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NEWTON'S TYPE QUANTUM FRACTIONAL INTEGRAL

INEQUALITIES PERTAINING TO n-POLYNOMIAL CONVEX

FUNCTIONS AND APPLICATION

ROZANA LIKO AND ARTION KASHURI

Abstract. In this paper, we consider a new Newton's type quantum frac-
tional integral identity. Following that as an auxiliary result, we established
in our main results some integral inequalities of Newton's type including n-
polynomial convex functions. From our main results, we discuss in detail
several special cases. Finally, an example and application of a special means
of positive real numbers are presented to support our theoretical results.

1. Introduction

Integral inequalities are very useful tools for �nding estimations. They can be
applied in di�erent �elds of mathematics such as fractional calculus and discrete
fractional calculus etc., see [20, 11, 23, 31, 32].

Convexity study is crucial regarding theoretical behavior of mathematical in-
equalities, e.g., [25]. For some other theoretical studies of inequalities on di�erent
types of convex functions, see, e.g., GA-convex [43],MT-convex [24], (α,m)-convex
[36], F-convex [26], ηψ-convex [6], a generalized class of convexity [29], and many
other types can be found in [12].

De�nition 1.1. [12] A function h̄ : I ⊆ R → R is said to be convex if

h̄(ȷχ̃1 + (1− ȷ)χ̃2) ≤ ȷh̄(χ̃1) + (1− ȷ)h̄(χ̃2)

holds for all χ̃1, χ̃2 ∈ I and ȷ ∈ [0, 1]. Likewise, h̄ is concave if −h̄ is convex.

De�nition 1.2. [34, 40] Let n ∈ N. A nonnegative function h̄ : I ⊆ R → R is
called n-polynomial convex if

h̄(ȷχ̃1 + (1− ȷ)χ̃2) ≤
1

n

n∑
ℓ=1

(
1− (1− ȷ)

ℓ
)
h̄(χ̃1) +

1

n

n∑
ℓ=1

(
1− ȷℓ

)
h̄(χ̃2)

holds for all χ̃1, χ̃2 ∈ I and ȷ ∈ [0, 1].
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Remark 1.1: From [40], every nonnegative convex function is also an n-polynomi-
al convex function. Moreover, we get the convex function by taking n = 1 in
De�nition 1.2.

Symmetry has a signi�cant role in integral inequality models with convexity. Fur-
thermore, for convex functions and their types, many basic inequalities are found,
such as Hermite�Hadamard type [13, 16], Hermite�Hadamard�Fejér type [28], Os-
trowski type [14, 7, 39], Simpson type [5, 41], Hardy type [19], Olsen type [15] and
Opial type [27].

Let us recall some published papers about above inequalities using q́-calculus
that inspired us.

The q́-analogue of the trapezium's inequality was discovered by Tariboon and
Ntouyas [38] using the concepts of q́-calculus, also known as calculus without lim-
its, on the �nite intervals. See [18] for more information on how to get classical
calculus by taking q́ → 1−. An updated version of the q́-analogue of the inequal-
ity of the trapezium was discovered by Alp et al. [4]. Meanwhile, q́-analogues of
trapezium-like inequalities involving �rst order q́-di�erentiable convex functions
were deduced by Sudsutad et al. [37] and Noor et al. [33]. These analogues
were created by Liu and Zhuang [21] using twice q́-di�erentiable convex functions.
Budak et al. [8] are able to further develop certain q́-Hermite�Hadamard-type
inequality. Ali et al. [2] presented some q́-Ostrowski-type inequalities for twice
q́-di�erentiable functions. Convexity was used by Butt et al. [9] to generate some
new q́-Simpson-Newton-like estimates in the frame of Mercer type inequalities.
Aljinovi¢ et al. [3] established Ostrowski inequality for q́-calculus.

Wang et al. [42] developed new Ostrowski type inequalities via q́-fractional
integrals involving s-convex functions. Inspired by this paper, we attempt to give
some new q́-fractional integral inequalities of Newton's type.

The article is set up as follows: The purpose of the Section 2 is to review
several earlier �ndings of fractional calculus and q́-calculus to provide the main
interpretation of this paper. In Section 3, we look at proving a new Newton's
type quantum fractional integral identity and demonstrate some integral inequal-
ities via n-polynomial convex functions. From our main results, we will discuss
in detail several special cases. In Section 4, we o�er an example and application
to special means of positive real numbers in order to show the e�ciency of our
theoretical results. The conclusion and future research will be given in Section 5.

2. Preliminaries

Let us denote, respectively, L[χ̃1, χ̃2] the set of all Lebesgue integrable functions on
[χ̃1, χ̃2] and C[χ̃1, χ̃2] the set of all di�erentiable continuous functions on [χ̃1, χ̃2].

2.1. Fractional Calculus.

De�nition 2.1. Let α > 0, 0 ≤ χ̃1 < χ̃2 and h̄ ∈ L[χ̃1, χ̃2]. Then the Riemann�
Liouville fractional integral operators of order α are de�ned by

Jα
χ̃+
1
h̄(θ) =

1

Γ(α)

∫ θ

χ̃1

(θ − ȷ)α−1h̄(ȷ)dȷ, χ̃1 < θ (2.1)
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and

Jα
χ̃−
2
h̄(θ) =

1

Γ(α)

∫ χ̃2

θ

(ȷ− θ)α−1h̄(ȷ)dȷ, θ < χ̃2,

where Γ(·) is gamma function, de�ned by

Γ(α) =

∫ ∞

0

ȷα−1e−ȷdȷ, Γ(α+ 1) = αΓ(α).

For α = 1, we get the classical Riemann integrals.

The following fractional version of Simpson's type inequalities for di�erentiable
s-convex functions was given by Chen and Huang:

Theorem 1. [10] Suppose that h̄ : I ⊆ [0,∞) → R be a di�erentiable function
with h̄ ∈ L[χ̃1, χ̃2], where 0 ≤ χ̃1 < χ̃2 and χ̃1, χ̃2 ∈ I◦ (interior of I). If |h̄′| is a
s-convex function for some �xed s ∈ (0, 1], then for α > 0, the following inequality
holds true:

∣∣∣∣16
[
h̄(χ̃1) + 4h̄

(
χ̃1 + χ̃2

2

)
+ h̄(χ̃2)

]
−

Γ(α+ 1)

21−α(χ̃2 − χ̃1)α

[
Jα
χ̃+
1

h̄

(
χ̃1 + χ̃2

2

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + χ̃2

2

)]∣∣∣∣
≤

(χ̃2 − χ̃1)

s+ 1

[
|h̄′(χ̃1)|+|h̄′(χ̃2)|

]
I(s, α), (2.2)

where

I(s, α) :=

∫ 1

0

∣∣∣∣ ȷα2 − 1

3

∣∣∣∣ [(1− ȷ)s + (1 + ȷ)s] dȷ.

2.2. Quantum Calculus. Throughout the remaining paper, let us consider 0 <
q́ < 1 as a constant.

De�nition 2.2. [18] For h̄ ∈ C[χ̃1, χ̃2], the left q́-derivative of h̄ at θ ∈ [χ̃1, χ̃2]
is given by

χ̃1
Dq́h̄(θ) =

h̄(θ)− h̄ (q́θ + (1− q́)χ̃1)

(1− q́)(θ − χ̃1)
, θ ̸= χ̃1. (2.3)

The function h̄ is said to be q́-di�erentiable on [χ̃1, χ̃2] if χ̃1
Dq́h̄(θ) exists for all

θ ∈ [χ̃1, χ̃2]. If we choose χ̃1 = 0, then we will use the notation χ̃1
Dq́h̄(θ) = Dq́h̄(θ),

which is the q́-Jackson derivative. See [17, 4] for more details.

The q́-integer is expressed as follows:

[n]q́ :=
q́n − 1

q́− 1
= 1 + q́+ q́2 + · · ·+ q́n−1, n ∈ N, q́ ∈ (0, 1).

The following q́-integral along with its properties can be studied in [4].

De�nition 2.3. Suppose that h̄ ∈ C[χ̃1, χ̃2]. Then q́-de�nite integral for θ ∈
[χ̃1, χ̃2] is de�ned as∫ θ

χ̃1

h̄(ȷ)χ̃1
dq́ȷ = (1− q́)(θ − χ̃1)

∞∑
r=0

q́rh̄ (q́rθ + (1− q́r)χ̃1) . (2.4)
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Choosing χ̃1 = 0 in (2.4), we have∫ θ

0

h̄(ȷ)dq́ȷ = (1− q́)θ

∞∑
r=0

q́rh̄ (q́rθ) ,

which gives∫ 1

0

ȷα+sdq́ȷ =
1

[α+ s+ 1]q́
,

∫ 1

0

ȷα(1− ȷ)sdq́ȷ =
Γq́(α+ 1)Γq́(s+ 1)

Γq́(α+ s+ 2)
,

where q́-gamma function for θ > 0 is de�ned by

Γq́(θ) =

∫ ∞

0

ȷθ−1E−q́ȷ
q́ dq́ȷ,

Γq́(θ + 1) = [θ]q́Γq́(θ),

and q́-exponential function is given as

Eȷq́ =

∞∑
r=0

q́
r(r−1)

2
ȷr

[r]q́!
.

The following q́-fractional integrals can be studied in [22].

De�nition 2.4. Let α > 0, 0 ≤ χ̃1 < χ̃2 and h̄ ∈ L[χ̃1, χ̃2]. Then the Riemann�
Liouville q́-fractional integrals of order α are de�ned by

Jα
q́,χ̃+

1
h̄(θ) =

1

Γq́(α)

∫ θ

χ̃1

(θ − q́ȷ)α−1h̄(ȷ) χ̃1
dq́ȷ, χ̃1 < θ (2.5)

and

Jα
q́,χ̃−

2
h̄(θ) =

1

Γq́(α)

∫ χ̃2

q́θ

(ȷ− q́θ)α−1h̄(ȷ)dq́ȷ, θ < χ̃2,

where Γq́(·) is q́-gamma function. For q́ → 1−, we get the Riemann�Liouville
fractional integral operators.

Theorem 2. (q́-integration by parts) [38] Let h̄1, h̄2 ∈ C[χ̃1, χ̃2]. Then for all
θ ∈ [χ̃1, χ̃2], we have∫ θ

χ̃1

h̄1(ȷ) χ̃1
Dq́h̄2(ȷ) χ̃1

dq́ȷ = h̄1(θ)h̄2(θ)− h̄1(χ̃1)h̄2(χ̃1)

−
∫ θ

χ̃1

h̄2 (q́ȷ+ (1− q́)χ̃1) χ̃1
Dq́h̄1(ȷ) χ̃1

dq́ȷ. (2.6)

Theorem 3. (q́-Hölder's inequality) [35] Let h̄1, h̄2 be two q́-integrable functions
on [χ̃1, χ̃2], such that p, q́∗ > 1 and 1

p +
1
q́∗

= 1. Then we have

∫ χ̃2

χ̃1

|h̄1(ȷ)h̄2(ȷ)| χ̃1
dq́ȷ ≤

(∫ χ̃2

χ̃1

|h̄1(ȷ)|p χ̃1
dq́ȷ

) 1
p
(∫ χ̃2

χ̃1

|h̄2(ȷ)|q́∗ χ̃1
dq́ȷ

) 1
q́∗

.

(2.7)
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Theorem 4. (q́-Power mean inequality) [35] Let h̄1, h̄2 be two q́-integrable func-
tions on [χ̃1, χ̃2] such that q́∗ ≥ 1. Then we have∫ χ̃2

χ̃1

|h̄1(ȷ)h̄2(ȷ)| χ̃1
dq́ȷ ≤

(∫ χ̃2

χ̃1

|h̄1(ȷ)| χ̃1
dq́ȷ

)1− 1
q́∗
(∫ χ̃2

χ̃1

|h̄1(ȷ)| |h̄2(ȷ)|q́∗ χ̃1
dq́ȷ

) 1
q́∗

.

(2.8)

3. Main Results

For the simplicities of notations, let

δ(θ, α) :=

∫ 1

0

|ȷα − θ| dȷ, ρ(θ, p, α) :=

∫ 1

0

|ȷα − θ|p dȷ.

Let us recall the well-known beta and hypergeometric functions below:

β(x, y) :=

∫ 1

0

ȷx−1(1− ȷ)y−1dȷ, x, y > 0

and

2F1 (χ̃1, χ̃2; τ ; z) :=
1

β(χ̃2, τ − χ̃2)

∫ 1

0

ȷχ̃2−1(1− ȷ)τ−χ̃2−1(1− zȷ)−χ̃1dȷ,

for R(τ) > R(χ̃2) > 0 and |z|≤ 1.
The following two lemmas are very useful in the sequel.

Lemma 1. For α > 0 and 0 ≤ θ ≤ 1, we have

δ(θ, α) :=


1

α+ 1
, for θ = 0;

2αθ1+
1
α + 1

α+ 1
− θ, for 0 < θ < 1;

α

α+ 1
, for θ = 1.

Proof. The proof is evident. □

Lemma 2. For α > 0, p ≥ 1 and 0 ≤ θ ≤ 1, we have

ρ(θ, p, α) :=



1

pα+ 1
, for θ = 0;

θp+
1
α

α
β

(
1

α
, p+ 1

)
+

(1− θ)p+1

α(p+ 1)
2F1

(
1−

1

α
, 1; p+ 2; 1− θ

)
, for 0 < θ < 1;

1

α
β

(
1

α
, p+ 1

)
, for θ = 1.

Proof. The proof is a straightforward computations. We omit here their details.
□

We are in position to prove a new lemma including Riemann�Liouville q́-fractional
integrals, in order to establish our main results.
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Lemma 3. Suppose that h̄ : [χ̃1, χ̃2] → R be a q́-di�erentiable function, where
0 < q́ < 1 such that 0 ≤ χ̃1 < χ̃2. If Dq́h̄ ∈ L[χ̃1, χ̃2] and α ∈ N, then we have

1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)]

=
(χ̃2 − χ̃1)

9

{∫ 1

0

(
ȷα −

3

8

)
Dq́h̄

(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dq́ȷ

+

∫ 1

0

(
ȷα −

1

2

)
Dq́h̄

(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dq́ȷ

+

∫ 1

0

(
ȷα −

5

8

)
Dq́h̄

(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dq́ȷ
}
. (3.1)

Proof. Let denote, respectively,

I1 :=

∫ 1

0

(
ȷα − 3

8

)
Dq́h̄

(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dq́ȷ,

I2 :=

∫ 1

0

(
ȷα − 1

2

)
Dq́h̄

(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dq́ȷ

and

I3 :=

∫ 1

0

(
ȷα − 5

8

)
Dq́h̄

(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dq́ȷ.

With the help of q́-integration by parts, we have

I1 =

∫ 1

0
ȷαDq́h̄

(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dq́ȷ−

3

8

∫ 1

0
Dq́h̄

(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dq́ȷ

= −
9

8(χ̃2 − χ̃1)

[
h̄

(
2χ̃1 + χ̃2

3

)
− h̄(χ̃1)

]
+ 3ȷα

h̄
(
ȷ 2χ̃1+χ̃2

3
+ (1− ȷ)χ̃1

)
χ̃2 − χ̃1

∣∣∣∣∣∣
1

0

−
3[α]q́

χ̃2 − χ̃1

∫ 1

0
ȷα−1h̄

(
q́ȷ

2χ̃1 + χ̃2

3
+ (1− q́ȷ)χ̃1

)
dq́ȷ

= −
9

8(χ̃2 − χ̃1)

[
h̄

(
2χ̃1 + χ̃2

3

)
− h̄(χ̃1)

]
+

3

χ̃2 − χ̃1
h̄

(
2χ̃1 + χ̃2

3

)
+

+
3[α]q́(1− q́)

q́α(χ̃2 − χ̃1)
h̄

(
2χ̃1 + χ̃2

3

)
−

3α+1[α]q́Γq́(α)

q́α(χ̃2 − χ̃1)α+1

1

Γq́(α)

∫ 2χ̃1+χ̃2
3

q́χ̃1

(ȷ− q́χ̃1)
α−1 h̄(ȷ)dq́ȷ

=
15

8(χ̃2 − χ̃1)
h̄

(
2χ̃1 + χ̃2

3

)
+

9

8(χ̃2 − χ̃1)
h̄(χ̃1) +

3[α]q́(1− q́)

q́α(χ̃2 − χ̃1)
h̄

(
2χ̃1 + χ̃2

3

)
−

3α+1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α+1
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1). (3.2)
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Similarly, we get

I2 =

∫ 1

0

ȷαDq́h̄

(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dq́ȷ− (3.3)

− 1

2

∫ 1

0

Dq́h̄

(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dq́ȷ

=
3

2(χ̃2 − χ̃1)
h̄

(
χ̃1 + 2χ̃2

3

)
+

3

2(χ̃2 − χ̃1)
h̄

(
2χ̃1 + χ̃2

3

)
+

+
3[α]q́(1− q́)

q́α(χ̃2 − χ̃1)
h̄

(
χ̃1 + 2χ̃2

3

)
−

3α+1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α+1
Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
(3.4)

and

I3 =

∫ 1

0

ȷαDq́h̄

(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dq́ȷ−

− 5

8

∫ 1

0

Dq́h̄

(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dq́ȷ

=
9

8(χ̃2 − χ̃1)
h̄(χ̃2) +

15

8(χ̃2 − χ̃1)
h̄

(
χ̃1 + 2χ̃2

3

)
+

3[α]q́(1− q́)

q́α(χ̃2 − χ̃1)
h̄(χ̃2)

−
3α+1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α+1
Jα
q́,χ̃−

2
h̄

(
χ̃1 + 2χ̃2

3

)
. (3.5)

Thus, we obtain the required identity (3.1) by adding equalities (3.2)�(3.5) and

multiplying the resultant one by χ̃2−χ̃1

9 . □

Remark 3.1: Considering q́ → 1− in Lemma 3, we have the following fractional
identity:

1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γ(α+ 1)

(χ̃2 − χ̃1)α

[
Jα(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα(
χ̃1+2χ̃2

3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)]

=
(χ̃2 − χ̃1)

9

{∫ 1

0

(
ȷα −

3

8

)
h̄′
(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dȷ

+

∫ 1

0

(
ȷα −

1

2

)
h̄′
(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dȷ

+

∫ 1

0

(
ȷα −

5

8

)
h̄′
(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dȷ
}
, (3.6)

which was established in ([1], Lemma 3.1).

Remark 3.2: Choosing α = 1 in Lemma 3, we get the following q́-identity:

1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

(1− q́)

3q́

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
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− 1

q́(χ̃2 − χ̃1)

[∫ 2χ̃1+χ̃2
3

q́χ̃1

h̄(ȷ)dq́ȷ+

∫ χ̃1+2χ̃2
3

q́
2χ̃1+χ̃2

3

h̄(ȷ)dq́ȷ+

∫ χ̃2

q́
χ̃1+2χ̃2

3

h̄(ȷ)dq́ȷ

]

=
(χ̃2 − χ̃1)

9

{∫ 1

0

(
ȷ− 3

8

)
Dq́h̄

(
ȷ
2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)
dq́ȷ

+

∫ 1

0

(
ȷ− 1

2

)
Dq́h̄

(
ȷ
χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)
dq́ȷ

+

∫ 1

0

(
ȷ− 5

8

)
Dq́h̄

(
ȷχ̃2 + (1− ȷ)

χ̃1 + 2χ̃2

3

)
dq́ȷ
}
. (3.7)

By using Lemmas 1, 2 and 3, we established the following q́-fractional integral
inequalities.

Theorem 5. Assume that h̄ : [χ̃1, χ̃2] → R is a q́-di�erentiable function with
0 < q́ < 1, such that 0 ≤ χ̃1 < χ̃2. Suppose that Dq́h̄ ∈ L[χ̃1, χ̃2] and |Dq́h̄|q́∗ is

n-polynomial convex function for all n ∈ N, where p, q́∗ > 1 and 1
p +

1
q́∗

= 1. Then

for α ∈ N, the following q́-fractional integral inequality holds true:∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣

≤ (χ̃2 − χ̃1)

9

(
1− 1

n

n∑
ℓ=1

1

[ℓ+ 1]q́

) 1
q́∗

×
{
A

1
p

q́ (p, α)

[
|Dq́h̄(χ̃1)|q́∗+

∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+B
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
∣∣Dq́h̄(χ̃2)

∣∣q́∗] 1
q́∗ }

, (3.8)

where

Aq́(p, α) :=
∫ 1

0

∣∣ȷα − 3
8

∣∣p dq́ȷ,
Bq́(p, α) :=

∫ 1

0

∣∣ȷα − 1
2

∣∣p dq́ȷ,
Cq́(p, α) :=

∫ 1

0

∣∣ȷα − 5
8

∣∣p dq́ȷ.
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Proof. By using Lemma 3, q́-Hölder's inequality, n-polynomial convexity of |Dq́h̄|q́∗
and properties of modulus, we have∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
≤

(χ̃2 − χ̃1)

9

{∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)∣∣∣∣ dq́ȷ
+

∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)∣∣∣∣ dq́ȷ
+

∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷχ̃2 + (1− ȷ)
χ̃1 + 2χ̃2

3

)∣∣∣∣ dq́ȷ}
≤

(χ̃2 − χ̃1)

9

{(∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣p dq́ȷ

) 1
p

(∫ 1

0

∣∣∣∣Dq́h̄(ȷ2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗

+

(∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣p dq́ȷ

) 1
p

(∫ 1

0

∣∣∣∣Dq́h̄(ȷ χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗

+

(∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣p dq́ȷ

) 1
p

(∫ 1

0

∣∣∣∣Dq́h̄(ȷχ̃2 + (1− ȷ)
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗ }

≤
(χ̃2 − χ̃1)

9

{
A

1
p
q́

(p, α)

∫ 1

0

1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣∣Dq́h̄(

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ dq́ȷ +

∫ 1

0

1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
)
|Dq́h̄(χ̃1)|

q́∗dq́ȷ

 1
q́∗

+ B

1
p
q́

(p, α)

∫ 1

0

1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣∣Dq́h̄(

χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ dq́ȷ +

∫ 1

0

1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
) ∣∣∣∣Dq́h̄(

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

 1
q́∗

+ C

1
p
q́

(p, α)

∫ 1

0

1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣Dq́h̄(χ̃2)

∣∣∣q́∗ dq́ȷ +

∫ 1

0

1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
) ∣∣∣∣Dq́h̄(

χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

 1
q́∗ }

=
(χ̃2 − χ̃1)

9

(
1− 1

n

n∑
ℓ=1

1

[ℓ+ 1]q́

) 1
q́∗

×
{
A

1
p

q́ (p, α)

[
|Dq́h̄(χ̃1)|q́∗+

∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+B
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ + |Dq́h̄(χ̃2)|q́∗
] 1

q́∗ }
.

This concludes the desired proof. □
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Corollary 5.1. Suppose q́ → 1− in Theorem 5. Then we have∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γ(α+ 1)

(χ̃2 − χ̃1)α

[
Jα(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα(
χ̃1+2χ̃2

3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
≤

(χ̃2 − χ̃1)

9

(
1−

1

n

n∑
ℓ=1

1

ℓ+ 1

) 1
q́∗

×
{
ρ

1
p

(
3

8
, p, α

)[
|h̄′(χ̃1)|q́∗+

∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+ ρ
1
p

(
1

2
, p, α

)[∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+ ρ
1
p

(
5

8
, p, α

)[∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
∣∣h̄′(χ̃2)

∣∣q́∗] 1
q́∗ }

. (3.9)

Corollary 5.2. Considering α = 1 in Theorem 5, we get∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

(1− q́)

3q́

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
− 1

q́(χ̃2 − χ̃1)

[∫ 2χ̃1+χ̃2
3

q́χ̃1

h̄(ȷ)dq́ȷ+

∫ χ̃1+2χ̃2
3

q́
2χ̃1+χ̃2

3

h̄(ȷ)dq́ȷ+

∫ χ̃2

q́
χ̃1+2χ̃2

3

h̄(ȷ)dq́ȷ

] ∣∣∣
≤ (χ̃2 − χ̃1)

9

(
1− 1

n

n∑
ℓ=1

1

[ℓ+ 1]q́

) 1
q́∗

×
{
A

1
p

q́ (p)

[
|Dq́h̄(χ̃1)|q́∗+

∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+B
1
p

q́ (p)

[∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1
p

q́ (p)

[∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
∣∣Dq́h̄(χ̃2)

∣∣q́∗] 1
q́∗ }

, (3.10)

where

Aq́(p) :=

∫ 1

0

∣∣∣∣ȷ− 3

8

∣∣∣∣p dq́ȷ, Bq́(p) :=

∫ 1

0

∣∣∣∣ȷ− 1

2

∣∣∣∣p dq́ȷ, Cq́(p) :=

∫ 1

0

∣∣∣∣ȷ− 5

8

∣∣∣∣p dq́ȷ.
Corollary 5.3. Taking |Dq́h̄|≤ K in Theorem 5, we obtain∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
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+
[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
≤

2
1
q́∗ K(χ̃2 − χ̃1)

9

(
1−

1

n

n∑
ℓ=1

1

[ℓ+ 1]q́

) 1
q́∗ {

A
1
p

q́
(p, α) + B

1
p

q́
(p, α) + C

1
p

q́
(p, α)

}
. (3.11)

Corollary 5.4. Considering n = 1 in Theorem 5, we have∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣

≤ (χ̃2 − χ̃1)

9

(
q́

q́+ 1

) 1
q́∗

×
{
A

1
p

q́ (p, α)

[
|Dq́h̄(χ̃1)|q́∗+

∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+B
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1
p

q́ (p, α)

[∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
∣∣Dq́h̄(χ̃2)

∣∣q́∗] 1
q́∗ }

. (3.12)

Corollary 5.5. Taking q́ → 1− in Corollary 5.4, we get∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γ(α+ 1)

(χ̃2 − χ̃1)α

[
Jα(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα(
χ̃1+2χ̃2

3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣

≤ (χ̃2 − χ̃1)

9

(
1

2

) 1
q́∗

×
{
A

1
p (p, α)

[
|h̄′(χ̃1)|q́∗+

∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+B
1
p (p, α)

[∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +

∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗
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+C
1
p (p, α)

[∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
∣∣h̄′(χ̃2)

∣∣q́∗] 1
q́∗ }

, (3.13)

where
A(p, α) :=

∫ 1

0

∣∣ȷα − 3
8

∣∣p dȷ,
B(p, α) :=

∫ 1

0

∣∣ȷα − 1
2

∣∣p dȷ,
C(p, α) :=

∫ 1

0

∣∣ȷα − 5
8

∣∣p dȷ.
Theorem 6. Assume that h̄ : [χ̃1, χ̃2] → R is a q́-di�erentiable function with
0 < q́ < 1, such that 0 ≤ χ̃1 < χ̃2. Suppose that Dq́h̄ ∈ L[χ̃1, χ̃2] and |Dq́h̄|q́∗ is
n-polynomial convex function for all n ∈ N, where q́∗ ≥ 1. Then for α ∈ N, the
following q́-fractional integral inequality holds true:∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣

≤ (χ̃2 − χ̃1)

9

{
A

1− 1
q́∗

q́ (α)

[(
Aq́(α)−

1

n

n∑
ℓ=1

Eq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗

+

(
Aq́(α)−

1

n

n∑
ℓ=1

Fq́(α, ℓ)

)
|Dq́h̄(χ̃1)|q́∗

] 1
q́∗

+B
1− 1

q́∗
q́ (α)

[(
Bq́(α)−

1

n

n∑
ℓ=1

Gq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗

+

(
Bq́(α)−

1

n

n∑
ℓ=1

Hq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1− 1

q́∗
q́ (α)

[(
Cq́(α)−

1

n

n∑
ℓ=1

Mq́(α, ℓ)

)∣∣Dq́h̄(χ̃2)
∣∣q́∗

+

(
Cq́(α)−

1

n

n∑
ℓ=1

Nq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
, (3.14)

where

Aq́(α) :=

∫ 1

0

∣∣∣∣ȷα − 3

8

∣∣∣∣ dq́ȷ, Bq́(α) :=

∫ 1

0

∣∣∣∣ȷα − 1

2

∣∣∣∣ dq́ȷ, Cq́(α) :=

∫ 1

0

∣∣∣∣ȷα − 5

8

∣∣∣∣ dq́ȷ
and

Eq́(α, ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷα − 3

8

∣∣∣∣ dq́ȷ, Fq́(α, ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷα − 3

8

∣∣∣∣ dq́ȷ,
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Gq́(α, ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷα − 1

2

∣∣∣∣ dq́ȷ, Hq́(α, ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷα − 1

2

∣∣∣∣ dq́ȷ,
Mq́(α, ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷα − 5

8

∣∣∣∣ dq́ȷ, Nq́(α, ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷα − 5

8

∣∣∣∣ dq́ȷ.
Proof. By using Lemma 3, q́-Power mean inequality, n-polynomial convexity of
|Dq́h̄|q́∗ and properties of modulus, we have∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣

≤ (χ̃2 − χ̃1)

9

{∫ 1

0

∣∣∣∣ȷα − 3

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)∣∣∣∣ dq́ȷ
+

∫ 1

0

∣∣∣∣ȷα − 1

2

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)∣∣∣∣ dq́ȷ
+

∫ 1

0

∣∣∣∣ȷα − 5

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷχ̃2 + (1− ȷ)
χ̃1 + 2χ̃2

3

)∣∣∣∣ dq́ȷ}

≤
(χ̃2 − χ̃1)

9

{(∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣ dq́ȷ)1− 1
q́∗
(∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ2χ̃1 + χ̃2

3
+ (1− ȷ)χ̃1

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗

+

(∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣ dq́ȷ)1− 1
q́∗
(∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷ χ̃1 + 2χ̃2

3
+ (1− ȷ)

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗

+

(∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣ dq́ȷ)1− 1
q́∗
(∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣ ∣∣∣∣Dq́h̄(ȷχ̃2 + (1− ȷ)
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ dq́ȷ

) 1
q́∗ }

≤
(χ̃2 − χ̃1)

9

×
{
A

1− 1
q́∗

q́
(α)

∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣
 1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣∣Dq́h̄(

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +
1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
)
|Dq́h̄(χ̃1)|

q́∗

 dq́ȷ

 1
q́∗

+ B
1− 1

q́∗
q́

(α)

∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣
 1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣∣Dq́h̄(

χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
) ∣∣∣∣Dq́h̄(

2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
 dq́ȷ

 1
q́∗

+ C
1− 1

q́∗
q́

(α)

∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣
 1

n

n∑
ℓ=1

(
1 − (1 − ȷ)

ℓ
) ∣∣∣Dq́h̄(χ̃2)

∣∣∣q́∗ +
1

n

n∑
ℓ=1

(
1 − ȷ

ℓ
) ∣∣∣∣Dq́h̄(

χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
 dq́ȷ

 1
q́∗ }

=
(χ̃2 − χ̃1)

9

{
A

1− 1
q́∗

q́ (α)

[(
Aq́(α)−

1

n

n∑
ℓ=1

Eq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
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+

(
Aq́(α)−

1

n

n∑
ℓ=1

Fq́(α, ℓ)

)
|Dq́h̄(χ̃1)|q́∗

] 1
q́∗

+B
1− 1

q́∗
q́ (α)

[(
Bq́(α)−

1

n

n∑
ℓ=1

Gq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗

+

(
Bq́(α)−

1

n

n∑
ℓ=1

Hq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1− 1

q́∗
q́ (α)

[(
Cq́(α)−

1

n

n∑
ℓ=1

Mq́(α, ℓ)

)∣∣Dq́h̄(χ̃2)
∣∣q́∗

+

(
Cq́(α)−

1

n

n∑
ℓ=1

Nq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
.

This completes the proof. □
Corollary 6.1. Taking q́∗ = 1 in Theorem 6, we have∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
≤

(χ̃2 − χ̃1)

9

×
{(

Aq́(α)−
1

n

n∑
ℓ=1

Eq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣+
(
Aq́(α)−

1

n

n∑
ℓ=1

Fq́(α, ℓ)

)
|Dq́h̄(χ̃1)|

+

(
Bq́(α)−

1

n

n∑
ℓ=1

Gq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣
+

(
Bq́(α)−

1

n

n∑
ℓ=1

Hq́(α, ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣
+

(
Cq́(α)−

1

n

n∑
ℓ=1

Mq́(α, ℓ)

)∣∣Dq́h̄(χ̃2)
∣∣+(Cq́(α)−

1

n

n∑
ℓ=1

Nq́(α, ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣ }.
(3.15)

Corollary 6.2. If we choose q́ → 1− in Theorem 6, we get∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γ(α+ 1)

(χ̃2 − χ̃1)α

[
Jα(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα(
χ̃1+2χ̃2

3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
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≤
(χ̃2 − χ̃1)

9

{
A

1− 1
q́∗ (α)

[(
A(α)−

1

n

n∑
ℓ=1

E(α, ℓ)

)∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗

+

(
A(α)−

1

n

n∑
ℓ=1

F(α, ℓ)

)
|h̄′(χ̃1)|q́∗

] 1
q́∗

+B
1− 1

q́∗ (α)

[(
B(α)−

1

n

n∑
ℓ=1

G(α, ℓ)

)∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗

+

(
B(α)−

1

n

n∑
ℓ=1

H(α, ℓ)

)∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1− 1

q́∗ (α)

[(
C(α)−

1

n

n∑
ℓ=1

M(α, ℓ)

)∣∣h̄′(χ̃2)
∣∣q́∗

+

(
C(α)−

1

n

n∑
ℓ=1

N(α, ℓ)

)∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
, (3.16)

where

A(α) :=

∫ 1

0

∣∣∣∣ȷα −
3

8

∣∣∣∣ dȷ = 2α

α+ 1

(
3

8

)α+1
α

+
1

α+ 1
−

3

8
,

B(α) :=

∫ 1

0

∣∣∣∣ȷα −
1

2

∣∣∣∣ dȷ = 2α

α+ 1

(
1

2

)α+1
α

+
1

α+ 1
−

1

2
,

C(α) :=

∫ 1

0

∣∣∣∣ȷα −
5

8

∣∣∣∣ dȷ = 2α

α+ 1

(
5

8

)α+1
α

+
1

α+ 1
−

5

8

and

E(α, ℓ) :=

∫ 1

0
(1− ȷ)ℓ

∣∣∣∣ȷα −
3

8

∣∣∣∣ dȷ, F(α, ℓ) :=

∫ 1

0
ȷℓ
∣∣∣∣ȷα −

3

8

∣∣∣∣ dȷ,
G(α, ℓ) :=

∫ 1

0
(1− ȷ)ℓ

∣∣∣∣ȷα −
1

2

∣∣∣∣ dȷ, H(α, ℓ) :=

∫ 1

0
ȷℓ
∣∣∣∣ȷα −

1

2

∣∣∣∣ dȷ,
M(α, ℓ) :=

∫ 1

0
(1− ȷ)ℓ

∣∣∣∣ȷα −
5

8

∣∣∣∣ dȷ, N(α, ℓ) :=

∫ 1

0
ȷℓ
∣∣∣∣ȷα −

5

8

∣∣∣∣ dȷ.
Corollary 6.3. Taking α = 1 in Theorem 6, we obtain∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

(1− q́)

3q́

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
− 1

q́(χ̃2 − χ̃1)

[∫ 2χ̃1+χ̃2
3

q́χ̃1

h̄(ȷ)dq́ȷ+

∫ χ̃1+2χ̃2
3

q́
2χ̃1+χ̃2

3

h̄(ȷ)dq́ȷ+

∫ χ̃2

q́
χ̃1+2χ̃2

3

h̄(ȷ)dq́ȷ

] ∣∣∣
≤ (χ̃2 − χ̃1)

9

{
A

1− 1
q́∗

q́

[(
Aq́ −

1

n

n∑
ℓ=1

Eq́(ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗

+

(
Aq́ −

1

n

n∑
ℓ=1

Fq́(ℓ)

)
|Dq́h̄(χ̃1)|q́∗

] 1
q́∗
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+B
1− 1

q́∗
q́

[(
Bq́ −

1

n

n∑
ℓ=1

Gq́(ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗

+

(
Bq́ −

1

n

n∑
ℓ=1

Hq́(ℓ)

)∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1− 1

q́∗
q́

[(
Cq́ −

1

n

n∑
ℓ=1

Mq́(ℓ)

)∣∣Dq́h̄(χ̃2)
∣∣q́∗

+

(
Cq́ −

1

n

n∑
ℓ=1

Nq́(ℓ)

)∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
, (3.17)

where

Aq́ :=

∫ 1

0

∣∣∣∣ȷ− 3

8

∣∣∣∣ dq́ȷ, Bq́ :=

∫ 1

0

∣∣∣∣ȷ− 1

2

∣∣∣∣ dq́ȷ, Cq́ :=

∫ 1

0

∣∣∣∣ȷ− 5

8

∣∣∣∣ dq́ȷ
and

Eq́(ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷ− 3

8

∣∣∣∣ dq́ȷ, Fq́(ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷ− 3

8

∣∣∣∣ dq́ȷ,
Gq́(ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷ− 1

2

∣∣∣∣ dq́ȷ, Hq́(ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷ− 1

2

∣∣∣∣ dq́ȷ,
Mq́(ℓ) :=

∫ 1

0

(1− ȷ)ℓ
∣∣∣∣ȷ− 5

8

∣∣∣∣ dq́ȷ, Nq́(ℓ) :=

∫ 1

0

ȷℓ
∣∣∣∣ȷ− 5

8

∣∣∣∣ dq́ȷ.
Corollary 6.4. Choosing |Dq́h̄|≤ K in Theorem 6, we have∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
(3.18)

≤
K(χ̃2 − χ̃1)

9

{
A

1− 1
q́∗

q́
(α)

[
2Aq́(α)−

1

n

n∑
ℓ=1

(
Eq́(α, ℓ) + Fq́(α, ℓ)

)] 1
q́∗

+B
1− 1

q́∗
q́

(α)

[
2Bq́(α)−

1

n

n∑
ℓ=1

(
Gq́(α, ℓ) + Hq́(α, ℓ)

)] 1
q́∗

+C
1− 1

q́∗
q́

(α)

[
2Cq́(α)−

1

n

n∑
ℓ=1

(
Mq́(α, ℓ) + Nq́(α, ℓ)

)] 1
q́∗ }

. (3.19)
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Corollary 6.5. Taking n = 1 in Theorem 6, we get∣∣∣1
8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
+

[α]q́(1− q́)

3q́α

[
h̄

(
2χ̃1 + χ̃2

3

)
+ h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]
−

3α−1Γq́(α+ 1)

q́α(χ̃2 − χ̃1)α

[
Jα
q́,
(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα
q́,
(

χ̃1+2χ̃2
3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

q́,χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
≤

(χ̃2 − χ̃1)

9

{
A

1− 1
q́∗

q́
(α)

[(
Aq́(α)− Eq́(α)

) ∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ +
(
Aq́(α)− Fq́(α)

)
|Dq́h̄(χ̃1)|q́∗

] 1
q́∗

+B
1− 1

q́∗
q́

(α)

[(
Bq́(α)−Gq́(α)

) ∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ +
(
Bq́(α)−Hq́(α)

) ∣∣∣∣Dq́h̄(2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C
1− 1

q́∗
q́

(α)

[(
Cq́(α)−Mq́(α)

) ∣∣Dq́h̄(χ̃2)
∣∣q́∗ +

(
Cq́(α)−Nq́(α)

) ∣∣∣∣Dq́h̄( χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
,

(3.20)

where

Eq́(α) :=

∫ 1

0
(1− ȷ)

∣∣∣∣ȷα −
3

8

∣∣∣∣ dq́ȷ, Fq́(α) :=

∫ 1

0
ȷ

∣∣∣∣ȷα −
3

8

∣∣∣∣ dq́ȷ,
Gq́(α) :=

∫ 1

0
(1− ȷ)

∣∣∣∣ȷα −
1

2

∣∣∣∣ dq́ȷ, Hq́(α) :=

∫ 1

0
ȷ

∣∣∣∣ȷα −
1

2

∣∣∣∣ dq́ȷ,
Mq́(α) :=

∫ 1

0
(1− ȷ)

∣∣∣∣ȷα −
5

8

∣∣∣∣ dq́ȷ, Nq́(α) :=

∫ 1

0
ȷ

∣∣∣∣ȷα −
5

8

∣∣∣∣ dq́ȷ.
Corollary 6.6. Choosing q́ → 1− in Corollary 6.5, we obtain∣∣∣1

8

[
h̄(χ̃1) + 3h̄

(
2χ̃1 + χ̃2

3

)
+ 3h̄

(
χ̃1 + 2χ̃2

3

)
+ h̄(χ̃2)

]

−
3α−1Γ(α+ 1)

(χ̃2 − χ̃1)α

[
Jα(

2χ̃1+χ̃2
3

)− h̄(χ̃1) + Jα(
χ̃1+2χ̃2

3

)− h̄

(
2χ̃1 + χ̃2

3

)
+ Jα

χ̃−
2

h̄

(
χ̃1 + 2χ̃2

3

)] ∣∣∣
(3.21)

≤ (χ̃2 − χ̃1)

9

{
A1− 1

q́∗ (α)

[
F(α)

∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗ + (A(α)− F(α)) |h̄′(χ̃1)|q́∗
] 1

q́∗

+B1− 1
q́∗ (α)

[
H(α)

∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗ + (B(α)−H(α))

∣∣∣∣h̄′
(
2χ̃1 + χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗

+C1− 1
q́∗ (α)

[
N(α)

∣∣h̄′(χ̃2)
∣∣q́∗ + (C(α)−N(α))

∣∣∣∣h̄′
(
χ̃1 + 2χ̃2

3

)∣∣∣∣q́∗
] 1

q́∗ }
,

(3.22)

where

F(α) :=

∫ 1

0

ȷ

∣∣∣∣ȷα − 3

8

∣∣∣∣ dȷ = α

α+ 2

(
3

8

)α+2
α

+
1

α+ 2
− 3

16
,
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H(α) :=

∫ 1

0

ȷ

∣∣∣∣ȷα − 1

2

∣∣∣∣ dȷ = α

α+ 2

(
1

2

)α+2
α

+
1

α+ 2
− 1

4
,

N(α) :=

∫ 1

0

ȷ

∣∣∣∣ȷα − 5

8

∣∣∣∣ dȷ = α

α+ 2

(
5

8

)α+2
α

+
1

α+ 2
− 5

16
.

4. Application to Special Means

Let h̄(ȷ) = ȷ
ν+1
q́∗

+1

[ ν+1
q́∗ +1]

q́

, where ν ∈ N, q́∗ ≥ 1 and q́ ∈ (0, 1). After simple calculations,

we have
∣∣Dq́h̄(ȷ)∣∣q́∗ = ȷν+1, which shows that |Dq́h̄(ȷ)|q́∗ is convex function for all

ȷ > 0 and r ∈ N. Then, from Remark 1.1, |Dq́h̄(ȷ)|q́∗ is n-polynomial convex func-
tion.

We consider the following arithmetic mean for real numbers χ̃1 and χ̃2 such that
0 ≤ χ̃1 < χ̃2:

A(χ̃1, χ̃2) =
χ̃1 + χ̃2

2
.

For the simplicity of notations, let

∆
(1)
q́

(ν, q́∗; χ̃1, χ̃2) := (1− q́) [(2− 3q́)χ̃1 + χ̃2)]

∞∑
n=0

q́n
(
q́n

2χ̃1 + χ̃2

3
+ (1− q́n)q́χ̃1

) ν+1
q́∗

+1

,

∆
(2)
q́ (ν, q́∗; χ̃1, χ̃2) :=

:= (1− q́) [(1− 2q́)χ̃1 + (2− q́)χ̃2)]
∞∑

n=0

q́n
(
q́n

χ̃1 + 2χ̃2

3
+ (1− q́n)q́

2χ̃1 + χ̃2

3

) ν+1
q́∗

+1

,

∆
(3)
q́

(ν, q́∗; χ̃1, χ̃2) := (1− q́) [(3− 2q́)χ̃2 − q́χ̃1)]
∞∑

n=0

q́n
(
q́nχ̃2 + (1− q́n)q́

χ̃1 + 2χ̃2

3

) ν+1
q́∗

+1

,

where r ∈ N, q́∗ ≥ 1, and q́ ∈ (0, 1).

By applying Corollaries 5.2 and 6.3, we deduce the following q́-inequalities:

Proposition 4.1. Let n, ν ∈ N, q́ ∈ (0, 1) and χ̃1, χ̃2 ∈ R, where 0 ≤ χ̃1 < χ̃2.
Then for p, q́∗ > 1 and 1

p +
1
q́∗

= 1, we have∣∣∣1
4

[
A
(
χ̃

ν+1
q́∗ +1

1 , χ̃
ν+1
q́∗ +1

2

)
+ 3A

((
2χ̃1 + χ̃2

3

) ν+1
q́∗ +1

,

(
χ̃1 + 2χ̃2

3

) ν+1
q́∗ +1

)]

+
(1− q́)

3q́

[
2A

((
2χ̃1 + χ̃2

3

) ν+1
q́∗ +1

,

(
χ̃1 + 2χ̃2

3

) ν+1
q́∗ +1

)
+ χ̃

ν+1
q́∗ +1

2

]
−

− 1

3q́(χ̃2 − χ̃1)

3∑
i=1

∆
(i)
q́ (ν, q́∗; χ̃1, χ̃2)

∣∣∣
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≤ 2
1
q́∗ (χ̃2 − χ̃1)

9

[
ν + 1

q́∗
+ 1

]
q́

(
1− 1

n

n∑
ℓ=1

1

[ℓ+ 1]q́

) 1
q́∗

×
{
A

1
p

q́ (p)A
1
q́∗

(
χ̃ν+1
1 ,

(
2χ̃1 + χ̃2

3

)ν+1
)
+

+B
1
p

q́ (p)A
1
q́∗

((
2χ̃1 + χ̃2

3

)ν+1

,

(
χ̃1 + 2χ̃2

3

)ν+1
)

+C
1
p

q́ (p)A
1
q́∗

((
χ̃1 + 2χ̃2

3

)ν+1

, χ̃ν+1
2

)}
. (4.1)

Proof. By applying Corollary 5.2 and Remark 1.1 with h̄(ȷ) = ȷ
ν+1
q́∗

+1

[ ν+1
q́∗ +1]

q́

for all

ȷ ∈ [χ̃1, χ̃2], we can get the desired result (4.1). □

Proposition 4.2. Let n, ν ∈ N, q́ ∈ (0, 1) and χ̃1, χ̃2 ∈ R, where 0 ≤ χ̃1 < χ̃2.
Then for q́∗ ≥ 1, we have

∣∣∣1
4

[
A
(
χ̃

ν+1
q́∗ +1

1 , χ̃
ν+1
q́∗ +1

2

)
+ 3A

((
2χ̃1 + χ̃2

3

) ν+1
q́∗ +1

,

(
χ̃1 + 2χ̃2

3

) ν+1
q́∗ +1

)]

+
(1− q́)

3q́

[
2A

((
2χ̃1 + χ̃2

3

) ν+1
q́∗ +1

,

(
χ̃1 + 2χ̃2

3

) ν+1
q́∗ +1

)
+ χ̃

ν+1
q́∗ +1

2

]
−

− 1

3q́(χ̃2 − χ̃1)

3∑
i=1

∆
(i)
q́ (ν, q́∗; χ̃1, χ̃2)

∣∣∣
≤ (χ̃2 − χ̃1)

9

[
ν + 1

q́∗
+ 1

]
q́

×
{
A

1− 1
q́∗

q́

[(
Aq́ −

1

n

n∑
ℓ=1

Eq́(ℓ)

)(
2χ̃1 + χ̃2

3

)ν+1

+

(
Aq́ −

1

n

n∑
ℓ=1

Fq́(ℓ)

)
χ̃ν+1
1

] 1
q́∗

+B
1− 1

q́∗
q́

[(
Bq́ −

1

n

n∑
ℓ=1

Gq́(ℓ)

)(
χ̃1 + 2χ̃2

3

)ν+1

+

(
Bq́ −

1

n

n∑
ℓ=1

Hq́(ℓ)

)(
2χ̃1 + χ̃2

3

)ν+1
] 1

q́∗

+C
1− 1

q́∗
q́

[(
Cq́ −

1

n

n∑
ℓ=1

Mq́(ℓ)

)
χ̃ν+1
2 +

(
Cq́ −

1

n

n∑
ℓ=1

Nq́(ℓ)

)(
χ̃1 + 2χ̃2

3

)ν+1
] 1

q́∗ }
. (4.2)

Proof. By using Corollary 6.3 and Remark 1.1 with h̄(ȷ) = ȷ
ν+1
q́∗

+1

[ ν+1
q́∗ +1]

q́

for all ȷ ∈

[χ̃1, χ̃2], we can obtain the desired result (4.2). □
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5. Conclusions

First we consider a new Newton's type quantum fractional integral identity. By
using this, we have established some Newton's type quantum fractional integral
inequalities using n-polynomial convex functions, and several special cases are
discussed in detail. In order to illustrate the e�ciency of our main results, an
example and application on special means of positive real numbers are provided.
Interested readers can apply our results in mathematical inequalities and special
functions, and can �nd new bounds related to convexity class of functions such that
n-polynomial p-convex function, n-polynomial exponentially s-convex functions,
n-polynomial harmonically convex function, and so on. Furthermore, they can
use q́-deformed real numbers [30] to extend our results. We hope that this novel
idea that mixed together fractional calculus and q́-calculus opens many avenues
for interested researchers working in these �elds and they can discover further
approximations for di�erent kinds of convexity.
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