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IN(n) as a n-Normed Space

Abstract. The concept of a n-norm on the vecior
space of dimension greater or equal to n, n>1,
introduced by AMisiak ({4]), is a multi-
dimensional anaoque of the concept of the norm.
Inf1], [2], [3] and [4] several properties of the n-
normed spaces are proved. In this work we will
proved that if W is a positive measure on an
arbitrary measurable space X and IN(p) is the
space of real measurable functions f on X such
that J.]f |dw < o, then in Li(p.) can be introduced
X
a n-norm.

Let . be a real vector space with dimension greater of », n=1 and
le,...,o|| be a real fimction on " with the following properties:
i) |[x1,exy|| 20, forevery xp,...,x, €L and ||x;,...,x,|=0 ifand

only if the set {x1,...,x,,} is linearly dependent.

ii) Hxl,.._,x,,”znn(xl),...,n(xn) , forevery xi,...,x, €L and every
bejection 7:{x1,..., %, } = {x1,...,x, }

, for every xi,...,x, €L and every

iif) ||cxx],...,xn||:|ai-i

|
xl,...jx,,]

acR

iv) , for every xy,...,x,, % €L.

lxl T XXy,

= ”xl,...,xn”+Hxi,...,xn

The function |le,....e|| is called a #-norm on L, and (L”,|le,....e||) is called n-
normed space.
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Let X' be an arbitrary measurable space and p be a positive measure on
X. We denote L' (p) the set of all real i measurable functions f on X, such that
j' | fldn <oo. The set Ll(u) with usual opperations adding of functions and
Y
product of a function with a real number is a real vector space (Theorem 1.32,
[6h.

Lemma 1. Let n>2 The vectors £,...,f, €L'(u) are linearly

dependent if and only if for every measurable sets £j,...,E, we have:
I fidw [ fidy [Adu [ Adn
FZ : Enr—l Err
ffzdu [fdu ... [fdu | frdu
Pl .E.g En—] En = 0 (1)

Ifndu Ifndu

[fudu [ frodn

E, £, E, 4 E,

Proof. It 1s clear that if the vectors f,....f, € Fig (w) are lineary
dependent, then for every measurable sets Ej,...,E, (1) is true.
We will prove the converse by induction in 7.

Let n=2.Letfor f1,/; € L, (1) and for every measurable sets £;,F,
. 1t is true .
JAdw [ Aan

£ Iy ~
Ifzdu [ fodul "
El EZ
which means
[ Aidw [ fodn— [ fidn | frdn=0. e
E K E, K

We will consider two cases:

i) For every measurable set F, j fidn=0. Then f;=0, ae on X
E
(Theorem 1.39 b), [6]),and so f; =0-f; . This means that f; and f, are

lineary dependent.
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i) There exist measurable set £ such that J'fldu =0, Let
E

sza"u
_E
=T
E

From (2) follows that for every measurable set E itis true
J(h —af)dp=0,

which means that f{—o-f, =0,a.e. onX and so f]; and f» are lineary
dependent

Suppose that the statement is true for some #>2 and that the vectors
Fioeesfrfurr €L1(1t) and that for every measurable sets B, E, B, 1tis

true
.[fld”' J‘fldﬂ Jﬁdu jfldl.t
El E?‘ Eﬂ Eﬂ‘rl
[Fdn  [fdn o [fdn | frdu
E] E?‘ E” Enﬂ = 0

Jfandi [fandu o [fundn [ funde

Bl EZ E’] I‘.‘h”r]
which means
[fdn  JAde . [fidw
I E, E,
nHl J fiadp J Jimdp . f Jimdn
Z(—D}H—}'_H j*dy' 1 i 2 {8 ~0. (3)
i=l Fj ' jf 1A jfin]i jf, dn
“n+1 i 4 /
£y By E,
[fumdn  [fondu .. [ fondn
EI E2 En

We will consider two cases:
i) For every measurable sets Ej,...,E, E, . all determmants m (3) are

equal to zero. Then for every subset of {f},...,7,, /n+1} with n-elements the




condition (1) 1s satisfied. By the inductive assumptation this subsets are lineary
dependent and hence the set {1,..., f;;, /,41} 1s lineary dependent.

i) There exist measurable sets E;,...E, E,,; such that one of the
determinants n (3) is different of zero. Without loosing the generality we may

assume that

Putfor i=1,._,

[Adn [ Adu
E E,

[ fodu | frdu
yol E,
[ frudin

o

n

] fudus
E,

al - (__]JH'H

Jhdu [ fidw

En—] En
Jadn [ fodn
En—l En

[ o [ frdn

#0.

En—l En
[fdw  [fdn [ fdu
B By E,
[fidn  Jfigdn o [fiadn
£ - B E,
in+ld|—'- Jf;‘+1d]-‘- . Jf,-ﬂd].i
2 5 E,
[fomde [fredr [ frndy
3 1) E,
[fdn  [fdn .. [fdp
By £ Ep
[hde [fhdp - [fdr
5y £y Ep
Ifhde [fidn .. [fdn
£ B Ep

@

Fix the sets Ej,...,E, . Then for every measurable set [ it is true:

which implies
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[ A

[ fiddn

El EZ
| fadn Ifzdu

E E,

[ fiau

En
[ fodn
E’!

[Fande [fandn . [frudn

E, E,

E

n

If n+l dp)
E

| fidu
E

| fod

E




j(fn+1 =20 f)du =0,
E

i=]

R
where a; =17 aredefined as in (4).Hence, f,,,1=>.a;f,ae on X
i=1

Define a function [e,...of: Z!()h .. h Il (u) - R by
[Aan  [hdw . [Adn | fde
£ E, E, E,
[faw [fHdn . [fHdu | frdy
”fi 7"'7.fn”= sup El £ En-—l En : (5)
2 /R A T
£ £ Ey 4 E,

By Theorem 1.33, {6], for every measurable set E it is true

|| < [ifildu< [I fildp = M; <0, za i=1,...n,
E E X

n ”
which implies ||f|, ..... fn”Sn!l_[i\J,-. Hence, the function IO,...,O is good
i=1
defined.
Lemma 2. (I} (w),]e,...,0 D is a real #-normed space.

Proof. Since the function
that it is satisfy the axioms of the #-norm. We have:

i) By the definition of - (Wh .. hLl(;,L) — R follows that
[As-es ol 2 0. Tt is clear that ||£1,..., £,,]|= 0 if and only if

is good defined, it is enough to prove

@ @
PREREY

JAdw  [hdw . [fdn [ Adu
E; 10 E, ; B
[fdw [Jhdu .. [fdu [ fdu
E] EZ Enl En :O

Jhdn [fdn o [fdun [ frdu
E, E, E, E,

n—-1 n
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for every measurable sets Ej,...,E,. By Lemma 1 ||f,,..., f,,| =0 if and only if
the vectors fi,..., f,, are lineary dependent.

The vahldity of the other axioms of the #-norm follows from the
properties of the determinant and the supremum.

In the end of this work we will give several notes for the space 1 (n).

1. In [1] is proved that in every n-normed space can by define a
topology T which make the space into a local convex space and in this topology
the »-norm is continuous in each variable. We have the question: if in ! () we
introduce a topology t as above described way, what properties has the space
(L' (W,7).

2. Let L be a real vector space and x,X3,...,x,_; €L. Denote by
P(xy,%5,....,x,,_1) the subspace generated by vectors xj,x;,...,x, ;. The
following definition of a strong convex n-normed space was mtroduced in [2]:
the n-normed vector space (L,| ) we call strong convex if

o,....9|
PEEET)

“aer,xl,xQ,...,xn_l |a,x1,x2,_..,xn_1ﬂ+ b,xl,xz,...,xn_1|
a,xl,xz,...,xn_ln:”b,xl,xz,___,xn_l":1 and

P(a,b) P(xy,%3,...,x,_1)={0}

>

mplies a =5.
Let X =(—0,00) and p be the Lebeswue measure on X. The

functions
0, e(—0,0)
a(f) = 1—51}“, ¢ E[J__ LJ)’J = 1’2’3,4_..

0, t e(—oo,l)
b(t’): 1 o . i
1*5_1—-, telj,j+1),j=1234..
% (1) = 1, tefi-Li) 1y no1
' 0, tE(LOO:"'OO)\[f—l,i)’ e

belongs to the space Z () . It is easy to see that
P(a, by P(xy,...,x,,_1) ={0},

bt = 1,

ia,xl,xz,...,xn_ln +"b,x1,x2,...,xn_1

A, X1,....X51 II =

”a +b,x1,:c2,...,xn_1|[=2 =

>
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but @ #b, which means that (Z'(w),]e, ...,%|]) is not strong convex.

3. In [3] was given the following definition of a strong n-convex n-

normed space: we call the »-normed space (L, -,...,-f) a strong n-convex if for

every vectors xi,...,X,,; €L which satisfies the conditions:

1
ETIE R I N = m”xl + X155 F Ty gy Xy X =1, for

i=12,..,n+1

14
it is true that x,.; = > x;.
i=1

In the same work it is proved that every strong convex r-normed space
is strong n-convex. The converse is not true. Namely, if #=2 in [5] was given
an example of a strong n-convex »-normed space which is not strong convex. It

is naturally to ask does (L1 (w),

i-,...,ou) is a strong #-convex r-normed space.
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Anekca Mangecku, Pucto Mangeckn
Ll(u) KAKQ »-HOPMUPAH IIPOCTOP

Penume

KoHIEITOT 3a n-HOpMa Ha BEKTOPCKH IPOCTOD CO JMMEH3Mja
morojeMa WM efHakBa Ha #n, n>1, Bomejen of A Misiak ([4]), e
noBeKe[MMEH3MOHANIHA aHAMOTHMja HAa KOHUENTOT 3a HopMa. Bo [1], [2],
[3] u [4] ce mokaxaHm IIOBEKe CBOjCTBA Ha n-HOpMEpPaHuTe Ipocropd. Bo
oBaa paboTa Ke JOKaXKeMe eKa, akO W € MO3WTHBHA Mepa BO HPOU3-

BOJIEH M3MCPIIHB IpoCcTOp X H Nw e IIPOCTOPOT PEaiHi H3MEPIHUBH

Xxnu| f Bo X , TOraiii BO i ) MOXe JIa ce BOBEJiC #n-HOpMaA.
YH K P
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