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EQUIVALENCE OF INTRINSIC SHAPE, BASED ON V
-CONTINUOUS FUNCTIONS, AND SHAPE
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AND MARTIN SHOPTRAJANOV

Abstract. In this paper is given a direct proof that the intrinsic shape

category InSh constructed with continuous functions over coverings, is

equivalent to original shape category Sh of Borsuk obtained by embed-

ding compact metric spaces in Hilbert cube Q. The functor Sh → InSh

is established taking a fundamental sequence
`
f̄n

´
from X to Y in

the sense of Borsuk, and by associating to the continuous function

f̄n : Q → Q mapping some neighborhood of X into a union of the mem-

bers of a covering V of Y , a V - continuous function fn : X → Y , and

forming the proximate sequence (fn) in the sense of N. Shekutkovski,

Top. Proc. 39 (2012).

1. Introduction

For compact metric spaces, shape theory was introduced by K. Borsuk.
His oriiginal approach was by embedding a compact metric space in Hilbert
cube. Further on we will denote his shape category of compact metric
spaces by Sh.

From the early beginning of the theory arised the question of intrinsic
definition of shape i.e., a definition without external spaces like Hilbert
cube. A shape category HN is obtained by intrinsic definition by Sanjurjo
in [6], and it is shown that HN and Sh are equivalent constructing a functor
HN → Sh. A shape category, also by intrinsic approach is obtained by
Shekutkovski in [7], which we will further on denote by InSh. Using the
result [3] and [4] about equivalence of categories InSh and HN , and the
isomorphic functor Sh → HN the equivalence categories Sh and InSh is
indirectly proven in [5], using.
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In this paper we will give a direct proof of equivalence of categories Sh

and InSh constructing a functor Sh → InSh, i.e. compared with the
functor from [6], it is in the opposite direction. The construction requires
some new ideas, among them the introduced notions of depth and regular
covering.

Let X and Y be compact metric spaces. By a covering we understand a
covering consisting of open sets. We repeat the intrinsic approach to shape
fron [7] (also [9]):

Definition 1. Suppose V is a finite covering of Y . A function f : X → Y

is V-continuous at point x ∈ X , if there exists a neighborhood Ux of x,
and V ∈ V , such that f (Ux) ⊆ V .

A function f : X → Y is V-continuous, if it is V-continuous at every
point x ∈ X .

In this case, the family of all neighborhoods Ux, form a covering of X .
By this, f : X → Y is V-continuous if there exists a finite covering U of
X , such that for any U ∈ U , there exists V ∈ V such that f (U) ⊆ V . We
denote shortly: there exists V , such that f(U) ≺ V .

If f : X → Y is V-continuous, then f : X → Y is W-continuous for any
W , such that V ≺ W .

If V is a finite covering of Y , and V ∈ V , than star of V is the open
set st (V ) = {W |W ∈ V , W ∩ V �= ∅ }. We form a new covering st (V) =
{st(V )|V ∈ V} .

Definition 2. The functions f, g : X → Y are V-homotopic, if there
exists a function F : X × I → Y such that:

1) F is st (V)-continuous,
2) F is V-continuous at all points of X × ∂I , and
3) F (x, 0) = f (x), F (x, 1) = g (x).
The relation of V-homotopy is denoted by f ∼

V
g. This is an equivalence

relation.
Ussualy, the condition 2) of the previous statement is formulated as:
2) there exists an neighbourhood N of ∂I = {0, 1} such that F |X×N is

V-continuous.
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Definition 3. A cofinal sequence of finite coverings V1 	 V2 	
. . .Vn 	 . . . is a sequence of finite coverings of spaces, such that for any
covering V , there exists n, such that Vn ≺ V .

In a compact metric space there exists such a sequence. This fact allows
working with proximate sequences instead with proximate nets.

Definition 4. The sequence (fn) of functions fn : X → Y is a proxi-
mate sequence from X to Y , if there exists a cofinal sequence of finite
coverings of Y , V1 	 V2 	 . . .Vn 	 . . ., and for all indexes fn and fn+1 are
Vn-homotopic.

In this case we say that (fn) is a proximate sequence over (Vn).
If (fn) and (f ′

n) are proximate sequences from X to Y , than there exists
a cofinal sequence of finite coverings V1 	 V2 	 . . .Vn 	 . . . such that (fn)
and (f ′

n) are proximate sequences over (Vn).
Definition 5. Two proximate sequences (fn) and (f ′

n) are homotopic
if there exists a cofinal sequence of finite coverings V1 	 V2 	 . . .Vn 	 . . .

of Y , such that (fn) and (f ′
n) are Vn-homotopic for all integers n.

We say that (fn) and (f ′
n) are homotopic over (Vn).

Let (fn) : X → Y be a proximate sequence over (Vn) and (gk) : Y → Z

be a proximate sequence over (Wk). For a covering Wk of Z, there exists
a covering Vnk

of Y such that g (Vnk
) ≺ Wk. Then, the composition is the

proximate sequence (hk) = (gkfnk
) : X → Z. In [7] is proven that compact

metric spaces and homotopy classes of proximate sequences [(fn)] form the
shape category InSh i.e. isomorphic spaces in this category has the same
shape.

We repeat the original definition of Bosuk of shape categry Sh. Let X ,
Y and Z, be compact metric spaces, embedded in the Hilbert space Q.

A sequence of maps fk : Q → Q, k = 1, 2, 3, ..., is fundamental se-
quence from X to Y , if for every neighborhood V of Y , there exsist a
neighborhood U of X and there exists k0 ∈ N, such that fk|U 
 fk+1|U in
V for all k ≥ k0. A fundamental sequence is denoted with (fk : X → Y )Q,Q.

Proposition 1. If (fk : X → Y )Q,Q is a fundamental sequence, then
there exists a decreasing sequence of neighborhoods of Y , V1 ⊇ V2 ⊇ ... such
that ∩Vn = Y , and there exists a decreasing sequence of neighborhoods of
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X , U1 ⊇ U2 ⊇ ... such that ∩Un = X and such that for all integers,
fk|Uk


 fk+1|Uk
in Vk.

Two fundamental sequences (fk : X → Y )Q,Q and (f ′
k : X → Y )Q,Q are

homotopic, if for every neighborhood V of Y in Q, there exist neighbor-
hood U of X in Q and k0 ∈ N, such that fk is homotopic to f ′

k in V , for
all k ≥ k0.

The relation of homotopy (fk : X → Y ) 
 (f ′
k : X → Y ) of fundamental

sequences is an equivalence relation. We use symbol [ ] to denote homotopy
classes.

The composition of fundamental sequences (fk : X → Y ) and (gk : Y → Z),
is the fundamental sequence (gkfk : X → Z). The composition of classes

[(fk : X → Y )] and [(gk : Y → Z)]

is the class [(gkfk : X → Z)].

2. Equivalence of categories

Let X be a set and V = {Vi |i = 1, 2, ..., n} be a finite set of subsets of X .
If V ∈ V , we define depth of V in V , to be the biggest number k ∈ N such
that there exist sequence of elements of V such that V ⊂ V2 ⊂ V3 ⊂ ... ⊂ Vk.
(if V is not a proper subset of any element in V then depth of V is 1). The
depth of V we denote with depth (V ).

A covering V of Y in X is regular if it satisfies the following conditions:
1) If V ∈ V than V ∩ Y �= Ø.
2) If U, V ∈ V and U ∩ V �= Ø, than U ∩ V ∈ V .
About the condition 1) see definition of proper covering, ([10] , Definition

8.1., p. 249), while the condition 2) together with 1) shows that V is a
regular family relative to Y in the sense of [10] (Definition 3.5. p. 262).

For a covering V we introduce the notation |V| = ∪{V |V ∈ V }
We define a function rV : |V| → Y in the following way:
Suppose n is the biggest depth of the elements of V . A function rV :

|V| → Y will be defined by induction.
For points y belonging to V ∈ V , such that depth (V ) = n, we choose a

fixed point [V ] ∈ V ∩ Y and put rV (y) = [V ].
Suppose the function is defined for all y belonging to some V ∈ V , such

that depth (V ) > n − k for some natural number k.
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If y belongs to some V ∈ V with depth (V ) = n − k, and rV (y) is not
defined yet, i.e. y ∈ V \ ∪ {V |V ∈ V , depth (V ) > n − k}, we choose a
fixed point [V ], [V ] ∈ (V \ ∪ {V |V ∈ V , depth (V ) > n − k}) ∩ Y and put
rV (y) = [V ].

The function rV is well defined and is V -continuous.
In fact, rV (y) = [V ] if and only if V is the smallest set in V which

contains y i.e V =
⋂

U∈V
y∈U

U .

Now, if V is a regular covering of Y and f̄ : X → |V| is a continuous
function, we define function f : X → Y with f (x) = rV f̄ (x) for all x ∈ X .

The function f is well defined and since f̄ is continuous, the function f

is V-continuous.
We will say that the function is f is obtained from a continuous function

f̄ and covering V .
Theorem 1. If Y is compact metric space embedded in Hilbert cube

Q, V and W are regular coverings of Y in Q such that W ≺ V , then
rV : |W| → Y (the restriction of rV to |W|) and rW are V -homotopic.

Proof. We consider the function R : |W| × I → Y defined by

R (x, t) =

{
rV (x) , (x, t) ∈ |W| × [0, 1)
rW (x) , (x, 1) ∈ |W| × {1}

If (x, t) ∈ |W| × [0, 1), then R (x, t) = rV (x), and R is V-continuous in
(x, t).

If (x, 1) ∈ |W| × {1}, then R (x, 1) = rW (x) = [W ], where W is the
smallest set in W that contains x.

From W ≺ V , it follows that W ⊆ V ∈ V , and we can choose V to be
the smallest set in V , with the property W ⊆ V . Then rV (V ) ∈ V ∩Y and

R (W × 1) = rW (W ) ∈ W ∩ Y ⊂ V ∩ Y. (∗)

We take the neighborhood W × [0, 1] of (x, 1) and (w, t) ∈ W × [0, 1).
There is a smallest set Vw in V such that w ∈ Vw. We obtain

R (w, t) = rV (w) = [Vw] ∈ Vw ∩ Y, for all t ∈ [0, 1). (∗∗)

From the construction Vw ⊆ V for all w ∈ W . Finally from (*) and (**),

R (W × [0, 1]) = R (W × [0, 1))∪ R (W × 1) ⊆ V ∩ Y.
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It follows that R is V-continuous at (x, 1) ∈ |W| × {1}, and R (x, 0) =
rV (x), R (x, 1) = rW (x) .

By Proposition 1, if
(
f̄n

)
is fundamental sequence from X to Y , there

exists V1 	 V2 	 . . . , a cofinal sequence of finite regular coverings of Y in
Q, and there exists a cofinal sequence of finite regular coverings of X in Q,
U1 	 U2 	 . . . such that f̄n(|Un|) ≺ |Vn|, and continuous functions f̄n and
f̄n+1, are homotopic in |Vn|. �

We define a function fn : X → Y , n ∈ N by fn(x) = rVnf̄n(x) for x ∈ X .
Theorem 2. 1) If

(
f̄n

)
is fundamental sequence then (fn) is proximate

sequence.
2) If two fundamental sequences

(
f̄n

)
and

(
f̄ ′
n

)
are homotopic, then the

obtained from them proximate sequences (fn) and (f ′
n) are homotopic.

Proof. 1) Suppose fn,n+1, is the homotopy connecting fn and fn+1. We
define fn,n+1 : X × I → Y by

fn,n+1 (x, t) = rVnfn,n+1 (x, t) .

Then fn,n+1 is Vn -continuous and

fn,n+1 (x, 0) = rVnfn (x) , fn,n+1 (x, 1) = rVnfn+1 (x) . (∗)
By the previous theorem rVn

∣∣|Vn+1| (the restriction of rVn to |W|) and
rVn+1 are Vn-homotopic, by a homotopy R : |Vn+1| × I → Y i.e.

R (x, 0) = rVn (x) , R (x, 1) = rVn+1 (x) .

Then the Vn-homotopy Rfn+1 : X × I → Y satisfies

Rfn+1(x, 0) = rVnfn+1 (x) , Rfn+1(x, 1) = rVn+1fn+1 (x) = fn+1 (x) .

(∗∗)
Since Vn-homotopy is an equivalence relation by (*) and (**) it follows

that rVnfn (x) = fn (x) and rVn+1fn+1 (x) = fn+1 (x) are Vn-homotopic.
2) Suppose Fn, is the homotopy connecting fn and f

′
n. We define Fn :

X × I → Y by Fn (x, t) = rVnFn (x, t).
Then Fn is Vn -continuous and st(Vn) continuous at all points of X×∂I ,

and Fn (x, 0) = fn (x), Fn (x, 1) = f ′
n (x) . �

We will describe a functor Φ : Sh → InSh.
1) On compact metric spaces is defined by Φ (X) = X , for every compact

metric space X .
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2) and is defined with Φ
([(

f̄n

)])
= [(fn)] for every class of fundamental

sequences
[(

f̄n

)]
from X to Y .

Theorem 3. Φ : Sh → InSh is a functor which is isomorphism of
categories.

Proof. First we will prove that for two fundamental sequences (fn) :
X → Y and (gn) : Y → X holds

Φ
([

(ḡn)
(
f̄n

)])
= Φ ([(ḡn)])Φ

([(
f̄n

)])
.

As in the beginning of this section there exists a cofinal sequence of finite
regular coverings W1 	 W2 	 . . . of Z in Q, there exists a cofinal sequence
of finite regular coverings V1 	 V2 	 . . . of Y in Q, and there exists a cofinal
sequence of finite regular coverings U1 	 U2 	 . . . of X in Q, such that
f̄n(|Un|) ⊆ |Vn| and f̄n(|Vn|) ⊆ |Wn|, and such that continuous functions
f̄n, f̄n+1, are homotopic in |Vn| and gn, gn+1, are homotopic in |Wn| for all
n.

Suppose a proximate sequence (gn) from Y to Z is obtained from funda-
mental sequence (ḡn), taking a cofinal sequence of finite regular coverings
(Wk) of Z in Q.

Suppose (fnk
) from X to Y is a proximate subsequence of the proximate

sequence (fn) obtained from fundamental sequence
(
f̄n

)
. The subsequence

of natural numbers is chosen such that fnk
(Vnk

) ≺ Wk.
The fundamental sequences

(
f̄n

)
and

(
f̄nk

)
are in the same class. By

theorem from [7], (fnk
) and (fn) are in the same class and if we put ḡkf̄nk

=
hk.

In fact we have to prove[
rWk

hk

]
=

[
(rWk

ḡk)
(
rVnk

f̄nk

)]
or that rWk

hk and (rWk
ḡk)

(
rVnk

f̄nk

)
are homotopic.

Take a point x in X . By definition

rWk
hk(x) = [W ] (∗)

where W is the smallest set W in Wk such that ḡkf̄nk
(x) = hk (x) ∈ W .

Since ḡk (Vnk
) ≺ Wk there exist V ′ in V such that ḡk (V ′) ⊆ W .

On the other hand, by definition rVnk
f̄nk

(x) = [V ] where V is the small-
est set V in Vnk

such that f̄nk
(x) ∈ V .
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Since V is the smallest, then V ⊆ V ′ and it follows ḡk (V ) ⊆ W . Then

(rWk
ḡk)

(
rVnk

f̄nk

)
(x) = rWk

(ḡk [V ]) ∈ W (∗∗)

Then, by (**) and (*) rWk
hk = hk and (rWk

ḡk)
(
rVnk

f̄nk

)
= gkfnk

are
Wk-near, and since hk is Wk-continuous, by Lemma 1.1 from [14] we have
that hk and gkfnk

are Wk- homotopic.
Now, we will prove that

Φ ([(1X)]) = 1Φ(X).

One represent of the identical morphism in Sh is the class of fundamental
sequences from X to X is

(
1n

)
, where 1n : Q → Q, n ∈ N are copies of

identical map defined by 1n (x) = x, x ∈ X .
Then Φ

([(
1n

)])
= [(1n)], where 1n : X → X , n ∈ N are copies of

identical map.
[(1n)] is the identical morphism in InSh since for proximate sequences

(fn) : X → Y and (gn) : Y → X holds (fn) (1n) = (fn) and (gn) (1n) =
(gn).

It follows Φ ([(1X)]) = 1Φ(X).
To prove that Φ : Sh → InSh is a functor which is an isomorphism of

categories we use the following reformulation of theorem 1 of [5] : For every
proximate sequence (gn) : X → Y there exists a fundamental sequence

(
f̄n

)
from X to Y and a cofinal sequence of coverings V1 	 V2 	 . . . , such that for
such that f̄n|X and gn are Vn− close for all integers. Also, all fundamental
sequences obtained from (fn) in this way are homotopic.

One proximate sequence (fn) obtained from fundamental sequence
(
f̄n

)
,

it consists of Vn− close functions fn and f̄n. Therefore (fn) and (gn) are
homotopic and it follows that the functor is surjective.

To prove that the functor is injective, suppose the proximate sequences
(fn) and (f ′

n) from X to Y are obtained from fundamental sequences
(
f̄n

)
and

(
f̄ ′
n

)
from X to Y , respectively. Suppose (fn) and (f ′

n) are homotopic,
i.e. fn and f ′

n are connected by homotopy Fn for all positive integers. By
Ho‘s theorem, in fact from its form Lemma 1 from [6], it follows that there
exists a continuous homotopy F̄n connecting f̄n and f̄ ′

n for all natural
numbers n. �



EQUIVALENCE OF INTRINSIC SHAPE, BASED ON V -CONTINUOUS ... 47

References

[1] K. Borsuk, Teori� xe�pov, Izdatel�stvo Mir, Moskva, (1976).

[2] C. Ho, On a stability theorem for the fixed point theorem, Fund. Math.
64 (1969), 181-188.

[3] Z. Misajleski, N. Shekutkovski, Intrinsic shape based on ε- continuity
and on continuity up to a covering are equivalent, Proceedings of FMNS
2011, Volume 1, (2011), 77-82.

[4] Z. Misajleski, N. Shekutkovski, Intrinsic shape based on ε- continuity
and on continuity up to a covering are equivalent (II), Proceedings of FMNS
2013, Volume 1, (2013), 87-94.

[5] Z. Misajleski, N. Shekutkovski, Equivalence of intrinsic shape and
shape, God. Zb. Inst. Mat. 42, (2013), 69-80.

[6] J. M. R. Sanjurjo, A non continuous description of the shape, Quart.
J. Math. Oxford Ser. 40, (1989), 351-359.

[7] N. Shekutkovski, Intrinsic definition of strong shape for compact met-
ric spaces, Topology Proceedings, 39, (2012), 27-39.

[8] N. Shekutkovski, One Property of components of chain recurrent set,
Regular and chaotic dynamics, Vol. 20 , No. 2, (2015), p. 184-188.

[9] N. Shekutkovski, Intrinsic shape − The poximate approach, Filomat,
29:10, (2015), p. 2199-2205.

[10] S. Eilenberg, N. Steenrod, Foundations of Algebraic Topology, Prince-
ton University Press, Princeton, New Jersey, 1952.



48 N. SHEKUTKOVSKI, Z. MISAJLESKI, GJ. MARKOSKI, AND M. SHOPTRAJANOV

EKVIVALENCIJA NA VNATREXEN OBLIK, BAZIRAN NA
V− NEPREKINATI FUNKCII, I OBLIK

Nikita Xekutkovski, Zoran Misajleski,

Ǵorǵi Markoski, Martin Xoptrajanov

R e z i m e

Vo ovoj trud daden e direkten dokaz deka kategorijata na vnatrexen

oblik InSh konstruirana so neprekinati funkcii nad pokrivaqi e ek-

vivalentna so originalnata kategorija na oblik Sh na Borsuk dobiena

so vlo�uvaǌe na kompaktni metriqki prostori vo Hilbertoviot kub Q.

Funktorot Sh → InSh e dobien zemajḱi fundamentalna niza
(
f̄n

)
od X

vo Y vo smisla na Borsuk i na neprekinatata funkcija f̄n : Q → Q koja

preslikuva nekoja okolina na X vo unija na qlenovi na pokrivaq V na

Y , i se pridru�uva V - neprekinata funkcija fn : X → Y , i formirajḱi

proksimativnata niza (fn) vo smisla na N. Shekutkovski, Top. Proc. 39
(2012).
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