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GENERALISATIONS OF STEFFENSEN’S INEQUALITY
BY HERMITE’S POLYNOMIAL

JULLJE JAKSETIC, JOSIP PECARIC, AND ANAMARIJA PERUSIC

Abstract. We study generalizations of Steffensen’s inequality using Hermite
expansions with integral reminder. In comparing differences of two weighted
integrals we vary on the number of knots in expansion which leads us to gen-
eralization of conditions for Steffensen’s inequality. After that, we construct
exponentially convex functions and Cauchy means.

1. INTRODUCTION

Let —co < a<b<oo,and a < a1 < as... < ap < b, (r > 2) be given. For
f € C™[a,b] a unique polynomial Pg(t) of degree (n — 1), exists, fulfilling one of
the following conditions:

Hermite conditions:
Pg)(aj) = fD(a;); 0<i<kj, 1<j<r ij +r=mn,
j=1

in particular:

Simple Hermite or osculatory conditions: (n =2m, r =m, k; = 1 for all j)
Po(a;) = f(az), Polaj) = f'(a;), 1 <j<m,
Lagrange conditions: (r =n, k; = 0 for all j)
Pr(a;) = f(a;), 1<j<n,
Type (m,n —m) conditions: (r=2,1<m<n—-1,k =m—1, ks =n—m—1)
Pi(a) = fP(a), 0<i<m—1,
PR.®)=fD0), 0<i<n—m-—1,
One-point Taylor conditions: (r =1,k =n—1)
P a) = fD(a), 0<i<n—1.
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Two-point Taylor conditions: (n =2m,r =2, k; = ke =m — 1)
PiP(a) = fD(a), P(B) = FOB), 0<i<m—1.

The associated error ey (t) can be represented in terms of the Green’s function
Gy (t, s) for the multipoint boundary value problem

2ty =0, 20(a;) =0,0<i<kj, 1<j<r
that is, the following result holds (see [1]):

Theorem 1. Let F € C"[a,b], and let Py be its Hermite interpolating polynomial.
Then

F(t) = PH<t) + €H(t)

r kj

b
=YY 0P @) + [ Gult )P ()i (11)

j=11i=0
where H;; are fundamental polynomials of the Hermite basis defined by

w kj—i k gkt
P Zld((t ) )

Tl (t— ay)k 1 P Eldte \ w(t)

(t —a;)*, (1.2)

where
w(t) = [ —ap)k, (1.3)

j=1
and Gy is the Green’s function defined by

Lk a;—s)" !
>3 S (1), s <t
Gult,s) =4 770 (1.4
- a;—s)" i1
- > Y Hy(), s>t
j=L+1i=
forallay<s<ap1,£=0,1,....7 (ap = a, a,41 =b).

Remark 1.1: In particular case, for one-point Taylor conditions
(t—a)
il

Hi(t) = . i=0,1,....,n—1,

and Green’s function G is
(t=s)" ! .
G(t,s)={ - 556
0, s>t
so Theorem 1 gives us classical Taylor theorem with integral reminder:
n—1

FO () (n) (g
F(t) = Z(t— a)lF Z,!( ) +/(t— S)"ilFi()ds

n!

a



GENERALISATIONS OF STEFFENSEN’S INEQUALITY BY HERMITE’S POLYNOMIAL 55

For two-point Taylor conditions, i = 0,1, .

O ) ()
o ()

=0

or 18

Gar(ts) = | B B9 X% (" () s), s <
2T\Yy ¢ Z;n:—ol (mfler]) (S _ t)m_l_jpj(t,s), s>t

Q?r

and Green’s function

and
PR q(t,s) = p(s,t), Vi, s € [a,b].
The following lemma describes positivity of Green’s function (1.4) (see Beesack
[3] and Levin [5]).
Lemma 1. The Green’s function Gg(t,s) has the following properties:

t
WM>O7 ar <t <a,, a1 <s<ay;

w(t)
(i) Gul(t,s) <

2. DIFFERENCE OF INTEGRALS AND STEFFENSEN INEQUALITY
If [a,b] N [¢,d] # O we have four possible cases for two intervals [a, b] and [c, d].
First case is [¢,d] C [a,b], second case is [a,b] N [¢,d] = [c,b] and other two cases

are obtained by changing a < ¢, b <> d. Hence, in the following theorem we will
only observe first two cases.

In this paper by Tiﬁ;?]’Hl and Tl[ﬁ;fi . H? we will denote

b

Tlo o' sz / (1)L (1)t

j=11=0 a
S k] d

T =303 1) [t @
j=1 =0

C

where H! and H? concern Hermite basis for knots

—oo<a<a; <ayz..<a, <b<ooand
—oo<c<c <eg... <cpy, <d< o0, respectively.
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Theorem 2. Let f : [a,b] U [c,d] — R be of class C™ on [a,b] U [c,d] for some
n>1. Let w: [a,b] — [0,00) and u : [¢,d] — [0,00). Then if [a,b] N [c,d] # O we
have

b d
/ w(t) f () dt — / w(t) £ (t)dt — TP 4 e —

B / Y K (910 (), -
where in case [c,d) C [a,b], '
[P w(t)Gn (t,5) dt, s€fad,
Ko (s) =14 [Pwt)Gum (t,5)dt — [Tu(t)Gy2 (t,5)dt, s € (c,d], (2.2)
[l w(t)Gm (t,s) dt, s € (d,0],
and in. case [a,b] N [c,d] = [c,b],
[P w(t)G (8, s) dt s€ad,
Kn(s) =3 [Pwt)Gu (t,s)dt — [Tu(t)Gye (t,s)dt, s € (e,b], (2.3)
— [P u()Gy (t,5) dt, se(bd.

Proof. We use Theorem 1 to express the function f first on knots

—co<a<a <ag < <ap <b<ooand then on
—co<c<c <eg... <cpy <d <00

We multiply both sides with functions w and w respectively, and then integrate
both sides. By substraction and use of Fubini theorem we get desired result. O

Using Theorem 2 we get, in particular, Steffensen inequality (see [7]).

Corollary 2.1. Suppose that f is increasing and w is integrable on [a,b] with
0<w<1and

b
A:/w@ﬁ. (2.4)
Then we have '
b b a+A
Fj@ﬁzlw@mWZL F(t)dt. (2.5)

Proof. 1° We first prove f; F®wt)dt > faaH‘ f(t)dt.

For Hermite polynomials H' and H? we consider one-point Taylor conditions on
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[a,b] and [a,a + A] respectively. Then from

) = fsbw(t)dt—(a+)\)+s, s€la,a+ ),
Kils) = { [Pw(tydt, s€(da+ ), (2.6)

it follows K1(s) > 0. Now (2.1) give us
b a-+\
[ wswa = [ swa - swr s swr= [ Koo
concluding that f; w(t) f(t)dt — faaH‘ f(t)dt > 0.

2° Now we prove fbb_/\ f@)dt > fabw t

For Hermite polynomials H' and H? here we consider one-point Taylor conditions
on [a,b] and [b — A, b] respectively. Then

s) = fsbw(t)dt, s €la,b— )],
Ki(s)= { f:(w(t) —1)dt, se€(b—\Db|, (2.7)

Now (2 1) give us

Jrw@) fyde — [ f)dt — f(@)A+ F(b—NA = [P Ki(s)f'(s)ds <
< /\fbf)‘ f'(s)ds,
concluding that f: w(t)f fb \ f(t)dt <0. O
Theorem 3. Let f : [a,b] U [c,d] = R be n—convex on [a,b] U [c,d] and let
w: [a,b] = [0,00) and u : [¢,d] — [0,00). Then if [a,b] N [c,d] # 0 and
K, (s) >0, (2.8)
we have
b 1 d 2
[w@r@a-Tedm = [Cuof @a - T (29

where in case [¢,d] C [a,b], K,(s) is defined by (2.2) and in case [a,b] N [c,d] =
[e,b], K,(s) is defined by (2.3).

Proof. Since f is m-convex, without loss of generality we can assume that f is
n—times differentiable and (™ > 0 see [8, p. 16 and p. 293|. Now we can apply
Theorem 2 to obtain (2.9). O

Remark 2.1: It is easy to find kernels K, such that (2.8) is fulfilled. For example,
if we take a < a1 < ag... <ap, <bandall ky,..., k. areodd (Z;lzl kj+ri=n)
then wy (t) = [TjL, (t—a;)" ™ > 0 and according (i)-part of Lemma 1 G (t,5) >
0. Similarly, if we take ¢ < ¢; < ¢a... < ¢, =d < 00, all my,...,myp,—1 are odd
and m,., is even (3272, m; +r2 = n), then wy(t) = H;z (t—a;)™Tt <0 and
again, according (i)-part of Lemma 1, Gg= (t,s) < 0.

Particularly, in one-point Taylor case this is valid for any n € N and in two-point
Taylor case this is valid for any even m € N.
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3. GENERALIZATION OF STEFFENSEN’S INEQUALITY BY HERMITE’S
POLYNOMIAL

The well-known Steffensen inequality is given and proved by J.F. Steffensen in
1918 in paper [7].

In this section we use Hermite expansion in order to generalize Steffensen in-
equality. For special choice of weights and intervals from previous section we
obtain generalization of Steffensen’s inequality.

Theorem 4. Let f : [a,b] U [a,a + A] = R be n—convex on [a,b] U [a,a + A] and
let w: [a,b] = [0,00). Then if
K,(s) >0, (3.1)

we have
a+A\

b 2
/ w(t) f (t) dt — Tl > / £ (¢ dt — et (3.2)

where in case a < a+ X < b,

[Pwt)Gp (s,8)dt — [“ Gya (s,t) dt, s € [a,a+ A,

Kn(s) = (3.3)
S w(t) G (s,1) dt, selat At

and in case a < b < a+ A,

[Pwt)Gr (s,t)dt — [“ Gya (s,t)dt, s € [a,b],
K (s) = (3.4)
_f:Jr/\GHZ (s,t)dt, s€(bya+A.

Proof. We take ¢ = a, d =a+ X and u(t) =1 in Theorem 3. O

Theorem 5. Let f : [a,b]U[b — A\, b] — R be n—convez on [a,b]U[b— A, b] and let
w: [a,b] = [0,00). Then if

K, (s) <0, (3.5)
we have

b
1

b
£ () dt — T () > / w(t) f(#)dt — T () (3.6)
b—A a

where in case a <b— X <b,
JPw(t)G i (s,t) dt, s €[a,b— A,
K, (s) = (3.7
JPw()Gn (s,t)dt — [i G (s,8)dt, s € (b—Ab],
and in case b— X < a < b,
— [ Gz (s,t) dt, seb—Aal,
K, (s) = (3.8)
JPw)Gyn (s,t)dt — [ G (s,8)dt, s € (a,b].
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4. ESTIMATION OF THE DIFFERENCE

Theorem 6. Suppose that all assumptions of Theorem 3 hold. Additionally as-
sume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q=1.
Let |f(”)|p :la,b) U [c,d] = R be an R-integrable function for some n > 1. Then
we have

b d
[ @d [T s d -z 4 T
a c

(4.1)

max{b,d} q
[ s
p a

max l/q . . . .
The constant (fa {b.d} |Ky, (s)]? ds) in the inequality (4.1) is sharp for 1 <
p < oo and the best possible for p = 1.

< Hf<n>

Proof. Using inequality (2.9) and applying Holder inequality we obtain

b d
[ @d [T s d -z 4z

max{b,d}
( / K, ()] ds>
p a

1
For the proof of the sharpness of the constant (fmax{b’d} |K,, (s)]? ds) " we will

a

Q=

max{b,d}
[ Kormes) <o

find a function f for which the equality in (4.1) is obtained.
For 1 < p < oo take f to be such that

£ () = sguku(s) | K (s)| 77 .
For p = oo take
F™(s) = sgnk,(s).

For p = 1 we shall prove that

famax{b,d} K, (5) f(”)(s)ds’ <

< MaXse[a,max{b,d}] |Kn(8)| (f;nax{b’d} ‘f(n) (S)| dS)

is the best possible inequality. Suppose that |K,(s)| attains its maximum at
S0 € [a, max{b,d}]. First we assume that K,(sgp) > 0. For £ small enough we
define f.(s) by

(4.2)

)

) aSSSSOa
fe(8) = (s —s0)",  so<s<so+e,

S

!
L(s—s0)" !, sp+e<s<max{b,d}.

1
n!
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Then for £ small enough
max{b,d}
/ Kn(s)f™ (s)ds

Now from inequality (4.2) we have

1 so+e
= 7/ K, (s)ds.

S0

So+¢€ 1
/ K, (s)—ds
s0

€

1 so+e so+e€
f/ Kou(s)ds < Kn(so)/ Lis = K, (s0).
€ Js so €
Since,
1 sote
lim — K, (s)ds = K,(s0)
e—=0¢ 50

the statement follows. In case K, (so) < 0 we define
1

m(sfsofs)nilw a < s < s,
fe(s) = —(s—so—e)", so<s<so+e,
0, S0+ & < s < max{b,d}
and the rest of the proof is the same as above. O

Theorem 7. Suppose that all assumptions of Theorem 4 hold. Additionally as-
sume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q¢=1.
Let | f™ |p :[a,b]Ula,a + A] = R be an R-integrable function for somen > 1. Let
K, (s) be defined by (3.3) in case a < a+ X <b and by (3.4) in casea <b < a+A.
Then we have

b a+X (b, [a,a+7], H?
w(t)f () dt - fyde =T + 11,

max{b,a+\} q
/ K, (s)|7ds ) .
p a

max{b,a+A} q 1/q . . . .
The constant (fa | Ky, (5)] ds) in the inequality (4.3) is sharp for 1 <
p < oo and the best possible for p = 1.

(4.3)

|~

< Hf(n)

Proof. We take ¢ =a, d =a+ X and u(t) = 1 in Theorem 6. O

Theorem 8. Suppose that all assumptions of Theorem 5 hold. Additionally as-
sume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q¢=1.
Let |f(") |p s [a,b]U[b— A, b] = R be an R-integrable function for some n > 1. Let
K, (s) be defined by (3.7) in case a < b— X < b and by (3.8) in case b— A < a < b.
Then we have

b

b
/ wt)f (O dt— [ f )+ TEE _plesr
a b—\
N (4.4)

b q
( / K (3)]° ds>
p min{a,b—\}

< Hf<n>
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1/q
The constant (fmm{a by | En (s )¢ ds) in the inequality (4.4) is sharp for 1 <
p < oo and the best possible for p = 1.

Proof. Similar as Theorem 7. O

5. n—EXPONETIAL CONVEXITY OF STEFFENSEN’S INEQUALITY BY HERMITE’S
POLYNOMIAL

Motivated by inequalities (2.9),(3.2),(3.6), and under assumptions of Theorems
3, 4 and 5, respectively, we define following linear functionals:

b d N R
Li(f) = / w(t) £ (t)dt — / a(t)f (t)di — TEYH' Tl (5

b a+A ) 5
La(f) = / w(t) f (t) di — / f () di — Tl plestXBE )

b b
Lo(f)= | f(t)dt— / w(t) f @ de =T Tl (53)
b—A a
Also, we define I1 = [a,b]U]c,d], Is = [a,b]U[a,a+ A] and I5 = [a,b]U[b— A, b].
Remark 5.1: Under the assumptions of Theorems 3, 4 and 5 respectively it holds
Li(f) >0,i=1,2,3 for all n— convex functions.

First we will state and prove mean value theorems for defined functionals.

Theorem 9. Let f: I, —» R (i = 1,2,3) be such that f € C™(1;). If inequalities
n (2.8) (i =1), (3.1) (i =2) and (3.5) (i = 3) hold, then there exist & € I; such
that

Li(f) = f™(E)Li(y), i=1,2,3 (5.4)

z”
n!*

where o(x) =

Proof. Let us denote m = min f(™ and M = max f(™. For a given function
f € C™(1;) we define functions Fy, Fy : I; — R with

A) =" f@) and Fe) = f(x) -
Now F(”)( ) =M — f(”) > 0,z € I;, so we conclude L;(Fy) > 0 and then
Li(f) < M- Li(p). Similarly, from FQ(")(x) = f"(x) —m > 0 we conclude
m - Li(¢) < Li(f).
If Li(p) = 0 (5.4) holds for all & € I;. Otherwise, m < £k < M. Since f")(x)
is continuous on I; there exist §; € I; such that (5.4) ho ld O
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Theorem 10. Let f,g : I; - R (i = 1,2,3) be such that f,g € C™(I;) and
g™ () # 0 for every x € I;. If inequalities in (2.8) (i = 1), (3.1) (i = 2) and (3.5)
(i = 3) hold, then there exist &; € I; such that
Li(f) _ F(&)
Li(g)  g"™(&)
Proof. We define functions ¢;(x) = f(x)Li(g)—g(x)Li(f), i = 1,2,3. According to
Theorem 9 there exists §; € I; such that L;(¢;) = ¢En) (&)Li(p). Since L;i(¢;) =0
it follows f(™(&)Li(g) — g™ (&)Li(f) = 0 and (5.5) is proved. O

i=1,2,3. (5.5)

Now we are ready to investigate the properties of functional as defined above,
regarding n—exponential and exponetial convexity. We start this part of the sec-
tion by giving some definitions and properties which are used frequently in the
results (see [6]).

Definition 5.1: A function ¢ : I — R is n-exponentially convex in the Jensen

sense on [ if
" T; + T
PRI (2> >0,
ij=1
hold for all choices &1,...,&, € R and all choices z1,...,z, € I. A function
1 : I — R is n-exponentially convex if it is n-exponentially convex in the Jensen
sense and continuous on 1.

Remark 5.2: It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, n-exponentially convex
function in the Jensen sense are k-exponentially convex in the Jensen sense for
every k e N, k <n.
Definition 5.2: A function ¢ : I — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¢ : I — R is exponentially convex if it is exponentially convex in
the Jensen sense and continuous.

Remark 5.3: In [4] it is showed that ¢ : I — R is a log-convex in the Jensen
sense if and only if

(o) + 2050 (T30 )+ Bu0) 2 0

holds for every o, 8 € R and z,y € I. It follows that a positive function is log-
convex in the Jensen sense if and only if it is 2-exponentially convex in the Jensen
sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Proposition 5.1. If f is a convex function on I and if x1 < y1, T2 < Y2, X1 # X2,
Y1 7 ya, then the following inequality is valid
flzz) = flan) _ fly2) = f(y1)
Ty — X1 T Y2 W
If the function f is concave, the inequality is reversed.
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Definition 5.3: Let f be a real-valued function defined on the segment [a, b]. The
divided difference of order n of the function f at distinct points z, ..., z, € [a,b],
is defined recursively (see [2], [8]) by

f[l'l] :f(xi)a (’iZO,...,TL)

and
L1,y Tn| — flxo,. oy Tpno
f[(E(),...,iEn] = f[ ! n] f[ n 1].
Ty — X0
The value f[zg,...,x,] is independent of the order of the points xg, . .., Z,.

The definition may be extended to include the case that some (or all) of the points
coincide. Assuming that fU~1(zx) exists, we define

_ {7
e =g >0

We use an elegant method of producing n— exponentially convex and expo-
nentially convex functions is given in [4]. We use this method to prove the
n—exponential convexity for above defined functionals. In the sequel the notion
log denotes the natural logarithm function.

Theorem 11. Let Q = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, i = 1,2,3 in R such that the function
p = fplxo, ..., 2] is n—ezponentially conver in the Jensen sense on J for every
(m + 1) mutually different points xq,...,xm € L;; i =1,2,3. Let L;, i = 1,2,3
be linear functionals defined by (5.1)-(5.3). Then p — L;(fp) is n—exponentially
convex function in the Jensen sense on J.

If the function p — L;(fp,) is continuous on J, then it is n—exponentially convex
on J.

Proof. For {; €R, j=1,...,nand p; € J, j =1,...,n, we define the function

g(z) =Y §i€ufriim (2).

k=1

Using the assumption that the function p — f,[zo,...,Zm] is n-exponentially
convex in the Jensen sense, we have

n
g[x()a .. ,$m] = Z gjgkfpj+Pk [.’IIQ, sy xm] Z 07
2
J,k=1

which in turn implies that g is a m-convex function on J, so it is L;(g) > 0,
i =1,2,3, hence

S 6L (Frin ) >0
jk=1

We conclude that the function p — L;(f,) is n-exponentially convex on J in the
Jensen sense.
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If the function p — L;(f,) is also continuous on J, then p — L;(f,) is n-
exponentially convex by definition. O

The following corollaries are an immediate consequences of the above theorem:

Corollary 11.1. Let Q = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, 1 = 1,2,3 in R, such that the function
p — fplzo,...,Tm] is exponentially convexr in the Jensen sense on J for every
(m 4+ 1) mutually different points xo, ...,y € I;. Let L;, i = 1,2,3, be linear
functionals defined as in (5.1)-(5.3). Then p — L;(f,) is an exponentially convex
function in the Jensen sense on J. If the function p — L;(fp) is continuous on J,
then it is exponentially convexr on J.

Corollary 11.2. Let Q = {f, : p € J}, where J is an interval in R, be a family
of functions defined on an interval I;, i = 1,2,3 in R, such that the function
P fplTo, ..., &m] is 2-exponentially convex in the Jensen sense on J for every
(m 4+ 1) mutually different points xg, ..., &, € I;. Let L;, i = 1,2,3 be linear
functionals defined as in (5.1)-(5.3). Then the following statements hold:
(i) If the function p — L;(f,) is continuous on J, then it is 2-exponentially
convex function on J. If p — Li(fp) is additionally strictly positive, then
it is also log-convex on J. Furthermore, the following inequality holds true:

[Li(f) ™" < [Lalf)] " (LS (5.7)

for every choice r,s,t € J, such that r < s < t.
(i) If the function p — L;(f,) is strictly positive and differentiable on J, then
for every p,q,u,v € J, such that p < u and q < v, we have

MP,q(Liv Q) < Hou,v (Li7 Q): (58)
where
1
Li(f;ﬂ))H
(Li(fq) ) P #q,
MP#I(LZ'?Q) = diLi(fp) (59)
9Xp( L) ) , P=4q,
for fp, fq € Q.

Proof. (i) This is an immediate consequence of Theorem 11 and Remark 5.3.

(ii) Since p — L;(f,) is positive and continuous, by (i) we have that p — L;(fp)
is log-convex on J, that is, the function p — log L;(f,) is convex on J. Applying
Proposition 5.1 we get

log Li(fp) —log Li(fq) _ log Li(fu) —log Li(fy)
p—q - uU—v ’
for p < u,q < wv,p# q,u # v. Hence, we conclude that
/‘P’Q(Liﬂ Q) < fhuw (Li7 Q)

Cases p = g and u = v follows from (5.10) as limit cases. O

(5.10)



GENERALISATIONS OF STEFFENSEN’S INEQUALITY BY HERMITE’S POLYNOMIAL 65

Remark 5.4: Note that the results from above theorem and corollaries still hold
when two of the points xzq,...,z, € I;, i = 1,2,3 coincide, say x1 = xg, for a
family of differentiable functions f, such that the function p — fy,[zo,. .., Tm] is
n-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all
m + 1 points coincide for a family of m differentiable functions with the same
property. The proofs use (5.6) and suitable characterization of convexity.

6. APPLICATIONS TO STOLARSKY TYPE MEANS

In this section we will apply general results obtained in previous section to
several families of functions which fulfil conditions of obtained general results. This
enable us to construct a concrete examples of exponentially convex functions.

Example 6.1: Consider a family of functions
O ={f,: R>R:pecR}
defined by

o) ={

We have Cf;{f’ (x) = eP” > 0 which shows that f, is n-convex on R for every p € R
and p +— Cg;}:f (z) is exponentially convex by definition. Using analogous arguing as
in the proof of Theorem 11 we also have that p — f,[zo, ..., Zn] is exponentially
convex (and so exponentially convex in the Jensen sense). Using Corollary 11.1
we conclude that p — L;(fp),7 = 1,2,3, are exponentially convex in the Jensen
sense. It is easy to verify that this mapping is continuous (although mapping
p — fp is not continuous for p = 0), so it is exponentially convex. For this family
of functions, p,¢(L;, 1), i =1,2,3, from (5.9), becomes

1
Lt(fp) P—dq
(Li(fq)) ) P #q,
(L) = 0 e (GG —2). p=qr0
e (). p=a=0

where id is the identity function. Also, by Corollary 11.2 it is monotonic function
in parameters p and q.
d" fp

We observe here that ( i > ) (log z) = x so using Theorem 5.5 it follows that:

dx™

Mpvq(L%Ql) = IOgﬂp,q(Lia Ql)a 1= ]-7 23 3
satisfies
min{a,b— X, ¢} < M, o(L;, ) <max{b,d,a+ A}, i=1,2,3.

So, My 4(L;, 1) is monotonic mean.



66 JULLJE JAKSETIC, JOSIP PECARIC, AND ANAMARIJA PERUSIC

Example 6.2: Consider a family of functions

Q ={gp:(0,00) > R:peR}

defined by
_ ma p¢{0,1,...,n—1}
gP('r) - x! log z _ 0.1 1
(D) T=7jl(n—1—5) p=J¢€ { ydy ey — }

Here (Ziﬂf () = «P~™ > 0 which shows that g, is n—convex for > 0 and

P — 2 T 92 () is exponentially convex by definition. Arguing as in Example 6.1 we
get that the mappings p — L;(gp),7 = 1,2,3 are exponentially convex. For this
family of functions g, 4(Li, Q2), 4 =1,2,3, from (5.9), is now equal to

_1
()™, p# 4
1 n—1 -1 L (Qogp)
exp ( (=1)"} (n — 1) Eploom) z

tpq(Li, 22) = —q§é {0,1,...,n—1},

exp [ (=1)"1(n— 1)|L(gogip))+ Z :
kip

p=qe€{0,1,...,n—1}.

Again, using Theorem 10 we conclude that

L; (gp)
Li(gq)

So, tp,q(Li,2),7=1,2,3 is mean.

1
min{a,b — X\, c} < ( ) <max{a+ \b,d}, i=1,2,3. (6.1)

Example 6.3: Consider a family of functions
Q3 ={¢p:(0,00) > R:pe (0,00)}
defined by

p—:c
op(x) = (- logp)™’ p#1
o p=1
Since ddnﬁf (x) = p~* is the Laplace transform of a non-negative function (see [9])
it is exponentially convex. Obviously ¢, are n-convex functions for every p > 0.

For this family of functions, p, 4(Li, Q3),7 = 1,2, 3 from (5.9) is equal to

_1
L; P—q
(Liﬁﬁjg) : P #q,
_ L;(id-¢p n _
Hpa(Lis$23) = exp (-3 (Li((fp)) plogp) , p=q#F L

exp (——1= 1(“”)1))7

ntl Li(é1) p=q=1,
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where id is the identity function. This is monotone function in parameters p and
q by (5.8). Using Theorem 10 it follows that

M, (Li, Q3) = —L(p,q) log pp o(Ls, Q3), 1 =1,2,3
satisfies
min{a,b— A, ¢} < M, ,(L;,Q3) < max{a + A, b,d}.
So M, ,(L;,3) is monotonic mean. L(p, q) is logarithmic mean defined by

pP—q

L(p,q) = { Pev-loga> P 7 4q
'z pP=gq.

Example 6.4: Consider a family of functions

Q={¢,:(0,00) > R:pe (0,00)}

defined by
ww) =
T) = —".
! (=vp)"
Since d[;:ﬁ” (z) = e~®VP is the Laplace transform of a non-negative function (see

[9]) it is exponentially convex. Obviously v, are n-convex functions for every
p > 0. For this family of functions, p, 4(L;, ), =1,2,3 from (5.9) is equal to

1
Li I -
(LEK;)” i P#a
Li(id-p) _
eXP(—Wi(@)—%), p=q,
where id is the identity function. This is monotone function in parameters p and
g by (5.8). Using Theorem 10 it follows that

Mp,q(Lia Q4) = _(\/]3+ \/a) log :up,q(Lia 94)7 1= 17 2) 3

satisfies min{a,b — X\, c} < M 4(L;, Q) < max{a + A, b,d}, so My o(L;, Q) is
monotonic mean.

Hp,q (Li7 Q4) =

Acknowledgements. This work has been fully supported by Croatian Science
Foundation under the project 5435.

REFERENCES

[1] R. P. Agarwal, P. J. Y.Wong, Error Inequalities in Polynomial Interpolation and Their
Applications, Kluwer Academic Publishers, Dordrecht / Boston / London, 1993.

[2] K. E. Atkinson, An Introduction to Numerical Analysis, 2nd ed., Wiley, New York, 1989.

[3] P. R. Beesack, On the Green’s function of an N-point boundary value problem, Pacific J.
Math. 12 (1962), 801-812. Kluwer Academic Publishers, Dordrecht / Boston / London, 1993.

[4] J. Jakseti¢, J. Pecari¢, Exzponential Convexity Method, J. Convex Anal. (2013), no. 1, 181-197.

[5] A. Yu. Levin, Some problems bearing on the oscillation of solutions of linear differential
equations, Soviet Math. Dokl., 4(1963), 121-124.

[6] J. Pecari¢, J. Peri¢, Improvements of the Giaccardi and the Petrovié inequality and related
results,An. Univ. Craiova Ser. Mat. Inform., 39(1) (2012), 65-75.

[7] J.F. Steffensen, On certain inequalities between mean values and their application to actuarial
problems, Skand. Aktuarietids. (1918), 82-97.



68 JULIJE JAKSETIC, JOSIP PECARIC, AND ANAMARIJA PERUSIC

[8] J. E. Pecari¢, F. Proschan and Y. L. Tong, Convez functions, partial orderings, and statistical
applications, Mathematics in science and engineering 187, Academic Press, 1992.
[9] D. V. Widder, The Laplace transform, Princeton Univ. Press, New Jersey, 1941.

Facurty oF MECHANICAL ENGINEERING AND NAVAL ARCHITECTURE,
UNIVERSITY OF ZAGREB, IvaANA Luci¢ca 5, 10000 ZAGREB, CROATIA
E-mail address: julije@math.hr

Facurry oF TEXTILE TECHNOLOGY, UNIVERSITY OF ZAGREB,
PRrRiLAZ BARUNA Finipovica 28a, 10000 ZAGREB, CROATIA
E-mail address: pecaric@element.hr

Facurry oF CiviL ENGINEERING, UNIVERSITY OF RIJEKA,
RapMILE MaTEJCI¢ 3, 51000 R1IJEKA, CROATIA
E-mail address: anamarija.perusic@gradri.hr



