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Abstract. We will deal with the theory of Abel functional equations in the
space of strictly monotonic functions S. The Abel functional equation model
reduces under specialization to a linear functional or to a linear difference
equation. Definitions, structure, and general theory for Abel functional equations on S appear. The approach duplicates a rich body of known definitions,
results and properties for classical functional and difference equations.
The setting for the algebraic model is in the space S of strictly monotonic
real functions f defined on the interval J = (−∞, ∞). It is required that
f map J one-to-one onto an interval (a, b), where a and b are extended real
numbers.
The model equation is expressed in terms of iteration of a function Φ in S.
The iteration process uses a canonical function in S, which is an arbitrarily
chosen increasing function X ∈ S.
A method is presented for solving the new model equation. This method
can be applied to solve, in particular, some classical linear functional and
difference equations.

1. Introduction
We will deal with the theory of Abel functional equations in the space of strictly
monotonic functions. The first known model, introduced by O. Boruvka

[1], is specific to differential equations, whereas the model we introduce is independent of
differential equations. The Abel functional equation model reduces under specialization to a linear functional or a difference equation. The approach duplicates a
rich body of known definitions, results and properties for classical functional and
difference equations [3], [2], [8].
The setting for the algebraic model is in the space S of strictly monotonic real
functions f defined on the interval J = (−∞, ∞). It is required that f map J
one-to-one onto an interval (a, b), where a and b are real or extended numbers.
The model equation is expressed in terms of iteration of a function Φ in S. The
iteration process uses a canonical function in S, which is an arbitrarily chosen
increasing function X ∈ S.
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The function Φ is algebraically a phase function known from Borùvka’s theory
of linear differential transformations of the second order [1]. The theory is useful
for investigating oscillatory and asymptotic properties of solutions of ordinary
linear differential equations. By a phase function, Boruvka

meant a function α
defined in an open interval j such that α ∈ C1 , α0 6= 0 for all t ∈ j. Each phase
function α ∈ C3 represents, in its domain j, a first phase of the differential equation
y 00 = q(t)y, where the first phase is any continuous function α defined on j which
satisfies tan α(t) = u(t)
v(t) except at zeros of v, and (u, v) is a solution basis of the
equation.
A method is presented for solving the new model equation. This method can
be applied to solve, in particular, some classical linear functional and difference
equations.
Because difference equation theory uses the difference operator to express certain results, the notion of a difference operator is defined for Abel functional equations on S. Results are obtained for difference and sum operators, which reduce,
when the model equation is a difference equation, to classical known results.
A solution of the linear functional equation is considered to be a continuous
function f on an interval hx0 , ∞). A solution f of the difference equation is
considered on a sequence of points {xn }∞
0 .
If domains of coefficients and right sides of the equations are considered to be
the interval J , which is the union of intervals jµ = (xµ , xµ+1 ), µ = −∞ to ∞,
then solutions of linear functional equations are continuous functions on J while
solutions of linear difference equations are two-sided sequences {xn }∞
n=−∞ . The
definition of symbol xn appears below.
Algebraic models directly related to α(f (x)) = α(x) + 1, which is the classical
Abel functional equation, are studied in [5]. The new models are treated abstractly
as the (generalized) Abel functional equation α(f (x)) = g(α(x)), in which f and g
are given and α is the unknown. Given an increasing function f , possibly having
fixed points in its domain (a, b), a group-theoretic iterative explicit construction
is given for infinitely many solutions α which are infinite at fixed points of f
and otherwise monotonic. The group-theoretic structure is suitable for studying
solution properties of Abel functional equations. The methods apply in particular
to Abel functional equations for which the domain (a, b) is a finite interval, a halfline or the real line. The function f is allowed to have many fixed points x̄, defined
by the equation f (x̄) = X(x̄), where X(x) is a canonical function in S (X(x) = x
gives classical fixed points).
It is shown how to form an Abel functional equation which represents a linear homogeneous functional equation with constant coefficients. Results of the
specialization are stated. The Abel functional equation model in S is able to
simultaneously model both k-th order linear difference equation with constant
coefficients [4] and first order linear difference equations with constant and nonconstant coefficients [6]. Some applications appear, which show how to do the
uniform modeling of classical equations.
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2. Space of strictly monotonic functions
Definition 2.1: Given a, b ∈ R̄, a < b. The set of all continuous functions on
(−∞, ∞) which map one-to-one the interval (−∞, ∞) onto (a, b) will be denoted
by the symbol Sab and called a space of strictly monotonic functions.
Definition 2.2: An arbitrarily chosen increasing function X = X(x), X ∈ S, will
be called a canonical function in S. The inverse to the canonical function X
will be denoted by X ∗ .
Definition 2.3: Let α, β ∈ S. The composite function γ = α(X ∗ (β(x))), shortly
γ = αX ∗ β(x), will be called a product and denoted γ = α ◦ β.
Remark 2.1: The set S with the operation of multiplication ◦ forms a noncommutative group.
Definition 2.4: Let φ ∈ S, φ increasing and X ∈ S be a canonical function,
φ > X on (−∞, ∞). The iterates of φ in S are given by
φ0 (x) = X(x)
φn+1 (x) = φ ◦ φn (x),
φn−1 (x) = φ−1 ◦ φn (x),

n = 0, 1, 2, . . .
n = 0, −1, −2, . . . ,

x ∈ (−∞, ∞), where φ−1 is the inverse element according to ◦.
3. Constant-coefficient kth order equation
Consider the homogeneous constant-coefficient equation
ak f ◦ φk (x) + ak−1 f ◦ φk−1 (x) + · · · + a0 f ◦ φ0 (x) = 0,

(HCCE)

where ai ∈ R, i = 0, 1, 2, . . . , k.
Functional Equation. If the x-domain is (−∞, ∞), then a solution of (HCCE)
is a function f ∈ C0 (−∞, ∞) that satisfies the equation for all x.
Difference Equation. If the x-domain is a discrete sequence O = {X ∗ φn (x0 )},
then a solution of (HCCE) is a function f defined on O which satisfies the equation
at each x = X ∗ φn (x0 ).
3.1. Generalized Abel functional equation. The solution f (x) of (HCCE)
will be given in terms of the generalized Abel equation
α ◦ φ(x) = g ◦ α(x).
We assume g(x) = X(x + 1), then the Abel equation is
α ◦ φ(x) = X(x + 1) ◦ α(x).

(AFE)

Equation (AFE) is called the associated functional equation of (HCCE).
Known are X and φ in S. Function α is the solution of (AFE).
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Figure. An iterative solution of α(φ(x)) = α(x) + 1, where φ(x) =
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Example 3.1: We shall consider the specialized Abel functional equation
α(φ(x)) = α(x) + 1,
where
1
1
− + x.
2
1+x
2
The function φ has fixed points at x = ±1, where α is infinite. The fixed points
separate regions of increase of α and decrease of α. The segments of the solution
α represent the iterative steps used to produce the graphic in the preceding figure.
Generally, infinitely many iterations are required to fully represent α.
φ(x) =

For the theory of functional equations see [3]. The theory of difference equations can be found in [2] and [8]. For more results on generalized Abel functional
equation and linear kth order equations in S see [4], [5], [6] and [7].
3.2. Simple positive root theorem.
Theorem 1. Let equation (HCCE) be given. Let λ1 , λ2 , . . . , λk be simple positive
roots of the characteristic equation
ak λk + ak−1 λk−1 + · · · + a1 λ + a0 = 0
Let α be a continuous solution of the associated Abel functional equation (AFE).
Then the functions
X ∗ α(x)

f1 = λ1

X ∗ α(x)

, f2 = λ2

X ∗ α(x)

, . . . , fk = λk

are linearly independent solutions of (HCCE).

,
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f2 (x) = 1.001α(x) .

Example 3.2: The second order functional equation
f (φ(φ(x))) − 2.011f (φ(x)) + 1.01101f (x) = 0
with
φ(t) =

1
1
− +t
1 + t2
2

has solutions
f1 (x) = 1.01α(x) , f2 (x) = 1.001α(x) .
The Abel solution α is obtained by iteration on three intervals between fixed points
of φ, to obtain the following graphical representation of f1 , f2 . See the preceding
figure.
3.2.1. A difference equation application. The classical difference equation is a specialization of functional equation (HCCE). The space S is the set of all monotonic
continuous φ mapping (−∞, ∞) onto itself. Let’s assume
X(x) = x (identity),

X ∗ (x) = x,

φ(x) = x + 1.

Then the Abel functional equation is
α(x + 1) = α(x) + 1
and it has a solution α(x) = x.
The corresponding constant-coefficient linear homogeneous equation (HCCE)
specializes to an equation of the form
ak f (x + k) + ak−1 f (x + k − 1) + · · · + a0 f (x) = 0.
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If λ > 0 is a root of the characteristic equation, then a special solution is
∗
f (x) = λX α(x) , where α satisfies the Abel equation. Because α(x) = x and
X(x) = x, then the special solution is

f (x) = λx .

3.3. Multiple positive root theorem.
Theorem 2. Let constant-coefficient equation (HCCE) be given. Let λ0 be a
positive real root of the characteristic equation

ak λk + ak−1 λk−1 + · · · + a1 λ + a0 = 0

of multiplicity s, 1 ≤ s ≤ k. Let α(x) be a continuous solution of Abel functional
equation (AFE) and let X ∗ be the inverse function to canonical function X.
Then the functions
X ∗ α(x)

fr (x) = (X ∗ α(x))r λ0

,

0≤r<s

are independent solutions of equation (HCCE).
Example 3.3: The second order functional equation

f (φ(φ(x))) − 3f (φ(x)) + 2.25f (x) = 0 with φ(t) =

1
1
− + t,
1 + t2
2

has solutions
f1 (x) = 1.5α(x) ,

f2 (x) = 1.5α(x) α(x).

The Abel solution α is obtained by iteration on three intervals between fixed points
of φ, to obtain a graphical representation of f1 , f2 .
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Figure. Iterative solutions f1 = 1.5α(x) and f2 = 1.5α(x) α(x).
Example 3.4 (Difference Equation: Double Positive Real Root): The second
order functional equation

f (φ(φ(x))) − 3f (φ(x)) + 2.25f (x) = 0 with φ(t) =

1
1
− + t,
2
1+t
2

can be specialized to a difference equation on the domain O = {φn (x0 )}. The
solutions

f1 (x) = 1.5α(x) ,

f2 (x) = 1.5α(x) α(x)

obtained for the case (−∞, ∞) give rise to difference equations solutions on the
intervals between fixed points of φ.
The Abel solution α is only required at points of O. Iteration at starting
values x0 = −2, 0, 2 gives the following graphical representation of f1 , f2 . Circles
represent the discrete solution.
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Figure. Iterative solutions y = f (x) for f (φ(φ(x))) − 3f (φ(x)) + 2.25f (x) = 0.
3.4. Conjugate Root Theorem.
Theorem 3. If the characteristic equation
ak λk + ak−1 λk−1 + · · · + a1 λ + a0 = 0
has conjugate complex roots
λ1 = λ̄2 = r(cos ω + i sin ω),
then the corresponding linear homogeneous functional equation possesses two solutions in the form
∗
f1 = rX α(x) cos (ωX ∗ α(x)) ,
∗
f2 = rX α(x) sin (ωX ∗ α(x)) .
Proofs of the above theorems can be found in [4].
Example 3.5: x
Consider the second order functional equation
f (φ(φ(x))) + f (x) = 0

with φ(t) =

1
1
− + t.
1 + t2
2

Two solutions are
f1 = cos

π


α(x) ,

f2 = sin

π


α(x) .

2
2
The iterative Abel solution α gives a graphical representation of f1 , f2 .
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Figure. Iterative solutions f1 =

4

cos( π2 α(x)),

f2 = sin( π2 α(x)).
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