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Abstract. The class Seml(n,m) of vector valued groupoids (v.v.g.) induced by semigroups
is defined In [3], and there some properties concerning subgroupoids and homomorphisms
are established. Here we consider two kind of free objects in the class Semi{n,rm): (1) free
objects, which have "usual” properties, and (2) weakly free objects which behave “un-

usual”, (For example, it s shown that there are nonisomorphic weakly free objects with
same "weak” basis.)

0. Introduction

Algebraic structures with vector valued operations (more specially: {rn,m)-opera—
tions) are treated by several authors, and a review of papers on this topic can be found
in [2]. Every structure with an {n,m)-operation, i. e. every (n,m}-groupoid, is essentially
‘equivalent with a universal algebra (its component algebra) with m n-ary operations.
This connection implies that each “universal algebraic notion" can be translated to
corresponding “(n,m)-groupold notion”. But, vector valued algebraic structures can be
generalized in such a way that this strong connection with universal algebras to be losed.
Fully'commutative {n,m)-groupoids {quasigroups, semigroups and groups) were the first
kind of such generalized vector valued structures ([5], [61). All known classes of dif-
ferent kinds of (n,m)-groupoids are subclasses of Serm{n,m). The main purpose of this
paper are free objects in Semin,m).

We proceed by stating some necessary preliminary definitions.

Let $=(5,-) be a semigroup with a generating subset Q, i.e. S=U{Q,]a21}, where
Qu=lay-ay ... a,l Q). f nand m are positive integers and f a mapping from @, into
Oy then we say that (Q:7) is an (S;n,m)-groupoid, or a semigroup—(n,m)-groupoid.
More precisely, the ordered triple Q=(8;Q;f) is a semigroup~{n,m)-groupoid. (We say
that Qs the carrier and fis the operation of Q.) The class of semigroup-{n,m)-groupoids
will be denoted by Seml(n,m), and the members of this class will be called simply objects.

Further on, we assume that n and m are given positive integers.

Let Q=(S5;Q;f) and Q =(5;Q";f") be two objects. A mapping ¢ : @ 2 Q" is said
to be a homomorphism from Q into Q' if for arbitrary a,,b,€Q the following implication
holds: flay...-a)=by ... by, = Flela)- ... -ela))=glby)- ... ¢lb,) (0.1
A homomorphism ¢ is called an isomorphism if it is bijective and ¢7' : @'> Q is a
homomeorphism too.

Let Q=(S;Q;f) be an object and P a nonempty subset of Q. Then, for every a21
we have a subset F, of S defined by 7, ={a; ... ayl3€P}. Plis called a subobject of Q
iff fIP)C A, i.e. if Qinduces an object P=(T;P;f'}, where T is the subsemigroup of S
generated by P, and ' is the restriction of fon P. Pis called a strong subobject of Q
if, for every a€f,, by,...,b,€ Q, the following implication holds:

fla=by-... b, =b,...,bEP. (0.2

We state some results which are either trivial or proved in [3].

(i} A bijective homomorphism is not necessarily an isomorphism.
(i) A strong subobject is a subobject too, but a subobject is not necessarily a
strong one.

(i) A nonempty intersection of strong subobjects is a strong subobject too, but
a nonempty intersection of subobjects is not necessarily a subobject.

{ivi A homormorphic image of a subobject is a subobject too, but a nonempty
complete inverse homomorphic image of a subobject is not necessarily a subobject.



(iv'} A nonempty complete inverse homomorphic image of a strong subobject is a
strong subobject, but a homomorphic image of a strong subobject is not necessarily a
strong subobject. '

v} If Q QeSemninm)and ¢ : Q » Q is a homomorphism and P is a subobject
of Q, then ¢* : P = Q" is a homomorphism as well, where ¢* = §|P is the restriction
of ¢ on P.

In what follows we denote by Q* the semigroup freely generated by a rionempty
set @, i.e. QY is the set of nonempty words on an alphabet Q. Then Grin,m) denotes
the class of all objects Q=(5;Q;f) € Sem(n,m) such that S=0% and then Q is usually
said to be an (n,m)-groupoid ([2]}.

(vit If QeGrin,m), then every subobject of Q is a strong subobject as well, and
every bijective homomorphism is an isomorphism.

1. Free objects

Let Q=(S,Q;f) € Semin,m).

A nonempty subset B of Qs said to be free in Q iff for every object @ =(S5,Q",f )€
Sem(n,m) and every mapping ¢ : 8= Q' there is a homomorphism ¢ : Q@ = Q' such that
(VbeB) Pibi=plb), i.e. § is an extension of ¢.

A subset Cof Qs called a generating subset of Q Iff there does not exist a proper
subgroupoid P of Q such that CEF. (According to 0.0 we can not state that “every
subset of Q generates a subgroupoid of Q".)

We say that Q is a free object in Sem{n,m) iff there is a generating subset 8
of @ which is free in Q. (In this case we say that 8 is a basis of Q)

The next theorem gives a complete description of free objects.

Theorem 1. (i) Let & be a nonempty set and denote by ([Bl;fi.%, . .. ,f;) the (absolutely)
free algebra with basis B and m n-ary operations f1,fa, ... fm. Define an object
F(B) = ([8]*:[B1: ) by:

Flon . cud=ve oo, S =Rl ) Vi = bty o U (1.1

Then F(B) is a free object in Semin.m) with a basis B.

(i} Two free objects in Semin,m) with a same basis are isomorphic.

(i} The basis in a free object in Sem(n,m) is uniquely determined.

(iv) Let m=22. There exists an object" Q =(§:Q":f'} such that any mapping
p : B> Q can be extended to infinitely many hormomorphisms 2 ¢ : F(BY»> Q.

(v) Every subobject of a free object in Semin,m) is a strong subobject as well.
Proof. (i) We note that F(B) is a free (n,m)-groupoid with a basis 8 in the class Grirm,m)
of {n,m)-groupoids ([21). Following [1], we can take that [B] is the set of words on B

of type {f, %, ...,f,). But, we prefer to give an explicite construction of the set L&].
as follows.

Define a collection of sets {8yl xz0} by

B)=8,  Ba+t) =By NpX Bray, 1.2)
where N,,= {1,2,...,m}, and B(g, Is the n-th cartezian power of Biy). Put
[B1=U{By;| 220} (1.3}
and define a sequence of m-ary operations f£,fs, ... .f, on [5] by:
£ (x) = (7, x) (1.4)

for every ieN,,, x€[B]"

Then ([B81:f.f. ..., f,,) Is an absolutely free algebra with a basis 8 and with m
n-ary operations, and the (n,m)-groupeid [B] = ([Bl:f) defined by

(YxelBI™ fix)=,x)- ... -imx) (=Ax)- ... -F,(x)) (1.1)

is a free (n,m)—groupoid with a basis 8. (Note that [B] = ([8]1%;[8];7) =F(B).)
We will show that F(B) is a free object in Semin,ml, as well.
Let Q =(S;Q",f')e Seminm), and let ¢ : B Q' be an arbitrary mapping. We have

U Certainly, the class of objects with such a preperty is infinite.
2) Thus, in the case m=22, it is not true that "if Bis a generating subset of Q€ Sem(n,m), and ¢y, are two
hamomorphisms from Q into an object Q € Sem{n.m) such that (Vb€ B) (b=, (b), then §y=¢y"



to show the existence of a homomorphism ¢ : F(B} = Q' which extends ¢.

Put ¢y = ¢ and assume that for each a, such that as<y, a mapping $, : By 2 Q°
is defined with these properties:

1) d54q extends g, for each §<v;

2) Fdgluy): ... $glu)) =gy, x) .. - dgeqlm,x), for each §<y and any
Uy, . .. UNEB(5), where x=uy ... U,.

Let w€B(yupy. If UEB(,,, then we put Y. i(w) = P (U). If UEBL10\B(y), then there
are uniquely determined 7€N, and x=uy ... - uE B@,, such that v={;,x}). By the above
assumptions, there are uniquely determined elements a €@’ such that . (w,) = a,, for
every veN, (={1,2, ... ,nH. Then a'=a;-...-a,€ @, and therefore f'{a') = c'eQ.,. This
implies that there exists a sequence ¢j, ..., ¢, of elements of Q" (not necessarily unique
one), such that ¢'=cj-...-¢,. We choose such a sequence and put §. ., 4(j,x)=¢ for

JEN,. LIJT_H is well defined since if (i, x)€ B{Y_,_,) for some i€N,,, then (i, x)e Bipat) for
every i€N,,. By the definition of ¢ ., it follows that the properties 1} and 2) hold also
for each &=7.

Denote by § the (unique) extension of the chain of mappings (¢ |®=0). By 1) and 2)
we have that ¢ : [8] = Q' is a homormorphism which extends ¢. Thus, Eis a basis of F(B).

(i) Let Q=(S;Q;g) be a free object in Semin,m) with a basis 5. There exist homo-
morphisms £ : F(B} > Q, n: Q= F(B) such that (YbeB8) E(b) = (b} = b, and thus [ =1E Is an
endomorphism of F(B) such that (YbheB) [{b) = b. Since the identity automorphism of F(B)
is the unique such an endomorphism of F(B), it follows that T is the identity autormorphism
of F(B). Thus £ : F(B) = Q is an injective mapping, and by 0.(iv) we have that E(F(B)) is a
subobject of Q such that BCE(F(B)), which implies that £ is bijective. Thus n=£"', and
therefore E is an isomorphism.

(i} Clearly B is the unique basis of F(B), and this, by (i), implies that the basis
of any free object in Sem{n,m) is uniquely determined.

(iv) Let S{ be the variety of semilattices, i.e. commutative and idempotent semi-
groups. If Bis a nonempty set, then we denote by SI(B) the free semigroup in S with
basis 5. We can assume that S{(B) is the family of nonempty finite subsets of B, where

the operation is the usual set theoretical union. If {by, ..., b€ SiB), then we write
{by,....B}=by ... b, Denote by Sl (B) the set {b; ... -bpl b,€B, p2k}. Define a se-
quence Byoy. By, - - - by Bioy = B, Bioat) = Ba) U Ny X S1(B(gy), and let C=U{Bqy| 20}

An object C=(SI(C);C;g) € Sem{n,m) can be defined by
glx)=(1,x}-. .. -(m,x).
It can be easily seen that there exist infinitely many homomorphisms & : F(B} =+ C such
that (VheB) P(b) = b.
{(v) By 0.(vi), every subobject P of F(B) is a strong subobject too. By (i}, the sarme
holds in every free object with a basis 5. O

2. Weakly free objects

Replacing "subgroupoids™ by "strong subgroupoids” we obtain a corresponding
notion of "weakly free objects” in Semin,m).

Namely, if Q=(5:Q:f) € Sem(n,m), and if A is a nonempty subset of Q, then A is
called weakly generating subset of Q iff Q is the unique strong subgroupoid of Q such
that ACQ.

An object Q€ Sem(n,m) is said to be weakly free iff there is a weakly generating
subset B of Q which is free in Q. Then we also say that & is a weak basis of Q.

The following two statements are immediate consequences from the given
definitions.

Proposition 2.1. Every free object with a basis £ is a weakly free object with a weak
basis B. o

Proposition 2.2. 4n object Q€ Semin 1) is weakly free iff it is a free one. o

3



The main purpose of this section is to obtain a class of weakly free objects In
Semin,m) which are not free ones.

First, we prove the following
Proposition 2.3. /f Q€ Semin,m) is a weakly free object with a weak basis B, then there
is a subobject P of Q such that the corresponding object Pis a free object with a basis B.
Proof. Let Q be a weakly free object with a weak basis 5, and let F(B) be the free object
with a basis B defined in the proof of part (i) of Theorem 1. Thus, there exist homo-
morphisms E : F(B) > Q, n : Q= F(B), such that (VYbeB) E(b) = n(b) = b. Then nE is an endo-
morphism of F(B) such that (¥6€B) nE(b) = b, and therefore 3 is the identity auto-
morphism of F(B). This implies that £ is injective, and 7 is surjective. By 0.(iv), P=E(F(B))
(= E([B])} is a subobject of Q and BE P, and the corresponding restriction £* : F(B) 2 P of
E is a bijective homomorphism; the restriction 7* : P 2 F(B) of n is also a homomorphism
{by 0.(v)). Moreover, the equality nE =1 (= the identity automorphism of F(B)} implies that
7¥ is surjective; thus wa have 7¥E*¥=1, i.e. £*' = 1* is a homomorphism from P in F(B).
Thus, F(B) and P are isomorphic, a

Now, we will describe a relatively large class of weakly free objects with a given
basis.

Let 8 and A be given nonempty sets and n, m positive integers such that mz22.

Define a sequence (Bl @20} of sets and a sequence (S, «20) of semigroups
such that B, is a generating subset of 5(,,, as follows:

Boy=8,  Buy= BoyW AxN,x B, S =B, Suy = <BiyiZay,
where:

B is the n-th cartesian power of B, B¥= U{Bkl kz1} is a free semigroup with a
basis B,

S(yy Is a semigroup given by the presentation <8(;;;Zy> in the class of semigroups,
where the set Xy of defining relations is given by

Zy= e, ) emx) = (B x) L Bomodl e, BEA, xEBTY
Clearly, we can assume that

(1) Byyy is a generating subset of Sy, and B =S, is a subsemigroup of Sy

Moreaver, the following statement is evident, as well.

2 If y,zEB(T), then y=z In Sy, Iff y=z in E(T] OF  ¥FEWp b Wy . Ve Wy,
ZEWgZ Wyt .. 2y Wy, where w;EB*,_y}-,zjeB(T} and y; =z, €Ly, for every fEN,. (As usually,
we denote by X* a free rmonoid with a basis X0 e, X*=xty {1}, where 1 (¢ X™) is the
identity of x*)

MNow, assume that p is a positive integer and that the following sequences are

defined:
8(0) C 8(1) C...C B(P) — a sequence of sets,

Sy < Sy <. - < S — a sequence of semigroups,
Z()CZ< ... CZ(py — a sequence of semigroup defining relations,
satisfying the following conditions:
Biy=8, Sy = 5", By is a generating subset of Sy, and
Sy =<BiiZgy, (2.1)
8(j+1}=BU)UAX|NMX{B(j)),—,, (22)
Zgrn=Ha, L) laemd = (B, x)- - (Bomux)| o, BEA, x€(B;)), UZy (2.3)
for every ij: Qgisp, Osj<p.
Define Biaviyr Siprty, Z(orny In such a way that (2.1), (2.2) and (2.3) hold for
i=p+1, j=p.
Then we have’
{1 By I a generating subset of Sy and Sqpy is a subsemigroup of S(PH),
Itis also clear that replacing B¢y, S¢py. ¢y in (2) by By, Sy, Iy respectively,
then the corresponding generalization (2') of (2) also holds.

4



Define [5;A], = and S as follows:
[8:A=U(Bmlp20t,  Z=U(Z(,)lpz0},  S=<5AL>.
Then it can be easily shown that
(1") [B;A] is a generating subset of S, and S, is a subsemigroup of S, and
moreover S=1J {S(p]| pz0}.
A corresponding statement (2") obtained in such a way that By, S¢py. Ty Ih (2)
are replaced by [B:Al, S, respectively, is also true.
Finally, we define an object F(B;A) = (S;[5:A];f) € Semln,m) as follows:
flx} = log, 1, x M oeg, 2, %} .. - log, 0, x) (2.4)
for every x€[B;Al,, where o is a fixed element of A.
It follows from the definition of S that (2.4} holds for every acA.
The next statement shows that F{B;A) has the desired properties.
Proposition 2.4. F(B,A) /s a weakly free object in Semln,m)}, and B is the unique weak
basis of F(B;A).
Froof. Let Pbe a strong subgroupeid of F(B;A) such that 8<F. Suppose that 54, <P and
take WEB 41 )\Brgyy. Then u=la,i,x) for some a €A, JeN,,,, x€(By)

s 1B X FU Uy Ll
where s, € B ,y&P. Then

-
Flxd=Alee, 1,2 la,mx) € B,

which implies u=(e,iix}€P. Thus [B:Al<P (€[8;A]), i.e. B is a weakly generating
subset of F(B;A).

Itis clear that, if bis a fixed element of B, then [B;ATN{b} =P is a strong sub-
groupoid of F(B;A), and therefore we cbtain that B is a subset of every weakly generating
subset of F(B;A).

Thus, we have to show that B is free in F(B;A).

Let © : 8= Q' be a mapping, where Q@ =(S';Q";f } € Sem(n,m). We will show that
there is a homomorphism E : FIB;A) = Q' which extends ¢.

Put Eg=¢ and suppose that for all pst, we have well defined mappings
£ 18> Q' such that the following three conditions hold when p<t:

{a) €, is a restriction of £_.4.

b) Ay .. cu) = e x) e x) =

= £ ) B = E e 1)L Bl x) for every (€8,
{c) Ep...1(ot,f‘,x} = Ep...1([3,i,x} for every (o, i,x), B/ x) € Blpn1)-
(Note that {(a), (b}, (c} hold trivially when ¢=0.)

MNow defineg Levy 1 Breeny = Q@ as follows. £, is the restriction of .. over Biy,. Let
UEB i \Bp, I.e. u=la,i,x) for some a€A, J€N,,,, x=uy- .. -u,, where € B(,,. (Note
that then we also have (B,j,x)€B By, for every BEA, jeN,,.) Put

ay=E,tn) e Q", for deN,,.

Then there are by, ..., b€ @', such that
Flaj-...-a) = bl ... B (2.5)
We fix a sequence b}, ..., b€ Q such that (2.5) halds and put
Eert(Bjix)=bj for all BEA, jEN,,.
Eerq is well defined, since if x=w- ..o y,=v- .. -y, is an equality in 5, then by (2") and

(c) we have E;(en) = E(w) for every AEN,,. It is clear that E,,, satisfies the properties
(al, (b), (c), which implies that if we put EZUP,OEP, then E is a homornorphism and £
is an extension of . - O

It follows from Proposition 2.3 that there exists a free subgroupoid of F(B;A) with
a basis B. We will show that for every «€A there exists a free subgroupoid [B:a] of
F(B;A) with a basis &.

- Namely, if a is a given element of A, then we define a subset [B;a] of [5;A] as
ollows:

Cioy = B, Diy =Ullejix)l €N, x€(Cphat Cowny =G Dy, [Bi0d = UG, 1203



Proposition 2.5. For every a€l, [5:a] is a free subobject of FIB,A) with a basis B.
If % B, then [Bialn[B;B]=5.
Proof. [B;a] is a subobject of F(B;A) since [5;a] € [8;A] and we[B0] = Aoy ... -u) =
(e, 1,x) ... -lee,m,x) €[ B;0t],,, where x=uwy- ... -y, Itis clear that BE[ B a], and suppose
that P is a subobject of [B;a] such that BSP. Let C(,€P and WEC N\ Cryy- Then
u=la,ix} for some (€N, x€(Cy),, and

flx) =B Lx)- .. - B,mx)er,.
Then there are wy, ...,u,€F such that (B, 1,x)- ... (B.mx)=ty ... s, halds in S, and
the definition of Z implies that this is possible only if Y =la,f,x), i.e. UEP.

Thus Bis a generating subset of [B;a]. To show that B is free in [8;a] ore can
use the same construction as in Propasition 2.4, with needed restriction, certainly. O
Remark. Note that the assumption m=2 is essential only in the last conclusion o+ =
[B;a]1n[5B;p]=8. Namely, in the case m=1, we have [B;a]=[8;8]=[5;A], for every a,B€A.

As a summary of the above results we got the following
Theorem 2.6. Let n and m be two positive integers, such that mz22, and let B be a
nonempty set.

(i) For each cardinality o z max{IBl, Ry} there is a weakly free object Q=(S;Q;f)
with a weak basis B, such that |Q1=g. Moreover, a is the cardinality of the collection
of free subobjects of Q with the same basis B.

(i) There exist nonisomorphic weakly free objects with same weak basis 8. O

In the next example we will show that there exist weakly free objects which are
not isomorphic to any object of the form F(B;A).

Example. Let 4={ay,...,a,} be a given set such that lAl=mz2, An[B;A]l=0. Fix
elements x4€[B:A],, ageA and define a semigroup T generated by [B;A]Ju A and an
object G=(T:[5;A]uU A;g) as follows:

T=KB;AV Alay-. . -a,=lag xg) - .. oy, m, xp) YO ED,
gley- o) = flog- o),
where . _ [ if vel&;A],
v { log, i xg),  If u=g €A
Then B is a weakly generating subset of G, since
glxp) = Flxg) =loeg, 1, x0) - . .. log.my gl =@y .. . - @y

We can use the construction in Proposition 2.4 to show that B is free in G. Namely, we
can use E to get a mapping 7 by putting n{a;) = Elecy,/, ) and nlw) = Ew) for wel[B;A]
Thus, 7 will be a homomorphism from G into Q, which extends ¢ : 5> Q.

In such a way we obtained a weakly free chject G, not isomorphic to F(B;A). As
before, the weak basis B of G is uniquely determined. a

We note that the obtained results about weakly free objects in Sem(n,m) are not
complete. For example, in all above examples of weakly free objects, the weak bases are
unique, but we do not know whether this is true for every weakly free object.
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