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A NOTE ON TOPOLOGICAL TRANSITIVITY OF THE

NON-WANDERING SET AND THE CHAIN RECURRENT SET

MARTIN SHOPTRAJANOV

Abstract. In this paper we shall use the fundamental theorem of dynamical
systems to improve some of the results from [5] concerning topological tran-
sitivity of the non-wandering set Ω(φ) and the chain recurrent set CR(φ) in
compact metric spaces.

1. Introduction

C.Conley obtained many important results in [3]. One of them considered as
a fundamental theorem of dynamical systems states that any �ow on a compact
metric space decomposes into a chain recurrent part and a gradient-like part. In
order to obtain these results he introduced the concept of the chain recurrent set.
This paper continues the development of the properties of the chain recurrent set
of a given �ow. We are going to investigate the properties of sets with di�erent
levels of recurrence in the framework of continuous dynamical systems using only
topological tools. Recall that a topological group is a setG on which two structures
are given, a group structure and a topology such that the group operations are
continuous. Speci�cally, a topology τ on G is said to be a group topology if the
map f : G×G → G de�ned by f(x, y) = xy−1 is continuous. A topological group
is a pair (G, τ) of a group G and a group topology τ on G. A dynamical system is
a topological group G together with a topological space X and a continuous group
action φ : X × G → X of G on X. Sometimes we say that X together with the
G-action is a G-�ow. We denote by γ(x), α(x), ω(x) the trajectory (orbit) and the
limit sets of a point x. A �xed point of dynamical system φ, exhibits the simplest
type of recurrence. We denote by Fix(φ) the set of all �xed points of φ. A point
carried back to itself by a dynamical system φ exhibits the next most elementary
type of recurrence. For a positive real T ∈ G a point x ∈ X is called T -periodic
if φ(x, T ) = x. We denote by PerT (φ) the set of all T -periodic points of φ and
we set Per(φ) =

∪
T>0 PerT (φ). A set A ⊂ X is said to be positively recursive
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with respect to a set B ⊂ X if for each T ∈ G there is a t > T and an x ∈ B such
that φ(x, t) ∈ A. We will say that a set A is self positively recursive whenever
it is positively recursive with respect to itself. A point x ∈ X is said to be non-
wandering if every neighborhood U of x is self positively recursive. We denote
by Ω(φ) the set of all non-wandering points of φ. The next level of recurrence
for a point x ∈ X is chain recurrence. Let (x, y) ∈ X × X and ε > 0, t > 0.
(ε, t, φ)-chain from x to y is a collection {x = x1, x2, ..., xn, xn+1 = y; t1, t2, ..., tn}
such that for all i ∈ {1, 2, ..., n}, ti ≥ t and d (φ(xi, ti), xi+1) < ε.

P (φ) = {(x, y)|∀ε, t > 0, there exists (ε, t, φ)-chain from x to y}.

Now CR(φ) = {x|(x, x) ∈ P (φ)} is the set of all chain recurrent points for φ. It is
known that

Fix(φ) ⊆ PerT (φ) ⊆ Per(φ) ⊆ Ω(φ) ⊆ CR(φ).

2. Topological transitivity

Topological transitivity is a global characteristic of a dynamical system. Al-
though the local structure of topologically transitive dynamical system ful�lls cer-
tain conditions, there is a variety of such systems. Some of them have dense
periodic points while some of them may be minimal and without any periodic
points.

We will present a result concerning the last level of recurrence, chain recurrence
in the framework of continuous dynamical systems. Also we will mention few
interesting corollaries concerning topological transitivity. In what follows X is a
compact metric space and G = R.

De�nition 2.1. A subset M ⊆ X is topologically transitive if it contains a tra-

jectory γ(x) which is dense in M .

De�nition 2.2. A subset M ⊆ X is chain transitive if for all x, y ∈ M and

ε, t > 0 there exists an (ε, t, φ)-chain from x to y.

Recall that a point x ∈ X is called recurrent if x ∈ ω(x). The set of all recurrent
points is denoted by R(φ). It is known that Per(φ) ⊆ R(φ) ⊆ Ω(φ) ⊆ CR(φ).

Example 2.1. Consider a dynamical system de�ned on a torus T2 by means of
the planar di�erential system

dϕ

dt
= 1,

dθ

dt
= α.

Let α > 0 be irrational. Then every trajectory is dense in the torus and more-
over the torus is also the positive and negative limit set of each point. This example
describes recurrent trajectories which are not periodic. Also note that this is an
example of a topologically transitive manifold.

Example 2.2. Consider the dynamical system de�ned on the unit square

X = {(x1, x2) ∈ R2 | 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1}
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by means of the planar system of di�erential equations

dx1

dt
= 0,

dx2

dt
= −x1x2(1− x1)(1− x2).

Then X is a compact metric space and the phase portrait is shown in Figure 1
below. The rest points consists of the set Q,

Q = {(x1, x2) | x1 = 0 or x1 = 1} ∪ {(x1, x2) | x2 = 0 or x2 = 1}.
Let us note that every point in this R-�ow is chain recurrent, i.e. X = CR(φ).

But the only recurrent points are the rest points from Q, which coincide with the
non-wandering set Ω(φ).

Figure 1. Phase portrait of the �ow φ on the unit square X

De�nition 2.3. A point x ∈ X is said to be a �ow non-isolated if U \φ(x, [−r, r]∩
G) ̸= ∅ for any r > 0 and any neighborhood U of x.

Remark 2.1: Let X be a compact topological manifold. If dimX > 1 then every
point of X is a �ow non-isolated (see [5]).

Proposition 2.1. Let φ be a R-�ow in a compact topological manifold X with

dimX > 1. If X is topologically transitive i.e. X = γ(x) for some x ∈ X then

Ω(φ) = X. Furthermore the point x is a recurrent point for φ up to reversibility.

Proof. First let us note that according to remark 2.1 above any compact topolog-
ical manifold X with dimX > 1 is a �ow non-isolated i.e. for every p ∈ X and
every neighborhood U of p the following holds: U \φ(p, [−r, r]) ̸= ∅ for any r > 0.
Hence the point x is a �ow non-isolated as well. This means that for arbitrary
neighborhood U of x and arbitrary r > 0 the set U \ φ(x, [−r, r]) is open and
non-empty. Using the density of the x-trajectory there exists a t ∈ R such that
|t|> r and φ(x, t) ∈ U . Hence x ∈ Ω(φ) and Ω(φ) = X. By reversing the �ow if
necessary we can conclude that x ∈ R(±φ) as well. □
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Remark 2.2: Note that in example 2.1 the torus T2 is a compact topological
manifold with dimX > 1. Also the �ow is minimal. Hence every point is a
recurrent point.

Corollary 2.1. The sphere S2 and the projective plane RP2 are not topologically

transitive manifolds.

Proof. Let us assume that the sphere S2 or the projective plane RP2 are topologi-
cally transitive. Then there exists a point x with a dense trajectory. But according
to the previous proposition 2.1 every �ow on a compact topological manifold with
dimX > 1 is a �ow non-isolated and hence Ω(φ) = S2 or Ω(φ) = RP2 accordingly.
Furthermore the point x is a recurrent point for φ up to reversibility. But accord-
ing to the Poincare-Bendixson theorem for two-dimensional manifolds (see Perko
[6]) all recurrent motions on the sphere S2 and on the projective plane RP2 are
trivial. Hence x is a periodic point. This is a contradiction. □

3. Lyapunov functions

In order to prove our main result we will need the following de�nition of a
Lyapunov function for a given family of disjoint compact invariant subsets of X
(see [4]).

De�nition 3.1. Let M = {Mj | j ∈ J} be a family of disjoint compact invariant

subsets of the phase space X. A Lyapunov function for M is a continuous function

LM : X → R such that:

i) LM(φ(x, t)) < LM(x), ∀t > 0, ∀x /∈
∪

j∈J Mj

ii) LM(Mj) = cj , ∀j ∈ J, (cj ̸= ci for i ̸= j).

The real numbers cj are called the critical values of LM.

Example 3.1. Consider a plane �ow φ induced by the following system of di�er-
ential equations:

dr

dt
= r(1− r)(sin2 θ + 1− r2),

dθ

dt
= sin2 θ + 1− r2.

Let's consider the plane �ow φ restrictively on the unit disk D. Note that the
unit disk D is an invariant subset of the plane. Hence we have a �ow de�ned
on a compact metric space. We consider a family of disjoint compact invariant
subsets of D given by M = {(0, 0), S1}. Let us consider a function LM : D → R
de�ned by LM(z) = 1 − |z|. We shall prove that LM is a Lyapunov function
for M. The continuity is obvious. We choose an arbitrary point z = (r(t), θ(t))
from the annulus int(D)\{(0, 0)}. Using the inequality 0 < |z|= r(t) < 1 as well
as the inequality ṙ = r(1 − r)(sin2 θ + 1 − r2) > 0 we conclude that r(t) is a
strictly monotonically increasing function. Consequently, LM(z) > LM (φ(z, t))
which means that LM is strictly decreasing along the trajectories in the annulus
int(D)\{(0, 0)}. It only remains to note that LM(S1) = 0 and LM(0, 0) = 1.
Hence LM is a Lyapunov function for M and CR(φ) = {(0, 0)} ∪ S1.
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The following proposition is also from [4].

Proposition 3.1. Suppose that M = {Mj | j ∈ J} admits a Lyapunov function

LM and W =
∪

j∈J Mj is compact. Then

i) For arbitrary x ∈ X there exists Ms and Mr in M such that α(x) ⊆ Ms

and ω(x) ⊆ Mr.

ii) If x /∈ W then α(x) and ω(x) are nonempty sets and the following inequal-

ity holds LM(α(x)) > LM(x) > LM(ω(x)).

An important tool in proving our claim will be the existence of a Lyapunov
function provided by the following fundamental theorem of dynamical systems
(see Conley [3]).

Theorem 1. Let (X, d) be a compact metric space with a �ow φ. Then there exists

a unique family M = {Mj |j ∈ J} of disjoint, compact and invariant sets which

admits Lyapunov function and is maximal with this property. The set ∪j∈JMj is

actually CR(φ), which is compact and Mj are its connected components.

4. Main result

Before proving our main result we shall make few remarks.

Remark 4.1: Let M be a compact invariant set. Then M contains a compact
minimal set.

Remark 4.2: Every compact minimal set contains recurrent points.

Now we are ready to state our main result:

Theorem 2. The set of all recurrent points R(φ) is contained in a connected

component of the chain recurrent set CR(φ) if and only if X = CR(φ) and X is

chain transitive. Consequently, if R(φ) is topologically transitive then X is chain

transitive.

Proof. Let us assume that the set of all recurrent pointsR(φ) is contained in a con-
nected component of CR(φ). Then using the fact that the connected components
of CR(φ) coincide with the chain transitive components (see [1]) we can conclude
that there exists a chain transitive component M1 such that R(φ) ⊆ M1 (chain
transitive component means that any two points x, y ∈ M1 can be connected by a
�nite (ε, t, φ)-chain from x to y andM1 is maximal with that property). Now let us
assume that there exists another non-empty chain transitive component M2 ̸= M1

di�erent from M1. It follows that M2 is a non-empty compact invariant set dis-
joint from M1 i.e. M1 ∩M2 = ∅. Now using the remarks 4.1 and 4.2 (see [2], p.38
and p.41) we conclude that there exists a recurrent point in M2. But this means
that R(φ) ∩M2 ̸= ∅ which yields that M1 ∩M2 ̸= ∅. Hence a contradiction. So
we can conclude that there exists only one chain transitive component and hence
only one connected chain recurrent component.This means that M1 = CR(φ) is
a connected set. Hence according to theorem 1 the family M = {M1} with only
one element admits a Lyapunov function LM. Now if we assume that there exists
y ∈ X \ CR(φ) then according to proposition 3.1 the following inequalities hold:
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LM(α(y)) > LM(y) > LM(ω(y)).

But from the same proposition 3.1 we can conclude that α(y), ω(y) ⊆ M1 having
in mind that M is a singleton family. Hence LM(α(y)) = LM(ω(y)), surely a
contradiction. This means that X = CR(φ) = M1. Furthermore X is connected
and chain transitive. For the opposite direction, let us only note that if X is chain
transitive then it is connected according to proposition in [1]. Hence the conclusion
follows.

□

Now as a corollary of our previous result we obtain the results from [5] concern-
ing the topological transitivity (T T -property) of Ω(φ) and CR(φ).

Corollary 4.1. If the non-wandering set Ω(φ) or the chain recurrent set CR(φ)
has the (T T )-property then the whole space is chain recurrent i.e. X = CR(φ).

Proof. If the non-wandering set Ω(φ) or the chain recurrent set CR(φ) has the
(T T )-property then they are connected. Hence the set of all recurrent points
R(φ) as their subset is contained in a connected component of CR(φ). Now the
claim follows from theorem 2. □

Remark 4.3: Note that the T T -property of these sets actually is not essential
for the recurrent behavior of the whole space X. In example 2.2 non of the sets
Ω(φ) or CR(φ) satisfy the T T -property, but R(φ) is contained in a connected
component of CR(φ). Hence X = CR(φ).

Corollary 4.2. If R(φ) = ω(x) for some x ∈ X then X = CR(φ). Furthermore

X is connected and chain transitive.

Proof. In compact metric spaces the limit sets are connected (see [2], p.23). Hence
the recurrent set R(φ) is also connected. Now the claim follows from theorem
2. □

Remark 4.4: Let us note that in example 2.1 R(φ) = ω(x) for arbitrary x ∈ X.
Hence X = T2 = CR(φ). Furthermore the torus T2 is connected and chain
transitive.

Example 4.1. Consider the �ow restricted on the Bowen eye shown in Figure 2.
If we restrict the �ow again on the darken ellipse X = E then the non-wandering
set Ω(φ) consists of two rest points, namely (1, 0) and (1, π) in polar coordinates
(notice that this is not the case if we consider the �ow on the whole eye). The chain
recurrent set CR(φ) on the other hand is the whole space, i.e. X = E = CR(φ).
Note that neither Ω(φ) nor CR(φ) are topologically transitive. But the set of all
recurrent points R(φ) which consists of two rest points, namely (1, 0) and (1, π)
in polar coordinates, is contained in a connected component of the chain recurrent
set. Hence X = CR(φ) = E.

Corollary 4.3. Let φ be an arbitrary �ow on the sphere S2 or the projective plane

RP2. Then the chain recurrent set CR(φ) is not topologically transitive.
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Figure 2. Phase portrait of the �ow φ on the Bowen eye

Proof. If we assume that the chain recurrent set CR(φ) is topologically transitive
then from the previous corollary 4.1 we can conclude that the sphere S2 or the
projective plane RP2 are topologically transitive as well. But this is a contradiction
with corollary 2.1. □
Example 4.2. Consider the �ow on the 2-dimensional sphere S2 with one �xed
point x and all other trajectories running along circles as shown in Figure 3. This
�ow satis�es the T T -property of the non-wandering set Ω(φ), but satis�es neither
the T T -property of the chain recurrent set nor the T T -property of the whole space
X = S2. Note that the recurrent set R(φ) = Ω(φ) = ω(x) consists of only one
point x contained in a connected component of CR(φ). Hence the chain recurrent
set coincides with the whole space i.e X = S2 = CR(φ). Observe that we can
obtain this conclusion also from corollary 4.1 using the topological transitivity of
Ω(φ) or from corollary 4.2 using the equality R(φ) = ω(x). Also note that X is
connected and chain transitive.

Figure 3. Phase portrait of the �ow φ on the sphere S2

Corollary 4.4. Let C be an arbitrary connected set such that R(φ) ⊆ C ⊆ CR(φ).
Then X = CR(φ) and X is connected. Furthermore X is chain transitive.
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Proof. It follows directly from theorem 2. □
Remark 4.5: Let us note that if Ω(φ) or the chain recurrent set CR(φ) are
topologically transitive then we can choose C = Ω(φ) or C = CR(φ) respectively
and thus obtain the result from [5]. But otherwise we are not limited to that
choice. For example in the Bowen eye example 4.1 we can choose C to be the
upper-half of the ellipse Euh (including the rest points), i.e. C = Euh. Then C is
topologically transitive, but is neither Ω(φ) nor CR(φ). The corollary also applies
for this choice of C.

Remark 4.6: According to corollary 4.4 the T T -property requirement for Ω(φ)
or CR(φ) in [5] is not necessary. The connectedness will do the job quite nicely.

Remark 4.7: In example 2.2 note that the non-wandering set Ω(φ) is not topo-
logically transitive. But on the other hand it is connected which is good enough
to use corollary 4.4.

Conclusion. As a �nial conclusion we can state that the real reason for the re-
current behavior of the whole space X (in a connected space) is the ”distribution”
of the recurrent points and not the T T -property. The T T -property, when present,
actually navigates the recurrent points towards ”distribution” in a connected com-
ponent of CR(φ).
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