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DRAZIN’S PSEUDO-INVERSE OF RIGHT ANGLE
SINGULAR MATRIX

AZIR JUSUFI AND KRUTAN RASIMI

Abstract. Throughout theoretical investigation that is done in this
paper for Drazin’s pseudo inverse in associative ring we have build
such an inverse in specific ring. Upper right angle matrices are singular
matrices, their determinant is zero which means they don’t have inverse
matrices. Properties of Drazin’s pseudo inverse enable us to find so
called pseudo inverse of those matrices. In this paper we have construct
Drazin’s pseudo inverse for singular matrices in real square matrix ring.
We will build the construction according to definition of pseudo-inverse
given by Drain. In case when elements of any ring R are non-singular
then the pseudo-inverse of Drazin becomes inverse that satisfies the
condition Va € R, 3a~' € R, a-a~* = e, where e is identity element in
R.

1. INTRODUCTION

Penrose in [6, T'heorem 1] gives the definition for generalized inverse and
their main properties [6, Proposition 1]. In Draizin’s paper [4]is given the
definition for pseudo-inverse of an element in any given associative ring. In
this paper we will adjust the definition for a concrete matrix ring called up-
per right matrix (we name in this way in order to make the difference from
rectangular matrix). An element a from any algebra A is called relatively
regular, if there exists x € A such that axa = a. If a is relatively regular
element, then it has a generalized inverse, which is an element b € A that
satisfies the equations aba = a and bab = b (see [5]). If b is generalized
inverse of a, then a is generalized inverse of b.

2. THE CONSTRUCTION OF DRAZIN’S PSEUDO INVERSE OF UPPER RIGHT
ANGLE SINGULAR MATRIX

Definition 1. Matrices [a;j]lnxn, where a;; = 0, apy, # 0, aj -1 = 0, for
2 <1, j <n, we will call as right angle matrices of n — th order.
Definition 2. A matriz X € A is a Drazin’s pseudo inverse of A € A if

and only if the following conditions are satisfied
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(1) A2X = A
(2) XAX =X
(3) AX = XA,

VA € A. The matrix X we will call as Drazin’s pseudo-inverse matrix of A
from A.

In progress, we get the form of matrix
From A% - X = A, while comparing the elements in respective positions,
except the position of a,, we get

1 1 ay,5—1
T11 = — Tpn = ——, Tij-1= R and
aii Qnn, ayq
Q.
— J,m y
Tjn = —5, i=2,3,4,...,n—1. (1)
ann

As we see from 3) X should be commutative with any A € A, and
AX = X A, equating the elements in [y, position in both sides, we get

a11%1n + A12T20 + - - . + ApZpp = A1nZ11 + A2, T12 + - ..+ G Z1n (2)

Having into consideration conditions (0.1) and (0.2), for x1,, we get

1 a a1 n—1 a as 1
(alna t a2+ Lt an-1n 3= — 123" —a133% — L — amM)

Tin =

a11 — Ann

From which we obtain

2 2
(a1pa1r + agnarz + L + an—1,na1,n—1) an, — (a12a2n + a13a3n, + L + a1nany) af;

T1in =
n aflagm (all - ann)
or
9 n—1 9 n
Up D O1iQin — AT1 Y A1jGjn
B i=1 J=2
- (3)

a%lagm (@11 — ann)

Proposition 1. For the upper right-angle matriz
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the matrix
n—1 n
a%, Y a1iin—a}; Y. a1jajn
1 a =1 3=2
annaj U 03175 (011 =ann)
X = 0o 0 ... G2n
ann
1
0 0 p—

18 Drazin’s pseudo inverse matriz for singular matriz

a1l a2 ... Qip

0 0 ... a
A= 2n

0 0 ... anp

for ai1 # 0, ap, # 0and ar1 # any,.

Proof. To prove this proposition it is necessary and it suffices to prove
whether three conditions of definition hold. O

(1) Let us prove the first condition A%- X = A

a1l a2 @13 : QAip_2 Gipn—1  Qlpn
0O 0 0 0 0 aon,
0O 0 0 0 0 aon,
A% = : =

0O 0 0 0 0  an_on
O 0 0 : 0 0  an_1n
O 0 0 : 0 0 Ann
a3, aijaiz : a11G15-1 Ty

0 0 0 a2nann

0 0 0 Ap—1nQann

0 0 0 a,

where
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So
2 . T
aj; Q11612 1 a11Ginp—1 2
0 0 : 0 A2nnn
A’X =
0 0 : 0 Un—1nGnn
0 0 0 a2,
n—1 n
a3 a1iain—a3; 3 a1jagn
1 ap i=1 i=2
a1l a%l ’ a%ﬂlgm(all—ann)
0 0 820 —
a2, -
1
0 0 p—
a1 a2 a13 i QAip—2 aip—1 11
0 0 0 : 0 0 aon
0 0 0 : 0 0 asn
0o 0 0 : 0 0  an_on
0o 0 0 : 0 0  Gnin
0o 0 0 : 0 0 A,
where
9 n—1 9 n
A Y A1iGin — 71 Y A1jjn
2 =1 7=2 aon asn
T = a7y 7 3 +anna12——- +anaz—- + L+
a110nn (all - ann) Ann Ann
An—1n 1
+ anaip—1—5— + 12— = ain.
nn QAnn
So,

n—1 n
2 2
O D Q1ilin — G171 ) 0150

=1 =2 a ! 1

1= J 11

3 + 5= Y a1jan + —— Y a1y = a1,
a11n (all ann) Ann =2 QAnn =1
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We multiply both sides of the last equation with a2, (a1 — anp)

and we get
n—1 n n—1
2 2
A a1iQin — G1q a15Qn + a11 (an - ann) a15Qjn~+
i=1 j=2 Jj=2

n
Fann (011 = Gnn) 015040 = 1003, (611 — Gnp) -
=1

After all, we obtain ai,a2,, (a11 — @nn) = a1na2,, (a11 — Gpn) . Which
proves A% - X = A.
(2) Let us prove the second condition X AX = X

n—1 n
a2, > aiaim—a3, Y aijajn
1 app i=1 j=2
airaj; af1a3y, (a11—ann)
. a
XAxX=| 0 0 Gn
nn
_1
0 0 p—
a11 a2 a3 : QAip—2 Alpn-—1 A1n
0o 0 0 : 0 0 aon
0o 0 0 : 0 0 asn
0 0 0 : 0 0 Ap—on
0o 0 0 : 0 0  Gnin
0o 0 0 : 0 0 A,
n—1 n
a%, Y a1iin—a3; > a1jajn
1 ap i=1 J=2
a1 a?, a?,a2, (a11—ann)
0 0 %2n =
a2, -
0 0 1

ann
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n—1
n—1 > alzam_au Z a1j@jn
a2 a3 ., @Un-1 415 %jn =1 j=2 .
1 a1l anl a1l Z:l a?; a?,a?, (a11—ann) Gnn
0 0 0 --- 0 Qon
ain
0 0 0 0 oo
nn
0
0 0 0 0 1
n—
az, Z a1iQin— ‘111 Zaly%n
1 ap i=1 i=2
a1 a?, a?,a?, (a11—ann)
0 0 920 _
a’l’L”l
: 1
0 0 P~
Finally, we obtain
1 azn L
ail aiy
a
B 0 0 - %o
_— nn 9
1
0 0 p—
where
9 n—1 9 n
Qion, D A1iQin — G171 ) alj%’n
i=1 j=2
L = 73 E alj ajpn +
ai1zy, (@11 — ann) a11 nn
9 n—1 9 n
n—1 U, D A1iGin — A1 ), A1jjn
a1;Qjn i=1 j=2 1
+ E 3 + 3 5 Qpn | —-
j=2 agy ay10nn (all - ann) nn
n—1
az, alzam—au Z a1jajn
i=1 j=2 . . . .
For L = — . this matrix will be equal with X.
allann(all_an")
Therefore we should prove that
9 n—1 9 n
A D A13Qin — G171 ) A10jn
a15;Qa4 a1;Qip =
2 j@jn + Z jin =
atya%, (a11 — ann) ana?m = 11ann ;
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Hence we obtain

n n—1
2 2 .1
n—1 n—1 aty Y, 1j0jn = Gpy ) A1iGin
1 Z + 1 j=2 i=1
) A+ ) a1, = >
01165, = a3y ann <= af a3y, (a11 — anp)
Multiplying both sides of the equation with a%,a2,, (a11 — ann) , we
get
n—1 n—1
ai1 (@11 — anp) g a1jQjn + pp (@11 — Anp) g a15Qjn =
i=2 i=1

n n—1
_ 2 2 .
= a1 A15Qj5n — Qpp A1;Qin
j=1 i=1
n—1 n—1 n—1 n—1
2 2 _
aiq a14Qjp — A110nn a1jQjnp + A11Qnp A15Qjn — Qpp a15Q5n =
¥hatl} J%
j=2 j=2 j=1 j=1

n n—1
_ 2 2
=0a11 ) 015Qjn — Qpp ) A1iGin
j=1 i=1

n—1 n—1 n—1 n—1
2 2 _
aiq a14Qjp — A110nn a1jQjnp + A11Qnp A15Qjn — Qpp a15Q5n =
WAa¥] WAa¥]
=2 =2 j=1 j=1

n n—1
2 2 2
=an E A1jQjn + 110100 — Qpy E a1;Qin.-
j=1 i=1

After possible cancellations, we obtain
2 _ 2
41101n0nn = G1101n0nn -

Which yields the proof of second condition.
(3) Let us prove the third condition AX = XA

n—1 n

azn 32 avigin—ady 3 a1ja;n n—1
. _ i=1 j=2 a1jajn
1 a2 ais . Ain—1 2 -a —=Jn
ail  an aiy a?,a2, (a11—ann) 1+ 32:2 a2,
ain
0 0 0 0 aii
nn
0
0 0 0 0 1
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n—1 n
n—1 > a1iGin—a3; 3 a1;a4m
@12 @iz ., @n-l Qgyn =1 J=2 .
1 a1l an all J;l a?; a?,a2,(a11—ann) Gnn
= o o0 0 --- 0 Ln. ,
nn
o o0 o --- 0 a3n.
Ann
0
o o o -- 0 1
for equality of those matrices, we need
9 n—1 9 n
Ann Z a1:Qin — a7 Z a15ajn n—1
i=1 j=2 Cayy 4 Zalj%n _
a?a2, (a11 — ann) 1 az,

n—1 9 n
a1iQin — 11 Y, A1j0jn
] .

n—1 y
_ } :aljajn L= j=2
- 2 2 .2
j=1 a1y ay1nn (all - ann)

s Qpn,

if we focus on last equation, we can notice that it has the following

form
n—1 n—1
1 1
anl + —— E aijajn = appl + —- E A5 Wi -
Qnn, =2 ary j=1

From which we obtain

n—1 n—1
1 1
(a11 — am) L= —a2 E A15A5n — —a2 E A15Qjn-
11 j=1

nn i1
Consequently,
n—1 n—1
> A105n — Y A1505n
=1
(all - ann) L= 2 o s
allann
hence,
n—1 n—1
> A1j@jn — Y A15Q4n
i=1

L=
a%lagm (@11 — ann)

which proves the third condition.

Proposition 2. For any matriz A € A and its Drazin’s pseudo inverse X,
AX A = A holds.
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Proof. Let us take the multiplication of matrices

a1 a2 @13 1 Alp—2 Qin—1  Gin
o 0 0 : 0 0  agn
0o 0 0 : 0 0 a3n
AXA = :
0O 0 0 : 0 0  an_on
0O 0 0 : 0 0 ap—1n
0O 0 0 : 0 0 A
02,5 ariaim—a2, 3 arsazm

i e e CTTEmy

0 0 : 3

0 0 —

a1 a2 @13 1 Qg2 Qin—1 Qi
0O 0 0 : 0 0 azn
0O 0 0 : 0 0 azn
0O 0 0 : 0 0  an_on
0O 0 0 : 0 0  an-1n
0O 0 0 : 0 0 A

After the calculations, we obtain

a1 a2 a1z Qip—2  Qlp—1 L
0O 0 0 : 0 0 aon,
0O 0 0 : 0 0 asn
0O 0 0 : 0 0  an_9n
0O 0 0 : 0 0  an_1n

0O 0 0 : 0 0  amm
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where
9 n—1 9 n—1
1 n—1 Ann ;(Ilj(l]’n —an ;aljajn n—lal .
L= aln—l——Zaljajn—l— ] 55 ] -aqq + Z% Ay, -
ai =2 a110nn (all - ann) =2 Ann

We need L to be aq,. Therefore we should prove that

9 n—1 9 n—1
1 n—1 Ann z:laliam —an Z:laljajn n—la a
i= j= 1jUjn
— g a1;ajn+ SR ~aiy + g —5— | -ann =0,

more precisely

9 n—1 9 n—1
= U D Q1iGin — G171 ) A1j0jn 5y
=1 7=1 a15Q4n
—E aljajn—l— ) + E TZO.
a11 j=2 a110nn, (all - ann) j—2 Cmn
Multiplying both sides of the last equation with aj1apy, (@11 — apny)we obtain
n—1 n—1
Ann (@11 — Ann) g a1jGjn + 011 (@11 — ann) g A1;Qin.-
j=2 i=1

After all possible cancellations, we obtain aq,, = a1,. Hence, Proposition 4
holds. O

Let us demonstrate our construction with an example.

Example 1. Let

A=

O O =

7
0
0

S O 0o

be given. To determine the Drazin’s pseudo inverse matrix, we denote as

11 T12 T13
X = 0 0 T3
0 0 xI33

the pseudo-inverse matriz. According to (0.1), z1; = i, T33 = %, Tio =
%, Tog = %, x13 we determine from (0.3) relation, precisely from

2 1 1 7
4 L2 L2 —8.= L
T13+7 3-1-8 3 8 4-1-6 16—1—3;1:13,
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we find 115 = =82, Therefore, the pseudo-inverse matriz is
3 24 ’ p

11 =6
4 16 224
X={o0 o0 3
00 4

Easily conditions 1),2),3) of Definition2 can be verified, so X is Drazin’s
pseudo-inverse for given matriz A, also the example satisfies the property
of Proposition 4.
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JPASWHOB IICEBJIO-UHBEP3HA HA JTECHOATOJIHA
CUHI'YJIAPHA MATPUIIA

Asup Jycydu, Kpyran Pacumnu

Peszuwme

Hwu3s Teoperckure mcnuryBama KOU ce HaIpaBeHU BO OBOj Tpyx 3a Ilpaswm-
HOBA MICEBIOMHBEP3Mja BO ACONUjATUBEH IPCTEH, I'PAIUME UHBEP3Uja BO CIIEIU-
jaseH npcTeH. ['OpHO arosHUTE MATPUNU CE€ CUHTYJIAPHU MATPUIU, UMjd Ie-
TEePpMUHAHTa € HyJa, HITO 3HAUM TUEC HEMAaaT MHBEP3Ha MaTpUlla. CBOjCTBaTa
Ha /lpa3mHOBaTa NCEBIO-UHBEP3Uja OBA3MOKYBAAT A CE HAjle TAKAHADEUYEHA
IICEBOO-UHBEP3HA HA TUE MATPUId. Bo 0BOj TPy KOHCTPpyUpPaMe TAKBa IICEB IO~
I/IHBep3I/Ija Ha CHUHI'YJIADHUTE MaTpUIOIW BO OPCTEHOT O PEaJIHU KBaAPaTHU
Marpunu. KoHCcTpykumjarta ke ja uspemeMe cnopen neGUHANUjaTa HA ICEBIO-
uHBep3uja manmesa on paswn. Bo cayyajor kora egeMeHTUTE O CEKOj
OpCTEH R C€ HECUHT'YJIaPpHU IICE€BJO0-UHBEP3HATa HA I[paan CTaHYBa UHBEP3HA
Koja ro mcnonnysa yeaosor Va € R, Ja~! € R, a-a™! = e, xazne e e equnmucs
enement Bo R.
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