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Abstract. Throughout theoretical investigation that is done in this
paper for Drazin’s pseudo inverse in associative ring we have build
such an inverse in specific ring. Upper right angle matrices are singular
matrices, their determinant is zero which means they don’t have inverse
matrices. Properties of Drazin’s pseudo inverse enable us to find so
called pseudo inverse of those matrices. In this paper we have construct
Drazin’s pseudo inverse for singular matrices in real square matrix ring.
We will build the construction according to definition of pseudo-inverse
given by Drain. In case when elements of any ring R are non-singular
then the pseudo-inverse of Drazin becomes inverse that satisfies the
condition ∀a ∈ R, ∃a−1 ∈ R, a · a−1 = e, where e is identity element in
R.

1. Introduction

Penrose in [6, Theorem 1] gives the definition for generalized inverse and
their main properties [6, Proposition 1]. In Draizin’s paper [4]is given the
definition for pseudo-inverse of an element in any given associative ring. In
this paper we will adjust the definition for a concrete matrix ring called up-
per right matrix (we name in this way in order to make the difference from
rectangular matrix). An element a from any algebra A is called relatively
regular, if there exists x ∈ A such that axa = a. If a is relatively regular
element, then it has a generalized inverse, which is an element b ∈ A that
satisfies the equations aba = a and bab = b (see [5]). If b is generalized
inverse of a, then a is generalized inverse of b.

2. The construction of drazin’s pseudo inverse of upper right

angle singular matrix

Definition 1. Matrices [aij]n×n, where aij = 0, ann �= 0, ai,j−1 = 0, for
2 ≤ i, j ≤ n, we will call as right angle matrices of n − th order.

Definition 2. A matrix X ∈ A is a Drazin’s pseudo inverse of A ∈ A if
and only if the following conditions are satisfied
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50 A. JUSUFI AND K. RASIMI

(1) A2X = A
(2) XAX = X
(3) AX = XA,

∀A ∈ A. The matrix X we will call as Drazin’s pseudo-inverse matrix of A
from A.

In progress, we get the form of matrix
From A2 · X = A, while comparing the elements in respective positions,
except the position of a1n, we get

x11 =
1

a11
, xnn =

1
ann

, xi,j−1 =
a1,j−1

a2
11

, and

xj,n =
aj,n

a2
nn

, j = 2, 3, 4, . . . , n − 1. (1)

As we see from 3) X should be commutative with any A ∈ A, and
AX = XA, equating the elements in l1n position in both sides, we get

a11x1n + a12x2n + . . . + a1nxnn = a1nx11 + a2nx12 + . . . + annx1n (2)

Having into consideration conditions (0.1) and (0.2), for x1n we get

x1n =

(
a1n

1
a11

+ a2n
a12

a2
11

+ L + an−1,n
a1,n−1

a2
11

− a1,2
a2n
a2

nn
− a13

a3n
a2

nn
− L − a1n

1
ann

)

a11 − ann
.

From which we obtain

x1n =
(a1na11 + a2na12 + L + an−1,na1,n−1) a2

nn − (a12a2n + a13a3n + L + a1nann) a2
11

a2
11a

2
nn (a11 − ann)

or

x1n =
a2

nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

(3)

Proposition 1. For the upper right-angle matrix

A =

⎛
⎜⎜⎝

a1 a2 . . . a1n

0 0 . . . a2n

. . . . . . . . . . . .
0 0 . . . ann

⎞
⎟⎟⎠ ,
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the matrix

X =

⎛
⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

. . .
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0 . . . a2n
a2

nn

. . . . . . . . . . . .
0 0 . . . 1

ann

⎞
⎟⎟⎟⎟⎟⎠

is Drazin’s pseudo inverse matrix for singular matrix

A =

⎛
⎜⎜⎝

a11 a12 . . . a1n

0 0 . . . a2n

. . . . . . . . . . . .
0 0 . . . ann

⎞
⎟⎟⎠

for a11 �= 0, ann �= 0 and a11 �= ann.

Proof. To prove this proposition it is necessary and it suffices to prove
whether three conditions of definition hold. �

(1) Let us prove the first condition A2 · X = A

A2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 a1n

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a2n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a2
11 a11a12

... a11a1n−1 T2

0 0
... 0 a2nann

· · · · · · ... · · · · · ·
0 0

... 0 an−1nann

0 0
... 0 a2

nn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where

T2 =
n∑

j=1

a1jajn.
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So

A2X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a2
11 a11a12

... a11a1n−1 T2

0 0
... 0 a2nann

· · · · · · ... · · · · · ·
0 0

... 0 an−1nann

0 0
... 0 a2

nn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

...
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0
... a2n

a2
nn

· · · · · · ... · · ·
0 0

... 1
ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 T1

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a3n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where

T1 = a2
11

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

+ a11a12
a2n

a2
nn

+ a11a13
a3n

a2
nn

+ L +

+ a11a1n−1
an−1n

a2
nn

+ T2
1

ann
= a1n.

So,

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

+
a11

a2
nn

n−1∑
j=2

a1jajn +
1

ann

n∑
j=1

a1ajn = a1n.
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We multiply both sides of the last equation with a2
nn (a11 − ann)

and we get

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn + a11 (a11 − ann)
n−1∑
j=2

a1jajn+

+ann (a11 − ann)
n∑

j=1

a1jajn = a1na2
nn (a11 − ann) .

After all, we obtain a1na2
nn (a11 − ann) = a1na2

nn (a11 − ann) . Which
proves A2 · X = A.

(2) Let us prove the second condition XAX = X

XAX =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

...
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0
... a2n

a2
nn

· · · · · · ... · · ·
0 0

... 1
ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 a1n

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a3n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

...
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0
... a2n

a2
nn

· · · · · · ... · · ·
0 0

... 1
ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
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⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 a12
a11

a13
a11

· · · a1n−1

a11

n−1∑
j=1

a1jajn

a2
11

+

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)
· ann

0 0 0 · · · 0 a2n
ann

0 0 0 · · · 0 a3n
ann· · · · · · · · · · · · 0 · · ·

0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

...
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0
... a2n

a2
nn

· · · · · · ... · · ·
0 0

... 1
ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

Finally, we obtain

=

⎛
⎜⎜⎜⎝

1
a11

a2n

a2
11

· · · L

0 0 · · · a2n
a2

nn· · · · · · · · · · · ·
0 0 · · · 1

ann

⎞
⎟⎟⎟⎠ ,

where

L =

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

+
1

a2
11a

2
nn

n−1∑
j=2

a1jajn +

+

⎛
⎜⎜⎜⎝

n−1∑
j=2

a1jajn

a2
11

+

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

· ann

⎞
⎟⎟⎟⎠

1
ann

.

For L =
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)
this matrix will be equal with X.

Therefore we should prove that

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

+
1

a2
11a

2
nn

n−1∑
j=2

a1jajn +
1

a2
11ann

n−1∑
j=2

a1jajn = 0.
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Hence we obtain

1
a11a2

nn

n−1∑
j=2

a1jajn +
1

a2
11ann

n−1∑
j=2

a1jajn =

a2
11

n∑
j=2

a1jajn − a2
nn

n−1∑
i=1

a1iain

a2
11a

2
nn (a11 − ann)

.

Multiplying both sides of the equation with a2
11a

2
nn (a11 − ann) , we

get

a11 (a11 − ann)
n−1∑
j=2

a1jajn + ann (a11 − ann)
n−1∑
j=1

a1jajn =

= a2
11

n∑
j=1

a1jajn − a2
nn

n−1∑
i=1

a1iain

a2
11

n−1∑
j=2

a1jajn − a11ann

n−1∑
j=2

a1jajn + a11ann

n−1∑
j=1

a1jajn − a2
nn

n−1∑
j=1

a1jajn =

= a2
11

n∑
j=1

a1jajn − a2
nn

n−1∑
i=1

a1iain

a2
11

n−1∑
j=2

a1jajn − a11ann

n−1∑
j=2

a1jajn + a11ann

n−1∑
j=1

a1jajn − a2
nn

n−1∑
j=1

a1jajn =

= a2
11

n∑
j=1

a1jajn + a2
11a1nann − a2

nn

n−1∑
i=1

a1iain.

After possible cancellations, we obtain

a2
11a1nann = a2

11a1nann.

Which yields the proof of second condition.
(3) Let us prove the third condition AX = XA

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 a12
a11

a13
a11

· · · a1n−1

a11

a2
nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)
· a11 +

n−1∑
j=2

a1jajn

a2
nn

0 0 0 · · · 0 a2n
ann

0 0 0 · · · 0 a3n
ann· · · · · · · · · · · · 0 · · ·

0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
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=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 a12
a11

a13
a11

· · · a1n−1

a11

n−1∑
j=1

a1jajn

a2
11

+

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)
· ann

0 0 0 · · · 0 a2n
ann

0 0 0 · · · 0 a3n
ann· · · · · · · · · · · · 0 · · ·

0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

for equality of those matrices, we need

a2
nn

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

· a11 +
n−1∑
j=2

a1jajn

a2
nn

=

=
n−1∑
j=1

a1jajn

a2
11

+

n−1∑
i=1

a1iain − a2
11

n∑
j=2

a1jajn

a2
11a

2
nn (a11 − ann)

· ann,

if we focus on last equation, we can notice that it has the following
form

a11L +
1

a2
nn

n−1∑
j=2

aijajn = annL +
1

a2
11

n−1∑
j=1

aijajn.

From which we obtain

(a11 − ann)L =
1

a2
11

n−1∑
j=1

a1jajn − 1
a2

nn

n−1∑
j=1

a1jajn.

Consequently,

(a11 − ann) L =

n−1∑
j=1

a1jajn −
n−1∑

a1jajn

a2
11a

2
nn

,

hence,

L =

n−1∑
j=1

a1jajn −
n−1∑

a1jajn

a2
11a

2
nn (a11 − ann)

which proves the third condition.

Proposition 2. For any matrix A ∈ A and its Drazin’s pseudo inverse X,
AXA = A holds.
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Proof. Let us take the multiplication of matrices

AXA =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 a1n

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a3n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
a11

a12

a2
11

...
a2

nn

n−1P

i=1
a1iain−a2

11

nP

j=2
a1jajn

a2
11a2

nn(a11−ann)

0 0
... a2n

a2
nn

· · · · · · ... · · ·
0 0

... 1
ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

·

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 a1n

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a3n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

After the calculations, we obtain
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 a13
... a1n−2 a1n−1 L

0 0 0
... 0 0 a2n

0 0 0
... 0 0 a3n

· · · · · · · · · ... · · · · · · · · ·
0 0 0

... 0 0 an−2n

0 0 0
... 0 0 an−1n

0 0 0
... 0 0 ann

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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where

L = a1n+
1

a11

n−1∑
j=2

a1jajn+

⎛
⎜⎜⎜⎝

a2
nn

n−1∑
j=1

a1jajn − a2
11

n−1∑
j=1

a1jajn

a2
11a

2
nn (a11 − ann)

· a11 +
n−1∑
j=2

a1jajn

a2
nn

⎞
⎟⎟⎟⎠·ann.

We need L to be a1n. Therefore we should prove that

1
a11

n−1∑
j=2

a1jajn+

⎛
⎜⎜⎜⎝

a2
nn

n−1∑
i=1

a1iain − a2
11

n−1∑
j=1

a1jajn

a2
11a

2
nn (a11 − ann)

· a11 +
n−1∑
j=2

a1jajn

a2
nn

⎞
⎟⎟⎟⎠·ann = 0,

more precisely

1
a11

n−1∑
j=2

a1jajn +
a2

nn

n−1∑
i=1

a1iain − a2
11

n−1∑
j=1

a1jajn

a2
11a

2
nn (a11 − ann)

+
n−1∑
j=2

a1jajn

a2
nn

= 0.

Multiplying both sides of the last equation with a11ann (a11 − ann)we obtain

ann (a11 − ann)
n−1∑
j=2

a1jajn + a11 (a11 − ann)
n−1∑
i=1

a1iain.

After all possible cancellations, we obtain a1n = a1n. Hence, Proposition 4
holds. �

Let us demonstrate our construction with an example.

Example 1. Let

A =

⎛
⎝

4 7 8
0 0 6
0 0 0

⎞
⎠

be given. To determine the Drazin’s pseudo inverse matrix, we denote as

X =

⎛
⎝

x11 x12 x13

0 0 x23

0 0 x33

⎞
⎠

the pseudo-inverse matrix. According to (0.1), x11 = 1
4 , x33 = 1

3 , x12 =
7
16 , x23 = 2

3 , x13 we determine from (0.3) relation, precisely from

4x13 + 7 · 2
3

+ 8 · 1
3

= 8 · 1
4

+ 6 · 7
16

+ 3x13,
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we find x13 = −65
24 . Therefore, the pseudo-inverse matrix is

X =

⎛
⎝

1
4

7
16

−65
24

0 0 2
3

0 0 1
3

⎞
⎠ .

Easily conditions 1), 2), 3) of Definition 2 can be verified, so X is Drazin’s
pseudo-inverse for given matrix A, also the example satisfies the property
of Proposition 4.
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DRAZINOV PSEVDO-INVERZNA NA DESNOAGOLNA
SINGULARNA MATRICA

Azir Jusufi, Krutan Rasimi

R e z i m e

Niz teoretskite ispituvaǌa koi se napraveni vo ovoj trud za Drazi-
nova psevdoinverzija vo asocijativen prsten, gradime inverzija vo speci-
jalen prsten. Gorno agolnite matrici se singularni matrici, qija de-
terminanta e nula, xto znaqi tie nemaat inverzna matrica. Svojstvata
na Drazinovata psevdo-inverzija ovazmo�uvaat da se najde takanareqena
psevdo-inverzna na tie matrici. Vo ovoj trud konstruirame takva psevdo-
inverzija na singularnite matrici vo prstenot od realni kvadratni
matrici. Konstrukcijata ḱe ja izvedeme spored definicijata na psevdo-
inverzija dadena od Drazin. Vo sluqajot koga elementite od sekoj
prsten R se nesingularni psevdo-inverznata na Drazin stanuva inverzna
koja go ispolnuva uslovot ∀a ∈ R, ∃a−1 ∈ R, a·a−1 = e, kade e e ediniqen
element vo R.
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