual order of the unar. And, if |f|] =0, then by 1.5 and 1.6 the
proposition 2. 6 is satisfied as well, but 2. 5 does not hold.

The l-order of an F-algebra is closely connected with the luniver-
sal unar A~ for the given algebra A = (4;F). Namely, A"~ is the unar
with the following presentation:



<A;{p=a’l | b=al in A} > 2-3)
in the class of unars. A more explicit construction of A* can be found
in [3]. If @, € A and a, b define the same element in A", then we
write a== b and we say that @ and b are equivalent. Now we can state
the following proposition:

2.7. The relation = is an equivalence on A and ||A||= Card (4/~)-
(Therefore, A is l-singular iff (Wa, b€ A) a~b)MA

We note that if |f| = O for each f€ F, then = is the congruence
on A generated by {(a,a”)|a€ A4}.

3. UNARY ORDERS OF J-UNARS

) Let J be a subsemigroup of the additive semigroup of peositive
integers and let 4 be a non-empty set. If () |- an is a mapping
from A x J into A satisfying the following condition

(Vac4, mncJ) a(m+n)=(am)n, 3.1
then we say that A == (4;J) is a J-unar. (In other words, a J-unar is a
right J-system [1; 11.1].) A J-unar can be also considered as a unary
F-algebra, where

F= {faln€J} and (VaC A, n€J)a»=an.
If we define a mapping /:F— N by /(f,) =n, we can speak of the
notion of the /l-order of a J-unar. In this casc we will say ,,unary
order of A< instead of ,,l-order of A‘*; and the meaning of the notion
»@ singuldr J-unar<s will be clear.

We need some results on additive semigroups of positive integers.

3.1. Let J be an additive semigroup of positive integers.

(i) There exists a uniquely determined minimal generating subset
K= {ny,..., nx} of J, which is called the basis of J.

(i) If d is the largest common divisor of the numbers in K, then
there exists a t € N such that t +vd¢CJ, for any v=0. (If t, is the
minimal number with that property, then the set R(J) = {to + vd|v & N)
is called the regular part of J. The basis of R(J) will be denoted by
P= {my,...,mp}.) (4) W

The universal unar A"~ for a J-unar A is defined as in the
previous section. Therefore Card(A4/~) is the wunary order of the
J-unar A.

The following two results are proved in [3] :

3.2 Ifa,bc A and mE R{J), then

a~b=>am=>bm. H 3.2

3.3. If a J-unar (A:;J) is surjective, i.e. AJ = A, then An = A
SJor any ncJ. &

Now it is easy to show that every singular J-unar is trivial.
Namely, if (4;J) is a singular J-unar, then by 2.2 it is surjective, and
by 3.3 we have 4An == A for any n€J. The singularity also implies that
a==b for any a,b€ A, and this by 3.2 implies that am — bm for any
m¢c R(J); thus, if m¢c R(J), the mapping x |—~ xm is a constant; on
the other hand we have 4Am = 4, and therefore we obtain that
Card 4 = 1. Thus we have proved the following proposition:

3.4. A J-unar (A;J) is singular iff Card A= 1.1

Some connections betwcen the unar order of a J-umar (4;J) and
Card 4 will be established below.

Let (4;J) be a J-unar and let K, R(J), P be as in 3.1 and
Q =JNR(J), CardQ = g. Let a« be the unary order of the given
J-unar and B, C, A" be subsets of 4 defined as follows:

B— AP, C= AJ\B, A — A\AJ.



If a, b€ 4 are such that ¢ =~ b, then for each m & P we have am = bm,
and this implies that Card Am < «,i.¢. Card B << ap. By 2.1 we have
that Card 4'<a—1. If ¢€£ C and if n is the maximal number of
JNR(J) such that ¢ € An, then therc is an element a€ A4’ such that
¢ = an. This implies that Card C < q(« —1). Finally we obtain the fol-
lowing relation:
Card 4 = Card 4’ + Card B + Card C 3.3
<@ —D+g@@e—Dtpr=a(l+p+ag)—(g+1).
The following propositions are obvious corollaries of (3. 3).
3.5. The unary order of an infinite J-unar (A;J) is the cardinal
of A, i.e. it is the usual order of the J-unar. R
3.6. A J-unar A = (A;J) has a finite unar order « iff Card A =
is finite, and then we have:
B<(@+qg+Da—(@g+1).m (3.3)
Therefore the notion of unary order of J-unars could buv of inte-
rest for finite J-unars only.
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PE3IUME
NMPETCTABYBAIBE VHAPHH AJITEFPH BO YHAPU

Emna yeusep3anHa anre6pa A = (4; F) co HocuTen A H MHoxecTBo F o ynap-
HH OTIEPaTOPH, TAaKBH 1ITO cexoj f € F muayliupa yHapHa onepaunja a | af Ha A4, ce BAXa
yuapna F-anriebpa. Axo F= {f}, Toram A =(A;f) ce Buka ywap ®, BO TOj cmy4aj,
obuuro numysaMe a’ HamecTo af.

Hexa A = (A; F) e ynapra anre6pa, Hexa I:f |— |f] e npecnuxysame oX F Bo
MHOXecTBOTO N Ha npupofHuTe Opoesn H Heka B = (B; ) e ynap. Enxo npeciukyBame
@: A — B ce uxa [-xomomopguszam on A Bo B axo o (x/) = (e (x))| /| 3a cexoj x€A4 w
fEF. Axo o e xapaunased 6poj, taxos mto Card ¢ (4) << o 3a cekoj /-xoMomopdr3IaM
@ o A BO Hekoj yHap B ® Baxu pasenctBoto o = Card ¢ (A4) Gapem 3a emen [-xomo-
MopdusaM ¢ om A, Toram 3a o BejMMe Jexa e ywapen l-pex Ha A W mAmyBaMe

|Afly =« nmu, camo, ||A||. Axo || A|| =1, Toram 3a F-anrebpara A BeTHME Hexa €
~CUHiy apha.

Bo paboTasa ce MCIHTYBAaaT HEKOH CBOJCTBA Ha YHAPHHTe anreGpu BO BpCKa CO
noumMute /-pen u /-cmarynapuoct. Ce mokaxysa, Mefy JApyroto, feka CKOpPO CHTe pe-
3yITaTR, A0OWEHH BO [2| 32 MOJYTPyUeH peX Ha yHHBEp3anHH anreGpH, HMaaT cooXBeT-
HH AHAJOTHHR 38 YHapHH alrcGpH. .



