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SOME NEW TYPE INTEGRAL INEQUALITIES FOR

APPROXIMATELY HARMONIC h-PREINVEX FUNCTIONS

BADREDDINE MEFTAH 1 AND ARTION KASHURI 2

Abstract. In this paper, we present a new de�nition of preinvex functions
depending on the given function which is called as approximately harmonic
h-preinvex functions. We establish some inequalities of Hermite�Hadamard,
Simpson and midpoint type for newly de�ne class of functions. We show
that this class contains several other new and known extensions of harmonic
preinvexity. Special cases which can be deduced from the main results are
also discussed in detail.

1. Introduction and Preliminaries

The Hermite�Hadamard inequalities are the most well established inequalities in
the theory of convex functions with a geometrical interpretation and many appli-
cations. These inequalities state that, if f : I → R is a convex function on the
interval I of real numbers and a, b ∈ I with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

b∫
a

f(x)dx ≤ f (a) + f (b)

2
. (1.1)

Both inequalities in (1.1) hold in the reversed direction if f is concave. We note
that Hermite�Hadamard inequality may be regarded as a re�nement of the concept
of convexity and it follows easily from Jensen's inequality. Hermite�Hadamard in-
equality for convex functions has received renewed attention in recent years and
a remarkable variety of re�nements and generalizations have been studied, see
[2, 4, 5, 6, 7, 8, 11, 12, 13, 15, 16, 17, 18, 30].

Let us recall now some basic de�nitions that will be useful in our paper.

De�nition 1.1. [29] A set I ⊂ R\{0} is said to be harmonically convex, if

xy

tx+ (1− t) y
∈ K
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holds for all x, y ∈ K and t ∈ [0, 1].

De�nition 1.2. [9] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
convex function, if

f

(
xy

tx+ (1− t) y

)
≤ (1− t) f (x) + tf (y)

holds for all x, y ∈ [a, b] and t ∈ [0, 1].

De�nition 1.3. [20] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
P -function, if

f

(
xy

tx+ (1− t) y

)
≤ f (x) + f (y)

holds for all x, y ∈ [a, b] and t ∈ [0, 1].

De�nition 1.4. [20] A function f : [a, b] ⊂ R+\{0} → R is said to be harmonic
s-convex in the second sense for some �xed s ∈ (0, 1], if

f

(
xy

yx+ (1− t) y

)
≤ (1− t)s f (x) + tsf (y)

holds for all x, y ∈ [a, b] and t ∈ [0, 1].

De�nition 1.5. [20] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
Godunova-Levin function with respect to η, if

f

(
xy

tx+ (1− t) y

)
≤ (1− t)−1 f (x) + t−1f (y)

holds for all x, y ∈ [a, b] and t ∈ (0, 1).

De�nition 1.6. [20] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
s-Godunova-Levin function with respect to η, if

f

(
xy

tx+ (1− t) y

)
≤ (1− t)−s f (x) + t−sf (y)

holds for all x, y ∈ [a, b] and t ∈ (0, 1).

De�nition 1.7. [25] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
tgs-convex function, if

f

(
xy

tx+ (1− t) y

)
≤ t (1− t) (f (x) + f (y))

holds for all x, y ∈ [a, b], and t ∈ (0, 1).

De�nition 1.8. [23] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
MT -convex function, if

f

(
xy

tx+ (1− t) y

)
≤
√

1− t
2
√
t
f (x) +

√
t

2
√

1− t
f (y)

holds for all x, y ∈ [a, b] and t ∈ (0, 1).
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De�nition 1.9. [3] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
beta-convex function, if

f

(
xy

tx+ (1− t) y

)
≤ tq (1− t)p f (x) + tp (1− t)q f (y)

holds for all x, y ∈ [a, b] , p, q > −1 and t ∈ (0, 1).

De�nition 1.10. [20] A function f : [a, b] ⊂ R\{0} → R is said to be harmonic
h-convex function, if

f

(
xy

tx+ (1− t) y

)
≤ h (1− t) f (x) + h (t) f (y)

holds for all x, y ∈ [a, b] and t ∈ [0, 1].

Very recently, Awan et al. [1], introduced the following new class called approxi-
mately harmonic h-convex function.

De�nition 1.11. [1] A function f : K → R+ is said to be approximately harmonic
h-convex function, if

f

(
xy

tx+ (1− t) y

)
≤ h (1− t) f (x) + h (t) f (y) + d (x, y)

holds for all x, y ∈ K and t ∈ (0, 1).

The above de�nition recapture all de�nition cited for d (x, y) = 0, strongly har-
monic h-convexity, see [25], γ-paraharmonic h-convexity, ε-paraharmonic h-conve-
xity and relaxed harmonic h-convexity and their subclasses, that is to say con-
vex, s-convex, P -function, Q-functions, s-Q-functions, MT -convex, tgs-convex
and beta-convex, see [1].

De�nition 1.12. [22] A set K ⊂ R\{0} is said to be harmonically preinvex, if

x (x+ η (y, x))

x+ (1− t) η (y, x)
∈ K

holds for all x, y ∈ K and t ∈ [0, 1].

De�nition 1.13. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ (1− t) f (x) + tf (y)

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ [0, 1].

De�nition 1.14. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic P -preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ f (x) + f (y)

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ [0, 1].
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De�nition 1.15. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic s-preinvex function in the second sense with respect to η for some �xed
s ∈ (0, 1], if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ (1− t)s f (x) + tsf (y)

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ [0, 1].

De�nition 1.16. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic Godunova-Levin preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ f (x)

1− t
+
f (y)

t

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ (0, 1).

De�nition 1.17. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic s-Godunova-Levin preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ f (x)

(1− t)s
+
f (y)

ts

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ (0, 1).

De�nition 1.18. [28] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic tgs-preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ t (1− t) (f (x) + f (y))

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ (0, 1).

De�nition 1.19. [27] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic MT -preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤
√

1− t
2
√
t
f (x) +

√
t

2
√

1− t
f (y)

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ (0, 1).

De�nition 1.20. [28] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic beta-preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ tq (1− t)p f (x) + tp (1− t)q f (y)

holds for all x, y ∈ [a, a+ η (b, a)] , p, q > −1 and t ∈ (0, 1).

De�nition 1.21. [24] A function f : [a, a+ η (b, a)] ⊂ R\{0} → R is said to be
harmonic h-preinvex function with respect to η, if

f

(
x (x+ η (y, x))

x+ (1− t) η (y, x)

)
≤ h (1− t) f (x) + h (t) f (y)

holds for all x, y ∈ [a, a+ η (b, a)] and t ∈ [0, 1].
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Condition C [19] Let I ⊂ R be an invex set with respect to η, for any x, y ∈ I
and any t ∈ [0, 1], we have

η (y, y + tη (x, y)) = −tη (x, y)

η (x, y + tη (x, y)) = (1− t) η (x, y) .

Note that for every x, y ∈ I and any t1, t2 ∈ [0, 1] and from Condition C, we
have

η (y + t2η (x, y) , y + t1η (x, y)) = (t2 − t1) η (x, y) .

We also recall some useful special functions, see [14].

The beta function is de�ned as

B(x, y) =

∫ 1

0

tx−1(1− t)y−1 =
Γ (x) Γ (y)

Γ (x+ y)
.

The hypergeometric function is de�ned by

2F1(a, b, c, z) =
1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1− zt)−a dt,

for c > b > 0 and |z| < 1.

Motivated by the above literature, the main objective of this paper is to establish
some inequalities of Hermite�Hadamard, Simpson and midpoint type for a new
de�nition of preinvex functions depending on the given function, which will be
called approximately harmonic h-preinvex functions. We will show that this class
contains several other new and known extensions of harmonic preinvexity. Special
cases which will be deduced from the main results will be discussed in detail. At
the end, a brief conclusion will be provided as well.

2. Main Results

In what follows (X, ‖.‖) be a real normed space, d : X×X → R and h : (0, 1)→ R,
K ⊂ X be harmonically preinvex set such that [a, a+ η(b, a)] ⊂ K ⊆ R\{0} with
η(b, a) > 0.

We are in position to introduce a new interesting de�nition of preinvex functions
depending on the given function, which will be called approximately harmonic h-
preinvex function, as follows:

De�nition 2.1. A function f : K → R+ is said to be approximately harmonic
h-preinvex function, if

f

(
x (x+ η (y, x))

x+ tη (y, x)

)
≤ h (1− t) f (x) + h (t) f (y) + d (x, x+ η (y, x))

holds for all x, y ∈ K and t ∈ (0, 1).

From our De�nition 2.1, follows new interesting de�nitions:
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De�nition 2.2. A function f : K → R+ is said to be γ-paraharmonic h-preinvex
function, if

f

(
x (x+ η (y, x))

x+ tη (y, x)

)
≤ h (1− t) f (x) + h (t) f (y) + ε |η (y, x)|δ .

holds for all x, y ∈ K and t ∈ (0, 1).

De�nition 2.3. A function f : K → R+ is said to be ε-paraharmonic h-preinvex
function, if

f

(
x (x+ η (y, x))

x+ tη (y, x)

)
≤ h (1− t) f (x) + h (t) f (y) + ε |η (y, x)|

holds for all x, y ∈ K and t ∈ (0, 1).

De�nition 2.4. A function f : K → R+ is said to be strongly harmonic h-preinvex
function, if

f

(
x (x+ η (y, x))

x+ tη (y, x)

)
≤ h (1− t) f (x) + h (t) f (y)− ct (1− t)

(
1

x+ η (y, x)
− 1

x

)2

holds for all x, y ∈ K and t ∈ (0, 1).

De�nition 2.5. A function f : K → R+ is said to be relaxed harmonic h-preinvex
function, if

f

(
x (x+ η (y, x))

x+ tη (y, x)

)
≤ h (1− t) f (x) + h (t) f (y) + ct (1− t)

(
1

x+ η (y, x)
− 1

x

)2

holds for all x, y ∈ K and t ∈ (0, 1).

Theorem 1. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If f
is approximately harmonic h-preinvex function, and Condition C holds, then

1

2h

(
1

2

)
f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
−
a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1
u

)−1)
u2

du

 ≤
≤ a (a+ η(b, a))

η(b, a)

∫ a+η(b,a)
a

f (x)

x2
dx ≤

≤ (f (a) + f (b))

1∫
0

h (t) dt+

1∫
0

d (a, a+ η (b, a)) dt.

Proof. It follows from the approximately harmonic h-preinvexity of f that

f

(
2x (x+ η (y, x))

2x+ η (y, x)

)
≤ h

(
1

2

)
(f (x) + f (y)) + d (x, x+ η (y, x)) .

Let x = a(a+η(b,a))
a+tη(b,a) and y = a(a+η(b,a))

a+(1−t)η(b,a) . Using Condition C, we get

f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
≤ (2.1)
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≤ h

(
1

2

)(
f

(
a (a+ η (b, a))

a+ tη (b, a)

)
+ f

(
a (a+ η (b, a))

a+ (1− t) η (b, a)

))
+

+ d

(
a (a+ η (b, a))

a+ tη (b, a)
,

a (a+ η (b, a))

a+ (1− t) η (b, a)

)
.

Integrating both sides of (2.1) with respect to t over [0, 1], we obtain

f

(
2a (a+ η (b, a))

2a+ η (b, a)

)

≤ h

(
1

2

) 1∫
0

f

(
a (a+ η (b, a))

a+ tη (b, a)

)
dt+

1∫
0

f

(
a (a+ η (b, a))

a+ (1− t) η (b, a)

)
dt


+

1∫
0

d

(
a (a+ η (b, a))

a+ tη (b, a)
,

a (a+ η (b, a))

a+ (1− t) η (b, a)

)
dt

= h

(
1

2

)2
a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

f (u)

u2
du


+
a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− u
)−1)

du

u2
. (2.2)

From (2.2), we have

1

2h

(
1

2

)
f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
−
a (a+ η (b, a))

η (b, a)

d

(
u,

(
1

a
+

1

a+ η (b, a)
− u
)−1

)
u2

du

 ≤

≤ a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

f (u)

u2
du. (2.3)

On the other hand

f

(
a (a+ η (b, a))

a+ tη (b, a)

)
≤ h (1− t) f (a) + h (t) f (b) + d (a, a+ η (b, a)) . (2.4)

Integrating both sides of (2.4) with respect to t over [0, 1], we get

1∫
0

f

(
a (a+ η (b, a))

a+ tη (b, a)

)
≤

1∫
0

{h (1− t) f (a) + h (t) f (b) + d (a, a+ η (b, a))} dt
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which implies that

a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

f (u)

u2
du ≤ (f (a) + f (b))

1∫
0

h (t) dt+

1∫
0

d (a, a+ η (b, a)) dt.

(2.5)
The desired result follows from (2.3) and (2.5). The proof is completed. �

Remark 2.1: (1) Theorem 1 will be reduced to Theorem 3.1 from [1], if we choose
η(b, a) = b− a.

(2) Theorem 1 will be reduced to Theorem 2.4 from [21], if d (a, a+ η (b, a)) = 0.
Moreover, if we choose η(b, a) = b− a, we recapture Theorem 3.2 from [20].

Corollary 1.1. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If
f is approximately harmonic preinvex function, and Condition C holds, then

f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
− a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du

≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ f (a) + f (b)

2
+

1∫
0

d (a, a+ η (b, a)) dt.

Remark 2.2: (1) Corollary 1.1 will be reduced to Corollary 3.2 from [1], if we
take η(b, a) = b − a. Moreover, we obtain Theorem 2.2 from [26], if we choose

d (a, a+ η (b, a)) = −ct (1− t)
(

1

a+ η (b, a)
− 1

a

)2

.

(2) Corollary 1.1 will be reduced to Theorem 2.1 from [22], if d (a, a+ η (b, a)) =
0. Moreover, if we choose η(b, a) = b− a, we get Theorem 2.4 from [9].

Corollary 1.2. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If
f is approximately harmonic P -preinvex function, and Condition C holds, then

1

2
f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
− a (a+ η (b, a))

2η (b, a)
·

·
a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du

≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ f (a) + f (b) +

1∫
0

d (a, a+ η (b, a)) dt.

Remark 2.3: (1) Taking η (b, a) = b − a, in Corollary 1.2, we obtain Corollary
3.5 from [1]. Note that in the inequality on the left it is missing 1

2 .
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(2) Corollary 1.2 will be reduced to Corollary 2.4 from [21], if d (a, a+ η (b, a)) =
0. Moreover, if we choose η(b, a) = b− a, we obtain Corollary 3.4 from [20].

Corollary 1.3. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function.
If f is approximately harmonic Godunova�Levin-Dragomir-preinvex function, and
Condition C holds, then

2−(1+s)
(
f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
−

−a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du

 ≤

≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ f (a) + f (b)

1− s
+

1∫
0

d (a, a+ η (b, a)) dt.

Remark 2.4: (1) Corollary 1.3 will be reduced to Corollary 3.4 from [1], if we
take η(b, a) = b− a.
(2) Corollary 1.3 will be reduced to Corollary 2.3 from [21], if d (a, a+ η (b, a)) = 0.
Moreover, if we take η(b, a) = b− a, we obtain Corollary 3.5 from [20].

Corollary 1.4. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If
f is approximately harmonic tgs-preinvex function, and Condition C holds, then

2

f
(

2a (a+ η (b, a))

2a+ η (b, a)

)
− a (a+ η (b, a))

η (b, a)

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du


≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ f (a) + f (b)

6
+

1∫
0

d (a, a+ η (b, a)) dt.

Moreover, if we take η (b, a) = b − a, we obtain the following Hermite�Hadamard
inequality for approximately harmonic tgs-convex function

2

f
(

2ab

a+ b

)
− ab

b− a

b∫
a

d

(
u,

(
1

a
+

1

b
− 1

u

)−1)
u2

du


≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ f (a) + f (b)

6
+

1∫
0

d (a, b) dt.
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If we take only d (a, a+ η (b, a)) = 0, we get the following Hermite�Hadamard
inequality for harmonic tgs-preinvex function

2f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ f (a) + f (b)

6
.

Moreover, if we take η (b, a) = b − a, we obtain the following Hermite�Hadamard
inequality for harmonic tgs-convex function

2f

(
2ab

a+ b

)
≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ f (a) + f (b)

6
.

Corollary 1.5. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If
f is approximately harmonic MT -preinvex function, and Condition C holds, then

f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
− a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du

≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤ π

4
(f (a) + f (b)) +

1∫
0

d (a, a+ η (b, a)) dt.

Moreover, if we take η (b, a) = b − a, we obtain the following Hermite�Hadamard
inequality for approximately harmonic MT -convex function

f

(
2ab

a+ b

)
− ab

b− a

b∫
a

d

(
u,

(
1

a
+

1

b
− 1

u

)−1)
u2

du

≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ π

4
(f (a) + f (b)) +

1∫
0

d (a, b) dt.

Additionally, if we take d (a, a+ η (b, a)) = 0, we obtain

f

(
2ab

a+ b

)
≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ π

4
(f (a) + f (b)) .

Remark 2.5: Corollary 1.5 recapture Theorem 3.2 from [27], if we put
d (a, a+ η (b, a)) = 0.
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Corollary 1.6. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be an integrable function. If
f is approximately harmonic beta-preinvex function, and Condition C holds, then

2(q+p)−1
(
f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
−

−a (a+ η (b, a))

η (b, a)

a+η(b,a)∫
a

d

(
u,

(
1

a
+

1

a+ η (b, a)
− 1

u

)−1)
u2

du


≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤

≤ (f (a) + f (b))B (q + 1, p+ 1) +

1∫
0

d (a, a+ η (b, a)) dt.

Moreover, if we take η (b, a) = b − a, we obtain the following Hermite�Hadamard
inequality for approximately harmonic beta-convex function

2(q+p)−1

f
(

2ab

a+ b

)
− ab

b− a

b∫
a

d

(
u,

(
1

a
+

1

b
− 1

u

)−1)
u2

du


≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ (f (a) + f (b))B (q + 1, p+ 1) +

1∫
0

d (a, b) dt.

And if we take d (a, a+ η (b, a)) = 0, we have the following Hermite�Hadamard
inequality for harmonic beta-preinvex function

2(q+p)−1f

(
2a (a+ η (b, a))

2a+ η (b, a)

)
≤ a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx ≤

≤ (f (a) + f (b))B (q + 1, p+ 1) .

Moreover, if we choose η (b, a) = b− a, we get

2(q+p)−1f

(
2ab

a+ b

)
≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ (f (a) + f (b))B (q + 1, p+ 1) .
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Lemma 1. Let f : K = [a, a+ η(b, a)] ⊆ R\{0} → R be a di�erentiable function
on I◦ (interior of I). If f ′ ∈ L ([a, a+ η(b, a)]) and λ ∈ [0, 1], then

Υf (a, b;λ) =
a (a+ η(b, a)) η(b, a)

2


1
2∫

0

(λ− 2t)

(a+ tη(b, a))
2 f
′
(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

+

1∫
1
2

(2− λ− 2t)

(a+ tη(b, a))
2 f
′
(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

 ,

where

Υf (a, b;λ) = (1− λ) f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+ λ

f (a) + f (a+ η(b, a))

2
−

−a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx.

Proof. Let

I1 =
a (a+ η(b, a)) η(b, a)

2

1
2∫

0

(λ− 2t)

(a+ tη(b, a))
2 f
′
(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

and

I2 =
a (a+ η(b, a)) η(b, a)

2

1∫
1
2

(2− λ− 2t)

(a+ tη(b, a))
2 f
′
(
a (a+ η(b, a))

a+ tη(b, a)

)
dt.

Integrating by parts I1, and then using the change of variable
a+ tη(b, a)

a (a+ η(b, a))
=

1
x , we get

I1 = −1

2
(λ− 2t) f

(
a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣ 12
0

−

1
2∫

0

f

(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

=
1− λ

2
f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+
λ

2
f (a+ η(b, a))

−a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
2a (a+ η(b, a))

2a+ η(b, a)

f (x)

x2
dx. (2.6)
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Similarly, we obtain

I2 = − 1

2
(2− λ− 2t) f

(
a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣t=1

t= 1
2

−
1∫

1
2

f

(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

=
1− λ

2
f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+
λ

2
f (a)−

1∫
1
2

(
a (a+ η(b, a))

a+ tη(b, a)

)
dt

=
1− λ

2
f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+
λ

2
f (a)− a (a+ η(b, a))

η(b, a)

2a (a+ η(b, a))

2a+ η(b, a)∫
a

f (x)

x2
dt.

Summing (2.6) and (2.7), we get the desired result. �

Remark 2.6: Lemma 1 will be reduced to Lemma 6 from [10], if we choose
η(b, a) = b− a and to Lemma 2.5 from [9], if we take λ = 1 and η(b, a) = b− a.

Theorem 2. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be a di�erentiable function on
(a, a+ η(b, a)) with η(b, a) > 0 and f ′ ∈ L ([a, a+ η(b, a)]). If |f ′|q is approxi-
mately harmonic h-preinvex function where q > 1 with 1

p + 1
q = 1, then

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

(
λp+1 + (1− λ)

p+1

2 (p+ 1)

) 1
p

×
((
µ1 (a, b) |f ′ (a)|q + µ2 (a, b) |f ′ (b)|q + µ3 (a, b)

) 1
q

+
(
µ4 (a, b) |f ′ (a)|q + µ5 (a, b) |f ′ (b)|q + µ6 (a, b)

) 1
q

)
,

where

µ1 (a, b) =

1
2∫

0

h (t)

(a+ tη(b, a))
2q dt, (2.7)

µ2 (a, b) =

1
2∫

0

h (1− t)
(a+ tη(b, a))

2q dt, (2.8)

µ3 (a, b) =

1
2∫

0

d (a, a+ η(b, a))

(a+ tη(b, a))
2q dt, (2.9)

µ4 (a, b) =

1∫
1
2

h (t)

(a+ tη(b, a))
2q dt, (2.10)
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µ5 (a, b) =

1∫
1
2

h (1− t)
(a+ tη(b, a))

2q dt, (2.11)

µ6 (a, b) =

1∫
1
2

d (a, a+ η (b, a))

(a+ tη(b, a))
2q dt (2.12)

and λ ∈ [0, 1].

Proof. From Lemma 1, properties of modulus and Hölder's inequality, we have

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

×




1
2∫

0

|λ− 2t|p dt


1
p


1
2∫

0

1

(a+ tη(b, a))
2q

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

+

 1∫
1
2

|2− λ− 2t|p dt


1
p
 1∫

1
2

1

(a+ tη(b, a))
2q

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q


=

a (a+ η(b, a)) η(b, a)

2

(
λp+1 + (1− λ)

p+1

2 (p+ 1)

) 1
p

×




1
2∫

0

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q
(a+ tη(b, a))

2q dt


1
q

+


1∫

1
2

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q
(a+ tη(b, a))

2q dt


1
q
 .

Using the approximately harmonic h-preinvexity of |f ′|q on [a, a+ η(b, a)], we
obtain

|Υf (a, b;λ)| ≤

a (a+ η(b, a)) η(b, a)

2

(
λp+1 + (1− λ)

p+1

2 (p+ 1)

) 1
p


|f ′ (a)|q

1
2∫

0

h (t)

(a+ tη(b, a))
2q dt

+ |f ′ (b)|q
1
2∫

0

h (1− t)
(a+ tη(b, a))

2q dt+

1
2∫

0

d (a, a+ η(b, a))

(a+ tη(b, a))
2q dt


1
q
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+

|f ′ (a)|q
1∫

1
2

h (t)

(a+ tη(b, a))
2q dt

+ |f ′ (b)|q
1∫

1
2

h (1− t)
(a+ tη(b, a))

2q dt+

1∫
1
2

d (a, a+ η(b, a))

(a+ tη(b, a))
2q dt


1
q

 . (2.13)

Combining (2.7)-(2.13), we get the desired result. �

Corollary 2.1. In Theorem 2 choosing λ = 1, we obtain the following trapezium
type inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣

f (a) + f (a+ η(b, a))

2
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

21+
1
p

(
1

p+ 1

) 1
p

×
((
µ1 (a, b) |f ′ (a)|q + µ2 (a, b) |f ′ (b)|q + µ3 (a, b)

) 1
q

+
(
µ4 (a, b) |f ′ (a)|q + µ5 (a, b) |f ′ (b)|q + µ6 (a, b)

) 1
q

)
.

Corollary 2.2. In Theorem 2 taking λ = 0, we obtain the following midpoint type
inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

21+
1
p

(
1

p+ 1

) 1
p

×
((
µ1 (a, b) |f ′ (a)|q + µ2 (a, b) |f ′ (b)|q + µ3 (a, b)

) 1
q

+
(
µ4 (a, b) |f ′ (a)|q + µ5 (a, b) |f ′ (b)|q + µ6 (a, b)

) 1
q

)
.

Corollary 2.3. In Theorem 2 taking λ = 1
3 , we obtain the following Simpson type

inequality for approximately harmonic h-preinvex functions∣∣∣∣16
(
f (a) + 4f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+ f (a+ η(b, a))

)
−

−a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
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≤ a (a+ η(b, a)) η(b, a)

61+
1
p

(
1 + 2p+1

p+ 1

) 1
p

×
((
µ1 (a, b) |f ′ (a)|q + µ2 (a, b) |f ′ (b)|q + µ3 (a, b)

) 1
q

+
(
µ4 (a, b) |f ′ (a)|q + µ5 (a, b) |f ′ (b)|q + µ6 (a, b)

) 1
q

)
.

Theorem 3. Under the same conditions of Theorem 2, one has the following
inequality

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

(
(ϑ1 (λ, a, b, p))

1
p

×

|f ′ (a)|q
1
2∫

0

h (t) dt+ |f ′ (b)|q
1
2∫

0

h (1− t) dt+

1
2∫

0

d (a, a+ η(b, a)) dt


1
q

+ (ϑ2 (λ, a, b, p))
1
p

×

|f ′ (a)|q
1∫

1
2

h (t) dt+ |f ′ (b)|q
1∫

1
2

h (1− t) dt+

1∫
1
2

d (a, a+ η(b, a)) dt


1
q

 ,

where

ϑ1 (λ, a, b, p) =
λp+1

2 (p+ 1) a2p
·2 F1

(
2p, 1, p+ 2,−λη(b, a)

2a

)
(2.14)

+
(1− λ)

p+1

2 (p+ 1)
(
a+ λ

2 η(b, a)
)2p ·2 F1

(
2p, p+ 1, p+ 2,

(λ− 1) η(b, a)

2a+ λη(b, a)

)
,

ϑ2 (λ, a, b, p) =
(1− λ)

p+1

2 (p+ 1)
(
a+ 1

2η(b, a)
)2p ·2 F1

(
2p, 1, p+ 2,

(λ− 1) η(b, a)

2a+ η(b, a)

)
+

λp+1

2 (p+ 1)
(
a+

(
1− λ

2

)
η(b, a)

)2p ·2 F1

(
2p, p+ 1, p+ 2,− λη(b, a)

2a+ (2− λ) η(b, a)

)
(2.15)

and λ ∈ [0, 1].

Proof. From Lemma 1, properties of modulus and Hölder's inequality, we have

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

×




1
2∫

0

|λ− 2t|p

(a+ tη(b, a))
2p dt


1
p


1
2∫

0

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q
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+

 1∫
1
2

|2− λ− 2t|p

(a+ tη(b, a))
2p dt


1
p
 1∫

1
2

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q


=

a (a+ η(b, a)) η(b, a)

2

×

(ϑ1 (λ, a, b, p))
1
p


1
2∫

0

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

+ (ϑ2 (λ, a, b, p))
1
p

 1∫
1
2

∣∣∣∣f ′(a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

 .

Using the approximately harmonic h-preinvexity of |f ′|q on [a, a+ η(b, a)], we get

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

(
(ϑ1 (λ, a, b, p))

1
p

×

|f ′ (a)|q
1
2∫

0

h (t) dt+ |f ′ (b)|q
1
2∫

0

h (1− t) dt+

1
2∫

0

d (a, a+ η(b, a)) dt


1
q

+ (ϑ2 (λ, a, b, p))
1
p

×

|f ′ (a)|q
1∫

1
2

h (t) dt+ |f ′ (b)|q
1∫

1
2

h (1− t) dt+

1∫
1
2

d (a, a+ η(b, a)) dt


1
q

 ,

where ϑ1 and ϑ2 are de�ned as in (2.14) and (2.15), respectively. The proof is
completed. �

Corollary 3.1. In Theorem 3 choosing λ = 1, we obtain the following trapezium
type inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣

f (a) + f (a+ η(b, a))

2
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

21+
1
p (p+ 1)

1
p

(
1

a2

(
2F1

(
2p, 1, p+ 2,−η(b, a)

2a

)) 1
p

×

|f ′ (a)|q
1
2∫

0

h (t) dt+ |f ′ (b)|q
1
2∫

0

h (1− t) dt+

1
2∫

0

d (a, a+ η(b, a)) dt


1
q
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+
1(

a+ 1
2η(b, a)

)2 (2F1

(
2p, p+ 1, p+ 2,− η(b, a)

2a+ η(b, a)

)) 1
p

×

|f ′ (a)|q
1∫

1
2

h (t) dt+ |f ′ (b)|q
1∫

1
2

h (1− t) dt+

1∫
1
2

d (a, a+ η(b, a)) dt


1
q

 .

Corollary 3.2. In Theorem 3 taking λ = 0, we obtain the following midpoint type
inequality for approximately harmonic h-preinvex functions

∣∣∣∣∣∣∣f
(

2a (a+ η(b, a))

2a+ η(b, a)

)
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

21+
1
p (p+ 1)

1
p

(
1

a2

(
2F1

(
2p, p+ 1, p+ 2,−η(b, a)

2a

)) 1
p

×

|f ′ (a)|q
1
2∫

0

h (t) dt+ |f ′ (b)|q
1
2∫

0

h (1− t) dt+

1
2∫

0

d (a, a+ η(b, a)) dt


1
q

+
1(

a+ 1
2η(b, a)

)2 (2F1

(
2p, 1, p+ 2,− η(b, a)

2a+ η(b, a)

)) 1
p

×

|f ′ (a)|q
1∫

1
2

h (t) dt+ |f ′ (b)|q
1∫

1
2

h (1− t) dt+

1∫
1
2

d (a, a+ η(b, a)) dt


1
q

 .

Corollary 3.3. In Theorem 3 taking λ = 1
3 , we obtain the following Simpson type

inequality for approximately harmonic h-preinvex functions

∣∣∣∣∣∣∣
1

6

(
f (a) + 4f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+ f (a+ η(b, a))

)
−
a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣ ≤
≤
a (a+ η(b, a)) η(b, a)

3
1+ 1

p (p+ 1)
1
p

×


 2F1

(
2p, 1, p+ 2,−

2η(b, a)

6a+ 3η(b, a)

)
(
a+ 1

2
η(b, a)

)2p +

2F1

(
2p, p+ 1, p+ 2,−

η(b, a)

6a+ 5η(b, a)

)
(
a+ 5

6
η(b, a)

)2p


1
p
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×

|f ′ (a)|q
1
2∫

0

h (t) dt+
∣∣f ′ (b)∣∣q

1
2∫

0

h (1− t) dt+

1
2∫

0

d (a, a+ η(b, a)) dt


1
q

+

 2F1

(
2p, 1, p+ 2,−

2η(b, a)

6a+ 3η(b, a)

)
(
a+ 1

2
η(b, a)

)2p +

2F1

(
2p, p+ 1, p+ 2,−

η(b, a)

6a+ 5η(b, a)

)
(
a+ 5

6
η(b, a)

)2


1
p

×

|f ′ (a)|q
1∫

1
2

h (t) dt+
∣∣f ′ (b)∣∣q 1∫

1
2

h (1− t) dt+

1∫
1
2

d (a, a+ η(b, a)) dt


1
q

 .

Theorem 4. Let f : [a, a+ η(b, a)] ⊆ R\{0} → R be a di�erentiable function on
(a, a+ η(b, a)) with η(b, a) > 0 and f ′ ∈ L ([a, a+ η(b, a)]). If |f ′|q is approxi-
mately harmonic h-preinvex function where q ≥ 1, then

|Υf (a, b;λ)|

≤ a (a+ η(b, a)) η(b, a)

2

(
(z1 (λ, a, b))

1− 1
q

×
(
ı1 (λ, a, b) |f ′ (a)|q + ı2 (λ, a, b) |f ′ (b)|q + ı3 (λ, a, b)

) 1
q

+ (z2 (λ, a, b))
1− 1

q

×
(
ı4 (λ, a, b) |f ′ (a)|q + ı5 (λ, a, b) |f ′ (b)|q + ı6 (λ, a, b)

) 1
q

)
,

where

z1 (λ, a, b) =
λ2 ·2 F1

(
2, 1, 3,−λη(b,a)2a

)
4a2

+

(1− λ)
2 ·2 F1

(
2, 2, 3,

(λ− 1) η(b, a)

2a+ λη(b, a)

)
4
(
a+ λ

2 η(b, a)
)2 ,

(2.16)

z2 (λ, a, b) =

(1− λ)
2 ·2 F1

(
2, 1, 3, (λ− 1)

η(b, a)

2a+ η(b, a)

)
(2a+ η(b, a))

2

+

λ2 ·2 F1

(
2, 2, 3,−

λ
2 η(b, a)

a+
(
1− λ

2

)
η(b, a)

)
(2a+ (2− λ) η(b, a))

2 , (2.17)

and

ı1 (λ, a, b) =

1
2∫

0

|λ− 2t|h (t)

(a+ tη(b, a))
2 dt, (2.18)

ı2 (λ, a, b) =

1
2∫

0

|λ− 2t|h (1− t)
(a+ tη(b, a))

2 dt, (2.19)
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ı3 (λ, a, b) =

1
2∫

0

|λ− 2t| d (a, a+ η(b, a))

(a+ tη(b, a))
2 dt, (2.20)

ı4 (λ, a, b) =

1∫
1
2

|2− λ− 2t|h (t)

(a+ tη(b, a))
2 dt, (2.21)

ı5 (λ, a, b) =

1∫
1
2

|2− λ− 2t|h (1− t)
(a+ tη(b, a))

2 dt, (2.22)

ı6 (λ, a, b) =

1∫
1
2

|2− λ− 2t| d (a, a+ η(b, a))

(a+ tη(b, a))
2 dt (2.23)

and λ ∈ [0, 1].

Proof. From Lemma 1, properties of modulus, and the well�known power mean
inequality, we have∣∣Υf (a, b;λ)

∣∣
≤

a (a+ η(b, a)) η(b, a)

2

×




1
2∫

0

|λ− 2t|
(a+ tη(b, a))2

dt


1− 1

q


1
2∫

0

|λ− 2t|
(a+ tη(b, a))2

∣∣∣∣f ′ (a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

+


1∫

1
2

|2− λ− 2t|
(a+ tη(b, a))2

dt


1− 1

q


1∫
1
2

|2− λ− 2t|
(a+ tη(b, a))2

∣∣∣∣f ′ (a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q


=

a (a+ η(b, a)) η(b, a)

2

×

(z1 (λ, a, b))
1− 1

q


1
2∫

0

|λ− 2t|
(a+ tη(b, a))2

∣∣∣∣f ′ (a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

+ (z2 (λ, a, b))
1− 1

q


1∫

1
2

|2− λ− 2t|
(a+ tη(b, a))2

∣∣∣∣f ′ (a (a+ η(b, a))

a+ tη(b, a)

)∣∣∣∣q dt


1
q

 ,

where z1 and z2 are de�ned as in (2.16) and (2.17), respectively.
Now, using the approximately harmonic h-preinvexity of |f ′|q on [a, a+ η(b, a)],
we obtain ∣∣Υf (a, b;λ)

∣∣
≤

a (a+ η(b, a)) η(b, a)

2

(
(z1 (λ, a, b))

1− 1
q
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×

∣∣f ′ (a)
∣∣q 1

2∫
0

|λ− 2t|h (t)

(a+ tη(b, a))2
dt+

∣∣f ′ (b)∣∣q
1
2∫

0

|λ− 2t|h (1− t)
(a+ tη(b, a))2

dt

+

1
2∫

0

|λ− 2t| d (a, a+ η(b, a))

(a+ tη(b, a))2
dt


1
q

+ (z2 (λ, a, b))
1− 1

q

∣∣f ′ (a)
∣∣q 1∫

1
2

|2− λ− 2t|h (t)

(a+ tη(b, a))2
dt

×
∣∣f ′ (b)∣∣q 1∫

1
2

|2− λ− 2t|h (1− t)
(a+ tη(b, a))2

dt+

1∫
1
2

|2− λ− 2t| d (a, a+ η (b, a))

(a+ tη(b, a))2
dt


1
q

 .(2.24)

Using (2.16)-(2.23) into (2.24), we obtain the desired result. �

Corollary 4.1. In Theorem 4 choosing λ = 1, we obtain the following trapezium
type inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣

f (a) + f (a+ η(b, a))

2
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

2

((
1

4a2 2
F1

(
2, 1, 3,−η(b, a)

2a

))1− 1
q

×
(
ı̆1 (a, b) |f ′ (a)|q + ı̆2 (a, b) |f ′ (b)|q + ı̆3 (a, b)

) 1
q

+

(
1

(2a+ η(b, a))
2
2

F1

(
2, 2, 3,− η(b, a)

2a+ η(b, a)

))1− 1
q

×
(
ı̆4 (a, b) |f ′ (a)|q + ı̆5 (a, b) |f ′ (b)|q + ı̆6 (a, b)

) 1
q

)
,

where ı̆i (a, b) = ıi (1, a, b) with (ıi (λ, a, b))1≤i≤6 are de�ned as in (2.18)-(2.23).

Corollary 4.2. In Theorem 4 taking λ = 0, we obtain the following midpoint type
inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
− a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤ a (a+ η(b, a)) η(b, a)

2

((
1

4a2 2
F1

(
2, 2, 3,−η(b, a)

2a

))1− 1
q

×
(̃
ı1 (a, b) |f ′ (a)|q + ı̃2 (a, b) |f ′ (b)|q + ı̃3 (a, b)

) 1
q
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+

(
1

4 (a+ η(b, a))
2
2

F1

(
2, 2, 3,− η(b, a)

2a+ η(b, a)

))1− 1
q

×
(̃
ı4 (a, b) |f ′ (a)|q + ı̃5 (a, b) |f ′ (b)|q + ı̃6 (a, b)

) 1
q

)
,

where ı̃ (a, b) = ıi (0, a, b) with (ıi (λ, a, b))1≤i≤6 are de�ned as in (2.18)-(2.23).

Corollary 4.3. In Theorem 4 taking λ = 1
3 , we obtain the following Simpson type

inequality for approximately harmonic h-preinvex functions∣∣∣∣∣∣∣
1

6

(
f (a) + 4f

(
2a (a+ η(b, a))

2a+ η(b, a)

)
+ f (a+ η(b, a))

)
−
a (a+ η(b, a))

η(b, a)

a+η(b,a)∫
a

f (x)

x2
dx

∣∣∣∣∣∣∣
≤

a (a+ η(b, a)) η(b, a)

2


 2F1

(
2, 1, 3,− η(b,a)

6a

)
36a2

+

2F1

(
2, 2, 3,−

2η(b, a)

(6a+ η(b, a))

)
9
(
a+ 1

6
η(b, a)

)2


1− 1
q

×
(
ı̂1 (a, b)

∣∣f ′ (a)
∣∣q + ı̂2 (a, b)

∣∣f ′ (b)∣∣q + ı̂3 (a, b)
) 1
q

+

 2F1

(
2, 1, 3,−

2η(b, a)

6a+ 5η(b, a)

)
9 (2a+ η(b, a))2

+

2F1

(
2, 2, 3,−

η(b, a)

6a+ 5η(b, a)

)
(6a+ 5η(b, a))2


1− 1

q

×
(
ı̂4 (a, b)

∣∣f ′ (a)
∣∣q + ı̂5 (a, b)

∣∣f ′ (b)∣∣q + ı̂6 (a, b)
) 1
q

)
,

where ı̂i (a, b) = ıi
(
1
3 , a, b

)
with (ıi (λ, a, b))1≤i≤6 are de�ned as in (2.18)-(2.23).

Corollary 4.4. In Theorem 4 if we take q = 1, we obtain∣∣Υf (a, b;λ)
∣∣

≤
a (a+ η(b, a)) η(b, a)

2

∣∣f ′ (a)
∣∣ 1

2∫
0

|λ− 2t|
(

h (t)

(a+ tη(b, a))2
+

h ((1− t))
(a+ (1− t) η(b, a))2

)
dt

+
∣∣f ′ (b)∣∣

1
2∫

0

|λ− 2t|
(

h (1− t)
(a+ tη(b, a))2

+
h (t)

(a+ (1− t) η(b, a))2

)
dt

+

1
2∫

0

(
|λ− 2t| d (a, a+ η(b, a))

(a+ tη(b, a))2
+
|λ− 2t| d (a, a+ η(b, a))

(a+ (1− t) η(b, a))2

)
dt

 .

Remark 2.7: From our Theorems 2, 3 and 4, and for the appropriate choices of
functions h(t) and d(a, b), we can obtain new results for di�erent types of preinvex
functions as well as their analogues convex. We omit their proofs and the details
are left to the interested readers.

3. Conclusion

This new class of functions called approximately harmonic h-preinvex can be ap-
plied to obtain several new results in convex analysis, related optimization theory,
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etc. The authors hope that these work may stimulate further research in di�erent
areas of pure and applied sciences.

Acknowledgements. We thank anonymous referee for his/her valuable sug-
gestion regarding the manuscript.
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