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APPROXIMATE METHOD FOR AN INITIAL VALUE

PROBLEM FOR IMPULSIVE DIFFERENCE EQUATIONS

E. MADAMLIEVA, L. KASMSKA, AND S. HRISTOVA

Abstract. An algorithm for constructing two monotone sequences of
upper and lower solutions of the initial value problem for nonlinear
impulsive difference equations is given. It is proved that both functional
sequences are convergent and their limits are minimal and maximal
solutions of the considered problem. Theoretical results are ilustrated
by an example.

1. Statement of the problem

Let the sequence {ni}
p+1
i=0 : ni ∈ Z+, ni+1 ≥ ni + 2 be given. Denote

Z+ the set of all whole numbers and Z[a, b] = {z ∈ Z+ : a ≤ z ≤ b}, a, b ∈
Z+, a < b and Ik = Z[nk, nk+1−2], k ∈ Z[0, p−1] and Ip = Z[np, np+1−1].

Consider the initial value problem (IVP) for the nonlinear impulsive dif-
ference equation (IDE)

∆x(n) = f(n, x(n), x(n+ 1)) for n ∈ Ik, k ∈ Z[0, p]

x(nk) = gk(x(nk − 1)), k ∈ Z[1, p]

x(n0) = x0,

(1)

where ∆x(n) = x(n+ 1) − x(n), x, x0 ∈ R, f :
⋃p
k=0 Ik × R × R → R and

gk : R → R, k ∈ Z[1, p].

Definition 1. The function α : Z[n0, np+1] → R is a minimal(maximal)
solution of the IVP for IDE (1) in Z[n0, np+1] if it is a solution of (1) and
for any solution u(n), n ∈ Z[n0, np+1] the inequality α(n) ≤ u(n) (α(n) ≥
u(n)) holds on Z[n0, np+1]

Definition 2. The function α is a lower (upper) solution of (1), if:

∆α(n) ≤ (≥)f(n, α(n), α(n+ 1)), for n ∈ Ik, k ∈ Z[0, p]

α(nk) ≤ (≥)gk(α(nk − 1)), k ∈ Z[1, p]

α(n0) ≤ (≥)x0
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where α : Z[n0, np+1] → R.

2. Preliminary results

Consider the linear impulsive difference equation of the type

u(n + 1) = Qnu(n) + σn, n ∈ Ik, k ∈ Z[0, p]

u(nk) = Mku(nk − 1) + γk, k ∈ Z[1, p]

u(n0) = x0,

(2)

where u, x0 ∈ R, Qk 6= 0, (k ∈ Z[n0, np+1−1]), σk, (k ∈ Z[n0−1, np+1−1])
and Mk 6= 0, γk, (k ∈ Z[1, p]) are given real constants such that Qnj−1 = 1
for j ∈ Z[1, p], σn0−1 = x0 and σnj−1 = 0 for j ∈ Z[1, p].

Lemma 1. The IVP for IDE (2) has an unique solution given by

u(n) =
n−1
∑

j=n0−1

(
n

∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi +
n

∑

j=n0

(
n

∏

i=j+1

N (i))τ(j)
n−1
∏

i=j

Qi

for n ∈ Z[n0, np+1]

(3)

where

N (n) =

{

Mj for n = nj , j ∈ Z[1, p]

1 otherwise
(4)

τ(n) =

{

γj for n = nj, j ∈ Z[1, p]

0 otherwise
(5)

Proof. We will use an induction with respect to the interval.
Let n ∈ I0 = Z[n0, n1 − 2]. Then the fuction u(n) satisfies the difference

equation

u(n+ 1) = Qnu(n) + σn, n ∈ I0 (6)

with initial condition u(n0) = x0. Let σn0−1 = x0. Then the unique solution
of (6) is given by

u(n) =
n−1
∑

j=n0−1

σj

n−1
∏

i=j+1

Qi, n ∈ Z[n0 + 1, n1 − 1]

Let n = n1. Then using σn1−1 = 0, Qn1−1 = 1 we get

u(n1) = M1u(n1 − 1) + γ1 = M1

n1−1
∑

j=n0−1

σj

n1−1
∏

i=j+1

Qi + γ1,

We define N (n1) = M1 and N (k) = 1, k ∈ Z[n0, n1 − 1]. Hence,

u(n1) =

n1−1
∑

j=n0−1

(

n1
∏

i=j+1

N (i))σj

n1−1
∏

i=j+1

Qi + γ1. (7)
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Let n ∈ I1 = Z[n1, n2 − 2]. Then the fuction u(n) satisfies the difference
equation(6) with initial condition (7) which unique solution is given by

u(n) =

n1−1
∑

j=n0−1

(
n

∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi +
n−1
∑

j=n1

(
n

∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi

+ γ1

n−1
∏

i=n1

Qi

=

n−1
∑

j=n0−1

(

n
∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi + γ1

n−1
∏

i=n1

Qi, n ∈ Z[n1 + 1, n2 − 1]

Let n = n2. Then using σn2−1 = 0, Qn2−1 = 1 we get

u(n2) = M2

n2−1
∑

j=n0−1

(

n2−1
∏

i=j+1

N (i))σj

n2−1
∏

i=j+1

Qi + (

n2
∏

i=n1+1

N (i))γ1

n2−1
∏

i=n1

Qi

+ (

n2
∏

i=n2+1

N (i))γ2

n2−1
∏

i=n2

Qi

=

n2−1
∑

j=n0−1

(

n2
∏

i=j+1

N (i))σj

n2−1
∏

i=j+1

Qi +

n2
∑

j=n0

(

n2
∏

i=j+1

N (i))τ(j)

n2−1
∏

i=j

Qi

Let n ∈ Z[n2 + 1, n3 − 2]. Then the fuction u(n) satisfies the difference
equation the fuction u(n) satisfies the difference equation(6) with initial
value u(n2) and unique solution given by

u(n) =

n2−1
∑

j=n0−1

(

n
∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi +M2γ1

n−1
∏

i=n1

Qi +

n−1
∏

i=n2

Qiγ2

+

n−1
∑

j=n2

(

n
∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi

=

n−1
∑

j=n0−1

(

n
∏

i=j+1

N (i))σj

n−1
∏

i=j+1

Qi +

n
∑

j=n0

(

n
∏

i=j+1

N (i))τ(j)

n−1
∏

i=j

Qi.

By induction it proves (3) for all n ∈ Z[n0, np+1]. �

Lemma 2. Assume that m : Z[n0, np+1] → R satisfies

m(n+ 1) ≤ Qnm(n), for n ∈ Ik, k ∈ Z[0, p]

m(nk) ≤Mkm(nk − 1), k ∈ Z[1, p]

m(n0) ≤ 0,

(8)

where Qn > 0, n ∈ Ik, k ∈ Z[0, p] and Mk > 0, k ∈ Z[1, p].
Then m(n) ≤ 0 for every n ∈ Z[n0, np+1].



16 E. MADAMLIEVA, L. KASMSKA, AND S. HRISTOVA

The proof is based on an induction with respect to the interval and we
omit it.

3. Main results

For any pair of function α, β : Z[n0, np+1] → R such that α(n) ≤ β(n)
for n ∈ Z[n0, np+1] we define the sets

S(α, β) = {u : Z[n0, np+1] → R : α(n) ≤ u(n) ≤ β(n), n ∈ Z[n0, np+1]}

Γ(α, β) = {x ∈ R : α(nk − 1) ≤ x ≤ β(nk − 1), k ∈ Z[1, p]}

Ω(α, β) = {u ∈ R : α(n) ≤ u(n) ≤ β(n), n ∈ Ik, k ∈ Z[0, p]}

Theorem 1. Let the following conditions be fulfilled:

(1) The functions α, β : Z[n0, np+1] → R are lower and upper solutions
of the IVP for IDE (1), respectively, and α(n) ≤ β(n) for n ∈
Z[n0, np+1].

(2) The functions f :
⋃p
k=0 Ik × R × R → R are continuous in Ω(α, β)

and there exist constants Ln < 1 and Pn > −1 such that for any
n ∈ Ik, k ∈ Z[0, p] and x1, x2, y1, y2 ∈ Ω(α, β) : x1 ≤ x2, y1 ≤ y2

f(n, x1, y1)− f(n, x2, y2) ≤ −Ln(x1 − x2)− Pn(y1 − y2).

(3) The functions gk : R → R, k ∈ Z[1, p] are continuous in Γ(α, β)
and there exist constants Mk > 0, k ∈ Z[1, p] such that for any
n = nk, k ∈ Z[1, p] and z1, z2 ∈ Γ(α, β) with z1 ≤ z2

gk(z1) − gk(z2) ≤Mk(z1 − z2).

Then there exist two sequences of functions {α(j)(n)}∞0 and {β(j)(n)}∞0
with α(0) = α and β(0) = β such that:

a)

α(n) ≤ α(j)(n) ≤ α(j+1)(n) ≤ β(j+1)(n) ≤ β(j)(n) ≤ β(n), n ∈ Z[n0, np+1];

b) α(j)(n) and β(j)(n) are lower and upper solutions of (1), respectively;
c) Both sequences are convergent on Z[n0, np+1];

d) The limits limj→∞ α(j)(n) = A(n), limj→∞ β(j)(n) = B(n) are the
minimal and maximal solutions of IVP for IDE (1) in S(α, β), respectively;

e) If (1) has an unique solution u(n) ∈ S(α, β), then A(n) ≡ u(n) ≡
B(n) for n ∈ Z[n0, np+1].

Proof. For any arbitrary fixed function η ∈ S(α, β), we consider the IVP
for the linear IDE

u(n+ 1) = (1 − Ln)u(n)− Pnu(n+ 1) + ψ(n, η(n), η(n+ 1))

n ∈ Ik, k ∈ Z[0, p]

u(nk) = Mku(nk − 1) + ξk(η(nk − 1)), k ∈ Z[1, p]

u(n0) = x0,

(9)



APPROXIMATE METHOD FOR AN INITIAL VALUE PROBLEM ... 17

where u, x0 ∈ R, the functions ψ ∈ C(Ik ×S(α, β)× S(α, β),R), k ∈ Z[0, p]
and ξk ∈ C(Γ(α, β),R), k ∈ Z[1, p] are defined by equalities:

ψ(n, η(n), η(n+ 1)) = f(n, η(n), η(n+ 1)) + Lnη(n)

+ Pnη(n+ 1), n ∈ Ik, k ∈ Z[0, p]

ξk(η(nk − 1)) = gk(η(nk − 1))−Mkη(nk − 1), k ∈ Z[1, p].

According to Lemma 1 the IVP for linear IDE (9) has an unique solution

given by (3) with σn = ψ(n,η(n),η(n+1))
1+Pn

, Qn = 1−Ln

1+Pn
and τ(n) is given by

(5) for γj = ξj(η(nj − 1)), j ∈ Z[1, p].
Consider the operator Q : S(α, β) → S(α, β) by Qη = u, where u is the

unique solution of (9) for the function η.

Set Qα = α(1), where α(1) is the unique solution of (9) with η = α and

let m(n) = α(n) − α(1)(n). Then for any n ∈ Ik, k ∈ Z[0, p] we get

m(n+ 1) ≤ α(n) + f(n, α(n), α(n+ 1)) − α(1)(n) + Lnα
(1)(n)

+ Pnα
(1)(n+ 1)− f(n, α(n), α(n+ 1))− Lnα(n) − Pnα(n+ 1)

= (1 − Ln)m(n) − Pnm(n+ 1)

Hence the inequality m(n+ 1) ≤ 1−Ln

1+Pn
m(n) holds for n ∈ Ik, k ∈ Z[0, p].

For any n = nk we obtain

m(nk) ≤ gk(α(nk − 1))−Mkα
(1)(nk − 1)− gk(α(nk − 1)) +Mkα(nk − 1)

= Mkm(nk − 1).

Therefore, the functionm(n) satisfies the inequalities (8) withQn = 1−Ln

1+Pn
>

0. According to Lemma 2 the function m(n) is non-positive in Z[n0, np+1],
i.e. α ≤ Qα. Analogously it can be proved that the inequality β ≥ Qβ
holds.

Let η1 and η2 ∈ S(α, β) be arbitrary functions such that η1(n) ≤ η2(n) for
n ∈ Z[n0, np+1] and u(1) = Qη1 and u(2) = Qη2. Denote m(n) = u(1)(n) −

u(2)(n), n ∈ Z[n0, np+1].
For any n ∈ Ik, k ∈ Z[0, p] we get the inequality

m(n+ 1) = (1− Ln)(u
(1)(n) − u(2)(n))− Pn(u

(1)(n+ 1)− u(2)(n+ 1))

+ Ln(η1(n) − η2(n)) + Pn(η1(n+ 1)− η2(n+ 1)) + f(n, η1(n), η1(n+ 1))

− f(n, η2(n), η2(n+ 1)) ≤ (1− Ln)m(n)− Pnm(n+ 1)

Hence the inequality m(n+ 1) ≤ 1−Ln

1+Pn
m(n) holds for n ∈ Ik, k ∈ Z[0, p].

For any n = nk, k ∈ Z[1, p] we obtain

m(nk) = Mk(u
(1)(nk − 1) − u(2)(nk − 1)) −Mk(η1(nk − 1) − η2(nk − 1))

+ gk(η1(nk − 1))− gk(η2(nk − 1))

≤Mkm(nk − 1)−Mk(η1(nk − 1)− η2(nk − 1)) +Mk(η1(nk − 1)

− η2(nk − 1)) = Mkm(nk − 1)
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According to Lemma 2 with Qn = 1−Ln

1+Pn
> 0, the function m(n) ≤ 0, i.e.

Qη1 ≤ Qη2, for η1(n) ≤ η2(n), n ∈ Z[n0, np+1].
Let η ∈ S(α, β) be a lower solution of (1).
We consider the function Qη = m. According to above η(n) ≤ m(n), n ∈

Z[n0, np+1].
For any n ∈ Ik, k ∈ Z[0, p] we get the inequality

∆m(n)

= f(n,m(n), m(n+ 1)) − f(n,m(n), m(n+ 1))− Lnm(n)

− Pnm(n+ 1) + f(n, η(n), η(n+ 1)) + Lnη(n) + Pnη(n+ 1)

≤ f(n,m(n), m(n+ 1))

(10)

For any n = nk, k ∈ Z[1, p] we obtain

m(nk) = gk(m(nk − 1))− gk(m(nk − 1)) +Mkm(nk − 1)

+ gk(η(nk − 1))−Mkη(nk − 1)

≤ gk(m(nk − 1)) +Mk(m(nk − 1) − η(nk − 1))

−Mk(m(nk − 1) − η(nk − 1))

= gk(m(nk − 1))

(11)

Inequalities (10) and (11) prove the function m is a lower solution of
IDE (1). Similarly, if η ∈ S(α, β) is an upper solution of IDE (1) then the
function m = Qη is an upper solution of (1).

We define the sequences of functions {α(j)(n)}∞0 and {β(j)(n)}∞0 by the
equalities

α(0) = α β(0) = β

α(j) = Qα(j−1) β(j) = Q{β(j−1)

Therefore, the functions α(s)(n) and β(s)(n) satisfy the initial value prob-
lem

α(s)(n+ 1) = (1− Ln)α
(s)(n) − Pnα

(s)(n+ 1)

+ ψ(n, α(s−1)(n), α(s−1)(n+ 1)), n ∈ Ik, k ∈ Z[0, p]

α(s)(nk) = Mkα
(s)(nk − 1) + ξk(α

(s−1)(nk − 1)), k ∈ Z[1, p]

α(s)(n0) = x0,

(12)

and

β(s)(n+ 1) = (1 − Ln)β
(s)(n) − Pnβ

(s)(n+ 1)

+ ψ(n, β(s−1)(n), β(s−1)(n+ 1)), n ∈ Ik, k ∈ Z[0, p]

β(s)(nk) = Mkβ
(s)(nk − 1) + ξk(β

(s−1)(nk − 1)), k ∈ Z[1, p]

β(s)(n0) = x0,

(13)
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Therefore, the following reprezantations are valid

α(s)(n) =
n−1
∑

j=n0−1

(
n

∏

i=j+1

N (i))
ψ(j, α(s−1)(j), α(s−1)(j + 1))

1 + Pj

n−1
∏

i=j+1

1 − Li
1 + Pi

+
n

∑

j=n0

(
n

∏

i=j+1

N (i))τ(j)
n−1
∏

i=j

1 − Li
1 + Pi

, for n ∈ Z[n0, np+1],

(14)

where τ(n) is given by (5) for γj = ξj(α
(s−1)(nj − 1)), j ∈ Z[1, p].

β(s)(n) =

n−1
∑

j=n0−1

(

n
∏

i=j+1

N (i))
ψ(j, β(s−1)(j), β(s−1)(j + 1))

1 + Pj

n−1
∏

i=j+1

1− Li
1 + Pi

+

n
∑

j=n0

(

n
∏

i=j+1

N (i))τ(j)

n−1
∏

i=j

1 − Li
1 + Pi

, for n ∈ Z[n0, np+1],

(15)

where τ(n) is given by (5) for γj = ξj(β
(s−1)(nj − 1)), j ∈ Z[1, p].

According to the above proved, functions α(s)(n) and β(s)(n) are lower
and upper solutions of IDE (1), respectively and they satisfy for n ∈
Z[n0, np+1] the following inequalities

α(0)(n) ≤ α(1)(n) ≤ . . . ≤ α(s)(n) ≤ β(s)(n) ≤ . . . ≤ β(1)(n) ≤ β(0)(n)
(16)

Both sequences of functions being monotonic and bounded are conver-
gent on Z[n0, np+1].

Let A(n) = lims→∞ α(s)(n), B(n) = lims→∞ β(s)(n).
Take a limit in (14) for s→ ∞ we obtain

A(n) =

n−1
∑

j=n0−1

(

n
∏

i=j+1

N (i))
ψ(j, A(j), A(j+ 1))

1 + Pj

n−1
∏

i=j+1

1 − Li
1 + Pi

+

n
∑

j=n0

(

n
∏

i=j+1

N (i))τ(j)

n−1
∏

i=j

1 − Li
1 + Pi

, for n ∈ Z[n0, np+1],

(17)

where τ(n) is given by (5) for γj = ξj(A(nj − 1)), j ∈ Z[1, p]
From (17) it follows for n ∈ Ik, k ∈ Z[0, p] the equality ∆A(n) =

f(n, A(n), A(n + 1)), k ∈ Z[0, p] holds and for n = nk, k ∈ Z[1, p]
the equality A(nk) = gk(A(nk − 1)), k ∈ Z[1, p] is satisfied.

Therefore, the function A(n) is a solution of IDE (1), n ∈ Z[n0, np+1]
Similarly, we prove the function B(n) is a solution of IDE (1), n ∈

Z[n0, np+1]
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We will prove that the functionsA(n) andB(n) are minimal and maximal
solutions of the initial value problem (1) in S(α, β).

Let u ∈ S(α, β) be a solution of IVP for IDE (1). From inequalities (16)
it follows there exists a natural number p such that p ∈ N :

α(p)(n) ≤ u(n) ≤ β(p)(n) for n ∈ Z[n0, np+1].

We introduce the notation m(n) = α(p+1)(n) − u(n), n ∈ Z[n0, np+1].
For any n ∈ Ik, k ∈ Z[0, p] we get the inequality

m(n+ 1) = m(n) + Lnu(n) − Lnu(n) + Pnu(n+ 1) − Pnu(n+ 1)

− Lnα
(p+1)(n) − Pnα

(p+1)(n + 1) + f(n, α(p)(n), α(p)(n+ 1))

+ Lnα
(p)(n) + Pnα

(p)(n+ 1)− f(n, u(n), u(n+ 1))

≤ m(n) − Ln(α
(p+1)(n) − u(n))− Pn(α

(p+1)(n+ 1) − u(n+ 1))

= (1 − Ln)m(n) − Pnm(n+ 1)

Hence the inequality m(n+ 1) ≤ 1−Ln

1+Pn
m(n) holds for n ∈ Ik, k ∈ Z[0, p].

For any n = nk, k ∈ Z[0, p] we obtain

m(nk) = Mkα
(p+1)(nk − 1) +Mku(nk − 1)−Mku(nk − 1)

+ gk(α
(p)(nk − 1))−Mkα

(p)(nk − 1) − gk(u(nk − 1))

≤Mk(α
(p+1)(nk − 1) − u(nk − 1))−Mk(α

(p)(nk − 1) − u(nk − 1))

+Mk(α
(p)(nk − 1) − u(nk − 1))

= Mkm(nk − 1)

According to Lemma 2 with Qn = 1−Ln

1+Pn
, the function m(n) is non-

positive, i.e. α(p+1)(n) ≤ u(n), n ∈ Z[n0, np+1]. Similarly β(p+1)(n) ≥

u(n), n ∈ Z[n0, np+1], and hence α(j+1) ≤ u(n) ≤ β(j+1), n ∈ Z[n0, np+1].

Since α(0)(n) ≤ u(n) ≤ β(0)(n) this proves by induction that α(j)(n) ≤

u(n) ≤ β(j)(n), n ∈ Z[n0, np+1],for every j.
Taking the limit as j → ∞ we conclude A(n) ≤ u(n) ≤ B(n), n ∈

Z[n0, np+1]. Hence A(n) and B(n) are minimal and maximal solutions of
IVP for IDE (1), respectively.

Let the IVP for IDE (1) has an unique solution u(n) ∈ S(α, β).
Then from above it follows A(n) ≡ u(n) ≡ B(n), n ∈ Z[n0, np+1]. �

4. Applications

Consider the nonlinear IVP for IDE

∆x(n) = anx(n)(x(n) + 0.9) + bnx(n+ 1)(x(n+ 1) + 2),

n ∈ Ik, k ∈ Z[0, 3]

x(5k) = bkx(5k − 1)(x(5k− 1) + 6), k ∈ Z[1, 3]

x(0) = 0,

(18)
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Figure 1. Graphs of the succesive lower/upper approxima-

tions α(s)(n) and β(s)(n), s = 0, 1, 2, 3 of IDE (18).

whereIk = [5k, 5(k+ 1) − 2], k ∈ Z[0, 2], I3 = Z[15, 19] and x ∈ R, an =
− 1
n+2 , bn = − 1

(n+2)2 , bk = 0.1. The IDE (18) has a zero solution. We will

use the given above algorithm to construct succesive aproximations to the
zero solution.

The function α(n) = −0.5, n ∈ Z[0, 20] is a lower solution of IDE (18)
and the function β(n) = 0.5, n ∈ Z[0, 20] is a upper solution of IDE (18).

The condition 2 of Theorem 1 is satisfied for f(n, x, y) = anx(x+ 0.9)+
bny(y + 2) with Ln = −1.9an < 1 and Pn = −3bn > −1, n ∈ Z[0, 20].

The condition 3 of Theorem 1 is satisfied for the functions gk(z) = bkz(z+
6) with Mk = 7bk > 0. According to Theorem 1 there exist a solution of
IDE (18) in S(−0.5, 0.5) and we can construct two sequences of successive
approximations of the exact solution of (18).

The lower approximations α(s)(n), s = 1, 2, 3, n ∈ Z[0, 20] are given by
(14) with

ψ(j, α(s−1)(j), α(s−1)(j+1)) = ajα
(s−1)(j)(α(s−1)(j)+0.9)+bjα

(s−1)(j+

1)(α(s−1)(j+1)+2)+Ljα
(s−1)(j)+Pjα

(s−1)(j+1) and α(0)(n) = −0.5, n ∈
Z[0, 20]. The functions N (n) and τ(n) are given by (4) and (5), respectively

for Mj = 7bj, j ∈ Z[1, 3], γj = bjα
(s−1)(5j − 1)(α(s−1)(5j − 1) + 6) −

Mjα
(s−1)(nj − 1), j ∈ Z[1, 3].

Similarly, the upper approximations β(s)(n), s = 1, 2, 3, n ∈ Z[0, 20] are

given by (14) with ψ(j, β(s−1)(j), β(s−1)(j + 1)) = ajβ
(s−1)(j)(β(s−1)(j) +

0.9) + bjβ
(s−1)(j + 1)(β(s−1)(j + 1) + 2) + Ljβ

(s−1)(j) + Pjβ
(s−1)(j + 1)

and β(0)(n) = 0.5, n ∈ Z[0, 20]. The functions N (n) and τ(n) are given

by (4) and (5), respectively for Mj = 7bj, j ∈ Z[1, 3], γj = bjβ
(s−1)(5j −

1)(β(s−1)(5j − 1) + 6) −Mjβ
(s−1)(nj − 1), j ∈ Z[1, 3].

The graphs of the lower approximations α(s)(n), s = 1, 2, 3 and the upper
approximations β(s)(n), s = 1, 2, 3 are given on the Figure 1. It can be seen
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the sequence of lower approximations is an increasing, the sequence of upper
approximations is a decreasing and both approach to exact solution of (18)
x(n) = 0, n ∈ Z[0, 20].
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