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APPROXIMATE METHOD FOR AN INITIAL VALUE
PROBLEM FOR IMPULSIVE DIFFERENCE EQUATIONS

E. MADAMLIEVA, L. KASMSKA, AND S. HRISTOVA

Abstract. An algorithm for constructing two monotone sequences of
upper and lower solutions of the initial value problem for nonlinear
impulsive difference equations is given. It is proved that both functional
sequences are convergent and their limits are minimal and maximal
solutions of the considered problem. Theoretical results are ilustrated
by an example.

1. STATEMENT OF THE PROBLEM

Let the sequence {nl}f:ol : n; € Zg, niy1 > n; + 2 be given. Denote
Z, the set of all whole numbers and Z[a,b] = {z € Z; : a < z < b}, a,b €
Zy, a < band Iy = Z[ng, ng+1—2], k € Z[0,p—1] and I, = Z[ny, np1 —1].

Consider the initial value problem (IVP) for the nonlinear impulsive dif-
ference equation (IDE)

Az(n) = f(n,z(n),z(n+ 1)) for n € I, k € Z[0, p]

w(nk) = ge(x(ne — 1)), k € Z[1, p] (1)

z(no) = o,
where Az(n) =x(n+1) —x(n), z,zoeR, f: oIk xR xR —R and
g :R— R, ke Z[1,p].
Definition 1. The function o : Z[ng,np+1] — R is a minimal(mazimal)
solution of the IVP for IDE (1) in Zing, ny41] if it is a solution of (1) and
for any solution u(n),n € Zing, np+1| the inequality a(n) < u(n) (a(n) >
u(n)) holds on Z[ng, np41]

Definition 2. The function « is a lower (upper) solution of (1), if:
Aa(n) < (>2)f(n,a(n),a(n+1)), forn e Iy, ke Z[0,p)
a(ng) < (2)gnalng — 1)), k € Z[1,p)
a(no) < (=)zo
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where o : Zng, np41] — R.

2. PRELIMINARY RESULTS
Consider the linear impulsive difference equation of the type
u(n+1) = Quu(n) + on, n € I, k € Z[0, p]
u(ng) = Myu(ng — 1) + vk, k € Z[1, p] (2)
u(ng) = xo,

where u, 29 € R, Qk # 0, (k € Z[no, npy1—1]), ok, (k € Z[no—1, npy1—1])
and My, # 0,7, (k € Z[1,p]) are given real constants such that Q,; 1 =1
for j € Z[1, p], ony—1 = 0 and 0,,; 1 = 0 for j € Z[1, p|.

Lemma 1. The IVP for IDE (2) has an unique solution given by

n—1 n n—1 n n n—1
un) = > (I] N@)oy JT @i+ D (I NonrG) ] @
j=no—1 i=j+1 i=j+1 j=ng i=j+1 i=j (3)
for n € Zng, npy1]
where
N(n) = {Mj for 1.1:nj, JjE€Z[,p] ()
1 otherwise
) fOT n =mny, ]GZ[lvp]
7(n) = {0 otherwise (5)

Proof. We will use an induction with respect to the interval.
Let n € Iy = Z[ng, n1 — 2]. Then the fuction u(n) satisfies the difference
equation

u(n+1) = Quu(n) + oy, n €l (6)
with initial condition u(ng) = x¢. Let 0yy—1 = xo. Then the unique solution
of (6) is given by

n—1 n—1

’LL(’I’L): Z 0j H QZ’, ’I’LEZ[’I’L(]—I—l,’I’Ll—l]
j=no—1  i=j+1
Let n = ny. Then using 0,1 =0, Qp,—1 =1 we get

nyp—1 nyp—1

u(ny) = Myu(ng — 1) +v1 = M, Z o H Qi+ M,
j=no—1  i=j+1
We define N(ny) = My and N(k) =1, k € Z[ng,n1 — 1]. Hence,

ny1—1 ni nip—1

utm)= Y (I] M@)oy T] @i+ (7)

j=no—1 i=j+1 i=j+1



APPROXIMATE METHOD FOR AN INITIAL VALUE PROBLEM ... 15

Let n € I = Z[ny,ne — 2]. Then the fuction u(n) satisfies the difference
equation(6) with initial condition (7) which unique solution is given by

ni—1 n—1 n—1 n n—1
u(n) = > ( HN o TT @i+ > (I M@)o, I @
Jj=no—1 i=j+1 i=j+1 Jj=n1 i=j+1 i=j+1
n—1
+m H Qi

i=nq
n—1 n n—1 n—1
> (IT N@yoy TT @i+ [ @i n€Zin +1,n2 1]
j=no—1 i=j+1 i=j+1 i=n1
Let n = ny. Then using 0,1 =0, Qpn,—1 =1 we get

na—1 ng—1 ng—1 na ng—1
ung) =My Y ([T M@)oy T @+C I Mom [[ @
j=no—1 i=j+1 i=j+1 i=ni+1 i=nq
nag ng—1
(I NG [T @
i=no—+1 i=no
na—1 na—1 na—1
= S (I e IT @+ SSCTT Vo) H@z
Jj=no—1 1=j+1 i=j+1 Jj=no i=j+1

Let n € Z[na + 1,n3 — 2]. Then the fuction u(n) satisfies the dlfference
equation the fuction w(n) satisfies the difference equation(6) with initial
value u(ng) and unique solution given by

na—1 n—1 n—1 n—1
u(n) Z H N(i))o; H Qi+M271HQi+HQi72

Jj=no—1 i=j+1 i=j+1 i=n1 i=ng

n—1 n n—1

+ > CIT N@poy I @

j=no i=j+1 i=j+1

n—1 n

Z(HN UJHQH'Z HN HQz-
Jj=no—1 i=j+1 i=j+1 Jj=ng i=j+1

By induction it proves (3) for all n € Zlng, np41]. O

Lemma 2. Assume that m : Zng, ny+1] — R satisfies
m(n+1) < Qpm(n), forn € I, k€ Z|0,p]
m(nkg) < Mym(ny, — 1), k € Z[1, p| (8)
m(ng) <0,

where Qn >0, n € Iy, k € Z]0,p] and My, >0, k € Z[1, p].
Then m(n) <0 for every n € Zng, npy1].
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The proof is based on an induction with respect to the interval and we
omit it.

3. MAIN RESULTS

For any pair of function «, 5 : Z[ng, np41] — R such that a(n) < §(n)
for n € Z[ng, np4+1] we define the sets

S(a, B) = {u: Z[nog, npa] — R : a(n) <uln) < B(n), n € Zng, npial}

No,B)={z€eR:anp—1) <z <pBn,—1), keZl,p|}

Qa, f) ={u € R:a(n) <u(n) < f(n), nely, keZ0,pl}

Theorem 1. Let the following conditions be fulfilled:

(1) The functions «, 3 : Zng, np+1] — R are lower and upper solutions
of the IVP for IDE (1), respectively, and a(n) < B(n) for n €
Z[no, nip41].

(2) The functions f: \Jy_q I X R x R — R are continuous in Q(a, )
and there exist constants L, < 1 and P, > —1 such that for any
n € Iy, k € Z[0, p] and x1,72,y1,y2 € L, B) : w1 <22, Y1 < Y2

fn, 1) — f(n,22,y2) < —Ln(z1 — 22) — Po(y1 — 42).
(3) The functions g, : R — R, k € Z[1,p] are continuous in I'(«a, 3)
and there exist constants My > 0,k € Z[1,p] such that for any
n=ng, k € Z[1,p] and z1, 22 € T'(e, B) with z1 < 29
gk(21) — gr(22) < Mg(21 — 22).
Then there exist two sequences of functions {aV)(n)}g° and {B3U)(n)}°
with ) = o and ) = B such that:
a)

a(n) < al?(n) < alit(n) < UV (n) < Y (n) < B(n), n € Z[no, np11l;
b) a9 (n) and BY)(n) are lower and upper solutions of (1), respectively;
¢) Both sequences are convergent on Z[ng, npt1);

d) The limits lim;_ a9 (n) = A(n), lim;_ 39 (n) = B(n) are the
minimal and mazimal solutions of IVP for IDE (1) in S(«, ), respectively;
e) If (1) has an unique solution u(n) € S(a, ), then A(n) = u(n) =

B(n) forn € Zing, np41].

Proof. For any arbitrary fixed function n € S(«, 3), we consider the IVP

for the linear IDE

u(n+1) = (1 — Ly)u(n) — Pyu(n + 1) + ¢ (n, n(n), n(n+ 1))
n € Iy, k € Z[0, p]
u(ng) = Myu(ng — 1) + & (n(nk — 1)), k € Z[1,p

u(ng) = o,

(9)
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where u, 9 € R, the functions ) € C(I x S(«, 8) x S(a, B),R), k € Z[0, p]
and & € C(T'(e, B),R), k € Z[1, p] are defined by equalities:
¥(n,n(n),n(n+1)) = f(n,n(n),n(n+ 1)) + Lpn(n)
+ Pon(n+1),n € Iy, k € Z]0, p]
&k — 1)) = gr(n(nk — 1)) — Myn(ny, — 1), k € Z[1, p].
According to Lemma 1 the IVP for linear IDE ( ) has an unique solution
given by (3) with o, = %, Qn = ”
(5) for v; = &;(n(n; — 1)), j € Z[1,p].
Consider the operator @ : S(«, 3) — S(«, 3) by Qn = u, where wu is the
unique solution of (9) for the function 7.
Set Qo = M), where a(!) is the unique solution of (9) with 7 = o and
let m(n) = a(n) — aM(n). Then for any n € Iy, k € Z[0, p] we get
m(n+1) < a(n) + f(n,a(n),a(n+1)) — oM (n) + LyalV(n)
+ PoaM(n+1) = f(n,a(n),a(n+ 1)) — Lya(n) — Pya(n+1)
=(1—-Ly,)m(n) — P,m(n+1)
Hence the inequality m(n + 1) < h‘_é”z m(n) holds for n € Iy, k € Z[0, p].
For any n = n; we obtain
m(ng) < gr(a(ng — 1)) — MpaW(ny, — 1) — gp(a(ng, — 1)) + Mya(ny, — 1)
= Mm(ni — 1).

= and 7(n) is given by

Therefore, the function m(n) satisfies the inequalities (8) with @,, = h‘_éz

0. According to Lemma 2 the function m(n) is non-positive in Z[ng, np+1],
i.e. a < Qa. Analogously it can be proved that the inequality 5 > Q0
holds.
Let n; and 2 € S(a, B) be arbitrary functions such that 1 (n) < na(n) for
n € Zno, nps1) and v = Qn and u® = Qny. Denote m(n) = uM(n) —
u®(n), n € Zng, npy1].
For any n € Iy, k € Z[0, p] we get the inequality
m(n+1) = (1 - L,)(uM(n) —uP(n)) = P,(uM(n+1) — uP(n +1))
+ Ln(m(n) —n2(n)) + Pa(m(n+ 1) = n2(n+ 1)) + f(n, m(n), m(n+ 1))
— f(n,ma(n),ma(n+1)) <(1-L )m(n) — Pon(n+1)

Hence the inequality m(n + 1) < +P m(n) holds for n € Iy, k € Z[0, p|.
For any n = ng, k € Z[1, p] we obtain
m(ng) = My (u™M (g — 1) = u® (ng = 1)) = My (m(nge — 1) = 12z — 1))
+ gr(m(ne — 1)) — gr(n2(nk — 1))
< Mem(ng — 1) = Mi(qu(nk — 1) — n2(nk — 1)) + My (m1(ne — 1)
—n9(nk — 1)) = Mpm(ng — 1)
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According to Lemma 2 with @Q,, = h‘_éz > 0, the function m(n) <0, i.e.

Q@m < @y, for 11 (n) < na(n), n € Zlng, npi]-
Let n € S(a, B) be a lower solution of (1).
We consider the function @n = m. According to above n(n) < m(n),n €
Z[’I’Lo, ’I’Lp+1].
For any n € Iy, k € Z[0, p] we get the inequality
Am(n)
= f(nv m(n), m(n + 1)) - f(nv m(n), m(n + 1)) - an(n)
— Bym(n+1) + f(n,n(n), n(n+ 1)) + Lun(n) + Pun(n+ 1)
< f(n,m(n),m(n+1))

(10)

For any n = ng, k € Z[1, p] we obtain
m(ng) = ge(m(ng — 1)) — ge(m(ng — 1)) + Mpm(ny, — 1)
+ gk(n(nk — 1)) — Mgn(ny — 1)
< gre(m(ny — 1)) + Mi(m(ny, — 1) — n(ng — 1)) (11)
= Mi(m(ni — 1) = n(nk — 1))
= gr(m(nk — 1))
Inequalities (10) and (11) prove the function m is a lower solution of
IDE (1). Similarly, if n € S(a, ) is an upper solution of IDE (1) then the
function m = @n is an upper solution of (1).

We define the sequences of functions {a()(n)}$ and {8Y)(n)}5° by the
equalities

0 — ¢ 5(0) =3
all) = Qa(j—l) ﬁ(j) _ Q{ﬁ(j—l)

Therefore, the functions o) (n) and 3 (n) satisfy the initial value prob-
lem

o (n+1) =1 - Ly)a®(n) — P,a® (n +1)
+19(n,aV(n),a* V(n+1)), nelykez(0p)

a(

a®(ng) = Mpa'® (ng — 1) + &(a* V(g — 1)), k€ Z[1,p] (12)
al®) (no) = o,
and
B (n+1) = (1 - Ly (n) — B, (n+1)
+¢(n, 5V (n), BV (n+1)), nelykeZ0,p (13

B9 (ng) = MpB™ (ng, — 1) + & (B (ny, — 1)), & € Z[1, p]
B) (ng) = o,
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Therefore, the following reprezantations are valid

e as=D(5). qls—1) nl oy g
a(s)(n): Z (H N(i)) v, (4), (j+1) H 1-1L;

j=no—1 i=j+1 1+ P =41 1+ 7
n n n—1 1— L
+ 2 (I Ny ] 7= for m € ZIno, npial,
j=no i=j+1 i=j ‘
(14)

where 7(n) is given by (5) for v; = &(a*™Y(n; — 1)), j € Z[1,p).

56)(n) = Z H Ny LU TD0), BTG + 1) ﬁ 1- L,

j=no—1 i=j+1 1+ P i=j+1 1+ 5
n—1 1 I
—L;
—I—Z H N (i H1+Pi,forn€Z[n0,np+1],
J=ng i=j+1 i=j

(15)

where 7(n) is given by (5) for 7; = &8¢ (n; — 1)), j € Z[1,p).

According to the above proved, functions a(®)(n) and 5)(n) are lower
and upper solutions of IDE (1), respectively and they satisfy for n €
Zlng, np+1] the following inequalities

o) <aln)<...<a®m) <pm) <... <D (n) < pOn)
(16)
Both sequences of functions being monotonic and bounded are conver-
gent on Z[ng, Npy1].
Let A(n) = lim,_o o' (n), B(n) = lim,_, 5% (n).
Take a limit in (14) for s — oo we obtain

. n—1
A(), A +1)) 1-L;
A(n N (i
- S I ivp Al i3
Jj=no—1 i=j+1 i=j+1
n n n—1 1 I (17)
# 3 (T ¥ [T 155, form e 2o mpa),
=ng i= i=

where 7(n) is given by (5) for v; = ;(A(n; — 1)), j € Z[1, p|

From (17) it follows for n € Iy, k € Z[0,p] the equality AA(n)
f(n,A(n), A(n+ 1)), k € Z[0,p] holds and for n = ng, k € Z[1,p]
the equality A(nk) = gr(A(nk — 1)), k € Z[1,p| is satisfied.

Therefore, the function A(n) is a solution of IDE (1), n € Z[ng, np11]

Similarly, we prove the function B(n) is a solution of IDE (1), n €

Z[n(Jv np-l—l]
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We will prove that the functions A(n) and B(n) are minimal and maximal
solutions of the initial value problem (1) in S(a, 3).

Let u € S(a, B) be a solution of IVP for IDE (1). From inequalities (16)
it follows there exists a natural number p such that p € N :

al(n) < u(n) < BP(n) for n € Zlng, nps].

We introduce the notation m(n) = o) (n) —u(n), n € Zng, nps1].
For any n € I, k € Z[0,p] we get the inequality

m(n+ 1) = m(n) + Lyu(n) — Lyu(n) + Pyu(n + 1) — Pyu(n + 1)
— LpaP () = Pa®D(n 4+ 1) + f(n, a®(n), a® (n+ 1))

+ L, (n) + Poa® (n + 1) — f(n, u(n), u(n+1))

< m(n) — Lp(@P(n) — u(n)) — Pu(a®PV(n+1) — u(n + 1))
=(1-Ly,)m(n)— P, m(n—l—l)

Hence the inequality m(n + 1) < +P m(n) holds for n € Iy, k € Z[0, p|.
For any n = ng, k € Z[0, p] we obtain

m(ng) = Mka(p+1)(nk —1) 4+ Miu(ng — 1) — Mgu(ng — 1)

+ ge(aP(ng — 1)) = Mpa® (ny, — 1) — gr(u(ng — 1))

< My (2P (ng — 1) — u(ng — 1)) — M(a® (ng — 1) — u(ng — 1))
+ Mip(aP (ng — 1) — u(ng — 1))

= Mym(ni — 1)

According to Lemma 2 with @, = 1+P , (n) is non-
positive, i.e. aPt)(n) < u(n), n € Zng,nyi1]. Similarly gP+)(n) >
u(n), n € Z[ng,nyi1], and hence aU+Y) < u(n) < BUY | n € Zlng, npy1).
Since a9(n) < u(n) < B (n) this proves by induction that o) (n) <
u(n) < Y9 (n), n € Zng, nps1),for every j.

Taking the limit as j — oo we conclude A(n) < u(n) < B(n), n €
Zlng,np4+1]. Hence A(n) and B(n) are minimal and maximal solutions of
IVP for IDE (1), respectively.

Let the IVP for IDE (1) has an unique solution u(n) € S(a, ().

Then from above it follows A(n) = u(n) = B(n), n € Z[ng,np+1]. O

4. APPLICATIONS
Consider the nonlinear IVP for IDE
Az(n) = apx(n)(z(n) +0.9) + bpz(n+ 1)(z(n+ 1) + 2),
n € Iy, k € Z]0, 3]
x(5k) = bpx(5k — 1)(z(5k — 1) +6), k € Z[1, 3]
z(0) =0,
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FIGURE 1. Graphs of the succesive lower /upper approxima-
tions a®)(n) and B (n), s =0,1,2,3 of IDE (18).

wherel, = [5k,5(k+ 1) — 2], k € Z[0,2], Is = Z[15,19] and = € R, a, =
—n—iz, by, = —m, b = 0.1. The IDE (18) has a zero solution. We will
use the given above algorithm to construct succesive aproximations to the
zero solution.

The function a(n) = —0.5, n € Z|0, 20] is a lower solution of IDE (18)
and the function 5(n) = 0.5, n € Z[0,20] is a upper solution of IDE (18).

The condition 2 of Theorem 1 is satisfied for f(n,z,y) = apz(x+0.9) +
bny(y + 2) with L, = —1.9a, < 1 and P, = —3b, > —1, n € Z|0, 20].

The condition 3 of Theorem 1 is satisfied for the functions gx(z) = brz(z+
6) with My = 7by, > 0. According to Theorem 1 there exist a solution of
IDE (18) in S(—0.5,0.5) and we can construct two sequences of successive
approximations of the exact solution of (18).

The lower approximations o(®) (n), s = 1,2,3, n € Z[0,20] are given by
(14) with

b5, a7 (), @D +1)) = ajal* D (7) (@7 D(5) +0.9) +bjal* V(i +
D)(at V(i 4+1)+2)+ Lia* V() + Pia* D (j+1) and oV (n) = —0.5, n €
Z[0,20]. The functions N(n) and 7(n) are given by (4) and (5), respectively
for M; = 7bj, j € Z[1,3], v; = bjal V(55 — 1)(al~V(55 — 1) + 6) —
M;a*=V(n; —1), j € Z[1,3].

Similarly, the upper approximations 3()(n), s =1,2,3, n € Z[0, 20] are
given by (14) with ¢(j, 8¢~ (j), 8~ + 1)) = a;867D(5)(B4 V() +
0.9) + b7V (G + D(BEV( + 1) + 2) + Ls D) + BB (5 + 1)
and 3 (n) = 0.5, n € Z[0,20]. The functions N(n) and 7(n) are given
by (4) and (5), respectively for M; = Tbj, j € Z[1,3], v; = bjﬁ(s_l)(5j —
1)(BC-D(5) - 1) +6) — M;#D(n; — 1), j € Z[1,3].

The graphs of the lower approximations a(*)(n), s = 1,2, 3 and the upper
approximations 3(°)(n), s = 1,2, 3 are given on the Figure 1. It can be seen
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the sequence of lower approximations is an increasing, the sequence of upper
approximations is a decreasing and both approach to exact solution of (18)
z(n) =0, n € Z[0, 20].
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