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HOMOTOPY OF SYMMETRIC PRODUCTS OF SPHERES

PRAVANJAN KUMAR RANA1, BHASKAR MANDAL 1, AND SARMAD HOSSAIN 1,2

Abstract. We compute the homotopy groups of in�nite symmetric products
of spheres. In this paper we show that

i) πk(SP
∞(Sn)) =

{
Z for k = n

0 for k 6= n
,

Also, if m and n are distinct nonnegative integers, then using homotopy of
in�nite symmetric products of spheres we deduce the following results:
ii) πk(SP

∞(Sm)) � πk(SP
∞(Sn)) ;

iii) πk(SP
∞(Sm)) � πk(SP

∞(Sn)).

1. Introduction

Now we recall the following de�nitions and statements.
Algebraic Property of S1. Complex numbers can be identi�ed with points in the
Euclidean plane R2. Thus the complex number x+ iy is identi�ed with the point
(x, y) of R2. Under this identi�cation we have the following

i) S1 is a group under usual multiplication, it is called circle group and
ii) The circle group S1 and the quotient group R/Z are isomorphic.
To discuss the higher dimensional spheres (Sn(n ≥ 1)) and in�nite dimensional

sphere (S∞), �rst we discuss the following:

De�nition 1.1. Let X be a topological spaces with base point x0 ∈ X. For n ≥ 0,
we de�ne the n fold symmetric product of X, denoted by SPnX by SP 0X =
x0, SP

nX = Xn/Sn for n ≥ 1, where Xn denotes the n fold cartesian product
of X with itself and Sn denotes the symmetric group on n objects regarding as
acting on Xn by permuting the coordinates. Hence, for n ≥ 1,

SPnX = {(x1, · · · , xn) : xi ∈ X)}.

We de�ne limn→∞ SPnX = ∪∞n=1SP
nX is called an in�nite symmetric product of

X and is denoted by SP∞X.
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P. K. Rana, [10], showed that SPn and SP∞ are covariant functors from the
category of pointed topological spaces and base point preserving continuous maps
to the category of pointed topological spaces and base point preserving continuous
maps.

De�nition 1.2. A pointed CW-complex is called an Eilenberg MacLane space if
it has only one nontrivial homotopy group. If G is a group and n is a positive
integer, the Eilenberg-MacLane space of type (G,n) is a pointed CW-complex X
whose homotopy groups vanish in all dimensions except n, where G = πn(X) and
G is to be Abelian for n > 1, then we can write the notation K(G,n) for a CW-
complex which represents an Eilenberg-MacLane space of type (G,n).

De�nition 1.3. Let X be a space and x0 a base point of X. For a given positive
integer n, consider the set Fn(X,x0) of all continuous maps α from the unit n-cube
In into X for which α(∂In) = x0.

De�ne an equivalence relation ∼ x0 on Fn(X,x0) as follows:
For α and β in Fn(X,x0), α is equivalent module x0 to β written as α ∼ x0β, if
there is a homotopy H : In × I → X such that:

H(t1, t2, · · · , tn, 0) = α(t1, t2, · · · , tn),

H(t1, t2, · · · , tn, 1) = β(t1, t2, · · · , tn), (t1, t2, · · · , tn) ∈ In and

H(t1, t2, · · · , tn, s) = x0, (t1, t2, · · · , tn) ∈ ∂In, s ∈ I.
Under this equivalence relation on Fn(X,x0), the equivalence class determined by
α is denoted by [α] and the homotopy class of α module x0 or simply the homotopy
class of α.

De�ne (α ◦ β)(t) =

{
α(2t1, t2, · · · , tn) if 0 ≤ t1 ≤ 1

2 ,

β(2t1 − 1, t2, · · · , tn) if 1
2 ≤ t1 ≤ 1.

With this operation, the set of equivalence classes of Fn(X,x0) is a group called
the n-th homotopy group of X at x0 denoted by πn(X,x0).

De�nition 1.4. For every pointed space (X,x0) and every integer n ≥ 0, the n-th
homotopy set as by the πn(X,x0) = [(Sn, sn); (X,x0)]. For n ≥ 2, πn(X,x0), is
called higher order homotopy group and is sometimes called an absolute homotopy

group.

The higher homotopy group has some interesting properties di�erent from fun-
damental group. If n > 1, there exists a rotation of Sn which keep its base point
sn �xed and interchanges the two hemispheres of Sn. This implies that for n > 1
the group πn(X,x0) is Abelian.

De�nition 1.5. The in�nite-dimensional sphere S∞ is a subspace of R∞ consist-
ing of all real sequences (x1, x2, x3, · · ·) such that x1

2 + x2
2 + x3

2 + · · · = 1.

De�nition 1.6. If x is a point of Sn, then its antipode is a point −x ∈ Sn. A
continuous map f : Sn → Sm is said to be antipode preserving if for every x ∈ Sn,
f(−x) = −f(x).
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Lemma 1.1. For every continuous map f : S2 → R2 there exists a pair of an-

tipodal points x and -x in S2 such that f(−x) = f(x).

Proof. If possible let f(−x) 6= f(x), for every x ∈ S2. De�ne g : S2 → S1 by

x 7→ f(x)− f(−x)

‖f(x)− f(−x)‖
.

This implies that g is a continuous map such that g(−x) = −g(x), for all x ∈ S2.
This is a contradiction because there is no continuous map g : S2 → S1 such that
g(−x) = −g(x). �

In Section 2, we construct some results on �nite and in�nite symmetric prod-
uct of spheres and we construct and compute the homotopy group of symmetric
product of spheres.

2. Some results on finite and infinite

symmetric product of Sn and S∞

Dold and Tom, [5], showed that SP∞(Sn) = K(Z, n), which is an Eilenberg-
MacLane space with homotopy group πk(K(Z, n)) are all zero except for k = n.

Theorem 2.1. The natural inclusion Sn ↪→ SP∞(Sn) of the circle in its in�nite

symmetric product is a homotopy equivalence. Therefore

πk(SP∞(Sn)) ∼= πk(Sn) =

{
Z for k = n
0 for k 6= n

Proof. Since SP∞(Sn) is the Eilenberg-MacLane space K(Z, n), the theorem fol-
lows. �

Theorem 2.2. πk(SP∞(ΣSn)) =

{
Z for k = n
0 for k 6= n

Proof. Since πk(SP∞(ΣSn)) ∼= πk−1(SP∞(Sn−1)) and using the Theorem 2.1,
the theorem follows. �

Proposition 2.1. The in�nite-dimensional sphere S∞ is contractible.

Proof. Consider the map F : S∞ × I → S∞ de�ned by

(x1, x2, · · · , t) 7→ ((1− t)x1, tx1 + (1− t)x2, · · ·)/Nt,

where Nt = [((1− t)x1)2 + (tx1 + (1− t)x2)2 + · · ·] 1
2 , which is norm of the nonzero

vector of the numerator. We can write Ft(x1, x2, · · ·) = F (x1, x2, · · · , t). Then
F0(x1, x2, · · ·) = (x1, x2, · · ·), since N0 = 1 and F1(x1, x2, · · ·) = (0, x1, x2, · · ·),
since N1 = 1. Then F0 is the identity map Id : S∞ → S∞, the image of F1 is the
set X = {x ∈ S∞ : x1 = 0 and F : F0 ' F1}.

Consider another homotopy H : X × I → S∞ de�ned by

H(x1 = 0, x2, x3, · · · , t) 7→ (t, (1− t)x2, (1− t)x3, · · ·)/N
′

t ,

where N
′

t = [t2 + ((1− t)x2)2, ((1− t)x3)2 + · · ·] 1
2 . If i : X ↪→ S∞ is the inclusion

map, then H : i ' c, where c is a constant map.
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Let H ? F : S∞ × I → S∞ be de�ned by (H ? F )(t) = F (x, 2t) for 0 ≤ t ≤ 1/2
and H(x, 2t− 1) for 1/2 ≤ t ≤ 1 , where x = (x1, x2, x3, · · ·) ∈ S∞.

Thus H ? F is a contraction and hence S∞ is a contractible space. �

Proposition 2.2. The in�nite symmetric product space of S∞, i.e. SP∞(S∞) is
contractible, where S∞ is in�nite-dimensional sphere.

Proof. Using De�nition 1.1, De�nition 1.5 and Proposition 2.1, it follows. �

Proposition 2.3. πk(SP∞(S∞)) ∼= πk(S∞) = 0, for all k.

Proof. From the Theorem 2.1 and Proposition 2.2, it follows. �

Proposition 2.4. Given a positive integer n, πk(Sn) ∼=
{
Z for k = n

0, otherwise

Proof. Let S1 = {x ∈ Sn : xn >
−1
2 } and S2 = {x ∈ Sn : xn <

1
2}. Since S1 and

S2 are contractible spaces, using Mayer-Vietoris sequence and [9], it follows. �

Let C be the category whose objects are topological spaces having the same
homotopy type of �nite CW-complexes and morphisms are maps of such spaces
and let SP∞ be a covariant functor from the category of pointed topological spaces
and base point preserving continuous maps to the category of pointed topological
spaces and base point preserving continuous maps, the we have the following:

Proposition 2.5. Let SP∞ be a covariant functor and Σ is a suspension functor.

Then πk(SP∞(ΣSn)) ∼= πk−1(Sn−1).

Proof. Since πk(SP∞(ΣSn)) ∼= πk−1(SP∞(Sn−1)) and using [7] and [8], it follows.
�

Finally we have the following theorem.

Theorem 2.3. πk(SP∞(Sn)) =

{
Z for k = n
0 for k 6= n

Proof. It follows from the Proposition 2.4, Proposition 2.5 and the Theorem 2.2.
�

3. Some applications of homotopy of

infinite symmetric products of spheres

Proposition 3.1. πk(SP∞(Sm)) � πk(SP∞(Sn)).

Proof. Let us assume that 0 ≤ m < n. Then using Theorem 2.3, we have
πn(SP∞(Sm)) = 0 and πn(SP∞(Sn)) = Z. Thus, πk(SP∞(Sm)) � πk(SP∞(Sn)).

�

Proposition 3.2. The spheres Sm and Sn are not homotopically equivalent, where

m and n are two distinct non-negative integers.

Proof. Using Proposition 3.1, it follows. �
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Proposition 3.3. πk(SP∞(Sm)) � πk(SP∞(Sn))

Proof. Using the Proposition3.1 and Proposition 3.2, it follows. �

Proposition 3.4. If m 6= n, then the spheres Sn and Sm are not homeomorphic.

Proof. Using Proposition 3.2, it follows. �

Proposition 3.5. The Euclidean space Rm and Rn are not homeomorphic, where

m 6= n.

Proof. Using Proposition 3.2 and Proposition 3.4, it follows. �

Proposition 3.6. Let m, n be integers such that m > n ≥ 0. Then there does

not exist a continuous map f : Sm → Sn preserving the antipodal points.

Proof. If possible, let there exist a continuous map f : Sm → Sn such that f(x) =
f(−x), for all x ∈ Sm. Let Sn is obtained from Sm by giving the last m − n
coordinates equal to zero and i : Sn ↪→ Sm is the usual inclusion map. Then
the composition i ◦ f : Sm → Sm is antipodal preserving continuous map and so
deg(i ◦ f) must be odd integer. Again, (i ◦ f)∗ = i∗ ◦ f∗. The composition of
f∗ : πm(SP∞(Sm)) → πm(SP∞(Sn)) and i∗ : πm(SP∞(Sn)) → πm(SP∞(Sm))
is the trivial homomorphism, by Theorem 2.3. Thus we have a contradiction. �
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