
Matematiqki Bilten UDC: 519.175
44 (LXX) 2 (2020), 149�162 DOI: 10.37560/matbil2020149k

TOTAL VERTEX STRESS ALTERATION

IN CYCLE RELATED GRAPHS

JOHAN KOK 1, JOSEPH SHINY 2, AND V. AJITHA 3

Abstract. In the main this paper discusses the addition of an edge uv ∈
E(G) to a cycle graph Cn to obtain the 1-chorded cycle graph C∼1

n such that
the total vertex stress of C∼1

n compared to the total vertex stress of Cn shows

a maximum or minimum alteration over all uv ∈ E(G). Furthermore, results
for wheel graphs, helm graphs, �ower graphs, sunlet graphs, sun graphs and
prism graphs are also presented. Finally a heuristic algorithm is proposed
which determines the total vertex stress in a general graph G.

1. Introduction

For general notation and concepts in graphs see [1, 2, 5]. Throughout the study
only �nite, simple connected and undirected graphs will be considered.

In modern network applications such as communication networks, social media
networks, neural and arti�cial intelligence algorithmic networks, the typical struc-
tural changes are an increase in order (more nodes) and an increase in edges. The
most frequent structural change seems to occur in respect of edge addition to the
graphical embodiment of such network. In 1953 the researcher Alfonso Shimbel
introduced the notion of vertex stress in a graph G denoted by SG(v), v ∈ V (G)
(see [3]). Recall that the vertex stress of vertex v ∈ V (G) is the number of times v
is contained as an internal vertex in all shortest paths between all pairs of distinct
vertices in V (G)\v. Formally stated, SG(v) =

∑
u 6=w 6=v 6=u

σ(v) with σ(v) the number

of shortest paths between vertices u, w which contain v as an internal vertex. See
[3, 4]. The total vertex stress of G is given by S(G) =

∑
v∈V (G)

SG(v). The aver-

age vertex stress of G of order n ≥ 1 and denoted by S(G) follows naturally as
S(G) = 1

n

∑
v∈V (G)

SG(v). Note that the trivial graph K1 is connected. It implies

that an isolated vertex v is inherently adjacent to itself which in turn implies that
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there exists an inherent path vv (not a loop). This inherent path has length zero
and therefore contains no internal vertices. Thus, SK1

(v) = S(K1) = S(K1) = 0.
In fact, SKn

(v) = S(Kn) = S(Kn) = 0, ∀ n ≥ 1. Since Kn
∼= K(1,1,1,...,1)n−times

a
trivial theorem follows for complete m-partite graphs.

Theorem 1.1. For a complete m-partite graph Kn1,n2,n3,...,nm
,

S(Kn1,n2,n3,...,nm) =

m∑
i=1

[
ni(ni − 1)

2

m∑
j=1,
j 6=i

nj ].

It is known that for a graph G of order n ≥ 1 the maximum degree is bounded
by ∆(G) ≤ n− 1. If degG(v) = n− 1,∀v ∈ V (G) then G is said to be a complete
(or G is a complete graph). Consider a non-complete graph G with vertex set
V (G) = {v1, v2, v3, . . . , vn}. Let X1 = {v ∈ V (G) : degG(v) < n − 1}. Clearly
X1 6= ∅. Select any vj ∈ X1 and add all edges vjvk, where vk /∈ NG[vj ] to obtain
graph G1. It is possible to select a similar set X2 ⊂ V (G1). If X2 = ∅ then G1

is complete. Else, the procedure of adding edges to G1 in respect of vj ∈ X2 to
obtain G2 can be repeated and iteratively, so on. In a �nite number of iterations
say, `-iterations the complete graph G`

∼= Kn will be obtained. It can be said that
the maximum (or equivalently, minimum) number of edges to be added to G to
nullify vertex stress is given by |ε(G)|. It also means that S(G`) = 0. Obviously,
either 0 < S(Gi) ≤ S(G) or 0 < S(G) ≤ S(Gi), 1 ≤ i ≤ ` − 1. Inevitably the
addition of an edge uv ∈ E(G) to G results in an alteration of vertex stress of some
vertices. The aforesaid motivates a study on: "what is the maximum decrease or
minimum increase in the average vertex stress, S(G) − S(G1) by the addition of
one edge?" The more general max-min-problem for adding t edges, 1 ≤ t < |ε(G)|
remains open.

An immediate application could be in road infrastructure planning. It solves
the problem of deciding which cities or intersections should be joined by a road to
ensure a maximum decrease in the average tra�c congestion throughout a de�ned
road network. From Theorem 1.1 we have a corollary which illustrates this appli-
cation. Let the partition vertex set corresponding to ni be {vni,1, vni,2, . . . , vni,ni}.

Corollary 1.1.1. For a complete m-partite graph Kn1,n2,n3,...,nm the maximum
and minimum decrease in the total vertex stress are respectively given by:
(a) Adding edge vni,jvni,k, j 6= k, and 1 < ni = min{n` : 1 ≤ ` ≤ m},
(b) Adding edge vni,jvni,k, j 6= k, and 1 < ni = max{n` : 1 ≤ ` ≤ m}.

Section 2 considers 1-chorded cycle graphs. Section 3 presents results for certain
cycle related graphs and a heuristic algorithm is proposed in Section 4. The paper
concludes with some open problems and proposals for further research.

2. Maximum or minimum stress decrease in 1-chorded cycle graphs

The notion of stress regular graphs was de�ned in [4]. Simply put, graphs
with vertices having equal vertex stress are stress regular graphs. Recall that
conventionally a cycle graph Cn, n ≥ 3 has vertices V (Cn) = {vi : 1 ≤ i ≤ n} and



TOTAL VERTEX STRESS ALTERATION IN CYCLE RELATED GRAPHS 151

edges E(Cn) = {v1vn} ∪ {vivi+1 : 1 ≤ i ≤ n− 1}. For cycle graphs (simply called,
cycles) we recall important results from [4].

Theorem 2.1. [4] The vertex stress of any vertex in a cycle C2n, n ≥ 2 is

SC2n
(v) = n(n−1)

2 .

Theorem 2.2. [4] The vertex stress of any vertex in a cycle C2n+1, n ≥ 1 is

SC2n+1
(v) = n(n−1)

2 .

Following from Theorems 2.1 and 2.2 all cycles are stress regular. It is agreed
that a q-chorded cycle is denoted by C∼q

n .
It can be said that with the addition of an edge the bound 0 < S(G1) ≤ S(G)

has an intuitive feel of "true" to it. This intuition follows from the fact that
at least one shortest path has been reduced to length one. However, the bound
0 < S(G) ≤ S(G1) is perhaps less intuitive and calls for clarity.

By Theorem 2.1 we have that S(v) = 3, v ∈ V (C6). Therefore,∑
v∈V (C6)

S(v) = 18⇔ S(C6) = 3.

Consider G1 in the �gure below.

Figure 1. Graph G1 which is a 1-chorded C6.

It is straightforward to specify all shortest path between all pairs of distinct vertices
in G1. These are:

v1v2, v1v2v3, v1v4v3, v1v4, v1v4v5, v1v6v5, v1v6;
v2v3, v2v3v4, v2v1v4, v2v3v4v5, v2v1v6v5, v2v1v4v5, v2v1v6;
v3v4, v3v4v5, v3v4v5v6, v3v2v1v6, v3v4v1v6;
v4v5, v4v5v6, v4v1v6;
v5v6.

It follows easily that
∑

v∈V (G1)

SG1
(v) = 22 ⇔ S(G1) = 22

6 > 3. This serves as

example of the bound 0 < S(G) ≤ S(G1). Hence, not only does the addition of an
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edge reduce the length of at least one shortest path to length one, it may create
additional shortest paths. Now consider G1 in the �gure below.

Figure 2. Graph G1 which is a 1-chorded C6.

Similar to the �ndings in respect of Figure 1, the 1-chorded cycle C6 in Figure
2 yields

∑
v∈V (G1)

SG1
(v) = 11 ⇔ S(G1) = 11

6 < 3. Since all possible C∼1′s
6 up

to isomorphism have been covered it is established that any one of the edges
v1v3, v2v4, v3v5, v4v6, v5v1 or v6v2 may be added to C6 to yield the maximum
S(C6)−S(C∼1

6 ) = 18
6 −

11
6 = 7

6 . This result satis�es the bound 0 < S(G1) ≤ S(G).
It is interesting to note that for some 1-chorded cycles both bounds cannot be
satis�ed. Consider C∼1

5 below.

Figure 3. Graph G1 which is C∼1
5 .
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Clearly, up to isomorphism the depicted C∼1
5 is the only case to consider. By

Theorem 2.2 we have that for C5, S(v) = 1, v ∈ V (C5). Therefore
∑

v∈V (C5)

S(v) =

5 ⇔ S(C5) = 1. Consider same for C∼1
5 it follows that

∑
v∈V (C∼1

5 )

S(v) = 6 ⇔

S(C∼1
5 ) = 6

5 > 1.

Recall a result for paths from [4].

Theorem 2.3. [4] The vertex stress of vi in a path Pn, n ≥ 1 is S(vi) = (i −
1)(n− i).

For a path v1v2v3 · · · vn the induced vertex stress by v1 on each of vi, i =
2, 3, 4, . . . , vn is given by ∫v1

(vi) = n− i. Therefore the total vertex stress induced

by v1 equals, (n−1)(n−2)
2 . This observation permits a useful lemma.

Lemma 1. The total vertex stress in a path Pk+1 is given by S(Pk+1) = S(Pk) +
k(k−1)

2 , S(P1) = 0, k = 1, 2, 3, . . .

Proof. For k = 1 it follows that S(P2) = 0 = 0 + 0 = S(P1) + 1(1−1)
2 . So the

results holds for k = 1. Clearly S(P2) + 2(2−1)
2 = 1 = S(P3). Assume the result

holds for k = `. By extending path P` with one vertex to obtain path P`+1 we just
need to additionally account for the total vertex stress induced by vertex v`+1 on
the vertices of path P`. Hence, through immediate induction and the appropriate

derivative of our observation we have that S(P`+1) = S(P`) + `(`−1)
2 , ∀ k ≥ 1,

k → `. �

Besides the recursive result a closed result is presented next.

Proposition 2.1. The total vertex stress in a path Pn, n ≥ 1 is given by S(Pn) =
n(n−1)(n−2)

6 .

Proof. The result is obvious for n = 1, 2. Assume it holds for 3 ≤ n ≤ k. Hence,

S(Pn) = n(n−1)(n−2)
6 , 3 ≤ n ≤ k. Consider path Pk+1. It su�ces to add the total

vertex stress the vertex vk+1 induces on the vertices of the path Pk. Therefore

S(Pk+1) =
k(k − 1)(k − 2)

6
+
k(k − 1)

2
=

(k + 1)k(k − 1)

6

=
(k + 1)((k + 1)− 1)((k + 1)− 2)

6
.

Hence, through induction the result holds for Pn, n ≥ 1. �

2.1. On odd cycles. Consider the sequence of odd cycles C2n+1, n = 2, 3, 4 . . . .
Label the vertices consecutively in a particular way, i.e. u1, v1, v2, v3,. . . , vn, wn,
wn−1, wn−2,. . . , w1. Without loss of generality consider the family of sequences (a
sequence relates to a given t) of 1-chorded cycles C∼1

2n+1, n = 2, 3, 4, . . . by adding
the edge vtwt, 1 ≤ t ≤ n − 1. Clearly up to isomorphism a sequence for any t
represents the sequence of 1-chorded odd cycles each of which contains an odd
sub-cycle and an even sub-cycle.
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Theorem 2.4. The total vertex stress of a 1-chorded cycle C∼1
2n+1, n ≥ 2 where

the chord is vtwt, 1 ≤ t ≤ n− 1 is given by

S(C∼1
2n+1) =

(2n− 1)t2 − (2n2 − 1)t+ (2n3 + 2n2 − 4n)

2
.

Proof. Consider a 1-chorded cycle C∼1
2n+1 with chord vtwt. Clearly the odd sub-

cycle is C2t+1 and the even sub-cycle is C2(n−t+1). The total vertex stress of C
∼1
2n+1

can be determined by decomposition into appropriate subgraphs.

(a) The total vertex stress of sub-cycle C2t+1 is given by t(2t+1)(t−1)
2 .

(b) The total vertex stress of sub-cycle C2(n−t+1) is given by (n− t)(n− t+ 1)2.
(c) On the two paths u1v1v2 · · · vn and u1w1w2 · · ·wn the total vertex stress in-
duced by u1 is given by (n− t)(t+ n− 1).
(d) Subcase 1: Now consider the total induced vertex stress by vi, i = 1, 2, 3, . . . , t−
1 on the vertex sets {vi+1, vi+2, . . . , vt} and {vt+1, vt+2, . . . , vn, wn}. This accounts
for total vertex stress equal to (t− i)(n− t+1)+ (n−t)(n−t+1)

2 , i = 1, 2, 3, . . . , t−1.
The aforesaid reduces to

t(t− 1)(n− t+ 1)

2
+

(t− 1)(n− t+ 1)(n− t)
2

.

Subcase 2: Since the path v1v2v3 · · · vtwtwt+1 · · ·wn is a second shortest path to
vertex wn a similar analysis as in Subcase 1 can be applied. The total vertex stress
induced by vi, i = 1, 2, 3, . . . , t− 1 along this path is given by

(t+ 2)(t− 1)(n− t)
2

+
(t− 1)(n− t)(n− t− 1)

2
.

(e) Due to symmetry a similar analysis as in (d) in respect of vertices wi, i =
1, 2, 3, . . . , t− 1 yields results, identical to those in (d).

Finally, after adding parts (a) to (e) the result is

S(C∼1
2n+1) =

(2n− 1)t2 − (2n2 − 1)t+ (2n3 + 2n2 − 4n)

2
,

with chord vtwt, 1 ≤ t ≤ n− 1. �

Analysis. It follows that

S(C∼1
2n+1)− S(C2n+1) =

(2n− 1)t2 − (2n2 − 1)t+ 3n(n− 1)

2
,

with chord vtwt, 1 ≤ t ≤ n − 1. For purposes of analysis let A = (2n − 1),
B = (2n2 − 1), C = 3n(n− 1), n ≥ 2 and f(t) = At2 − Bt+ C, t ∈ R. Therefore
A > 0, B > 0 and C > 0. The graph corresponding to f(t) is a parabola and

the symmetry axis is at t1 = 2n2−1
2(2n−1) > 0 and t1 is not an integer ∀n ≥ 2. The

discriminant is (2n2− 1)2− 12n(2n− 1)(n− 1) < 0, ∀n ≥ 2. This leads to a result
in respect of the total vertex stress alteration. Note that the unique case for cycle
C5 has been dealt with.
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Theorem 2.5. Up to isomorphism the total vertex stress of C∼1
2n+1, n ≥ 3 and

1 ≤ t ≤ n− 1 has:
(a) A maximum increase for chord vtwt, t = 1.
(b) A minimum increase for chord vtwt, t = dn2 e if n is odd.
(c) A minimum increase for chord vtwt, t = n

2 if n is even.

Proof. (a) It su�ces to show that [(2n−1)−(2n2−1)+3n(n−1)]t=1 = n(n−1) >
[(2n− 1)(n− 1)2 − (2n2 − 1)(n− 1) + 3n(n− 1)]t=n−1 = 2(n− 1).
(b) The result follows from the fact that

lim
n→∞

2n2 − 1

2(2n− 1)
=
n

2
,

implies that the symmetry axis t1 = 2n2−1
2(2n−1) = bn2 c+ δ, 0 < δ < 1.

(c) Similar to (b) the result follows from the fact that the symmetry axis is t1 =
2n2−1
2(2n−1) = n

2 + δ, 0 < δ < 1. �

2.2. On even cycles. Consider the sequence of even cycles C2n, n = 2, 3, 4 . . . .
Clearly for n ≥ 3 an even 1-chorded cycle C∼1

2n can have either two odd sub-cycles

or two even sub-cycles. We shall distinguish between the two types by C∼14
2n and

C∼1�
2n respectively.

Type 1. For C∼1�
2n , n ≥ 3 label the vertices consecutively as v1, v2, v3, . . . ,

vn, wn, wn−1, . . . , w1. Let the chord be vtwt, 2 ≤ t ≤ n− 1.

Proposition 2.2. The total vertex stress of a 1-chorded cycle C∼1�
2n , n ≥ 3 where

the chord is vtwt, 2 ≤ t ≤ n− 1 is given by

S(C∼1�
2n ) = (n− 1)t2 − (n2 − 1)t+ n3 + n2 − 2n.

Proof. The total vertex stress can be determined by decomposition into appropri-
ate subgraphs. Through similar reasoning found in the proof of Theorem 2.4 we
have:
(a) The total vertex stress of sub-cycle C2t is given by t2(t− 1).
(b) The total vertex stress of sub-cycle C2(n−t+1) is given by

(n− t+ 1)2(n− t).
(c) The total vertex stress on the paths v1w1w2 · · ·wn and w1v1v2 · · · vn is given
by (n− t)(n+ t− 1).
(d) The total vertex stress on paths v1v2v3 · · · vnwn and w1w2w3 · · ·wnvn is given
by n(t− 1)(n− t+ 1).
(e) The total vertex stress on paths v1v2 · · · vtwtwt+1 · · ·wn and w1w2 · · ·
wtvtvt+1 · · · vn is given by (n+ 1)(n− t)(n+ 1).
Hence, the result

S(C∼1�
2n ) = (n− 1)t2 − (n2 − 1)t+ n3 + n2 − 2n,

where the chord is vtwt, 2 ≤ t ≤ n− 1. �
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By an analysis of the properties of the parabola similar to that in Theorem 2.5
we have the next corollary.

Corollary 2.5.1. Up to isomorphism the total vertex stress of C∼1�
2n , n ≥ 3,

2 ≤ t ≤ n− 1 has:
(a) A maximum increase for chord vtwt, t = 2.
(b) A minimum increase for chord vtwt, t = dn2 e if n is odd.
(c) A minimum increase for chord vtwt, t = n

2 if n is even.

Remark. The solutions (a) t = n − 1, (c) t = n
2 + 1 are valid. Due to isomor-

phism these solutions are not included in the corollary. Some readers might hold
the philosophical view that they should be included.

Type 2. For C∼14
2n , n ≥ 3 label the vertices consecutively as u1, v1, v2, v3,

. . . , vn−1, u2, wn−1, wn−2, . . . , w1. Let the chord be vtwt, 1 ≤ t ≤ n − 1. For C4

and up to isomorphism, one 1-chorded cycle exists which yields a reduction of 2
in respect of total vertex stress.

Proposition 2.3. The total vertex stress of a 1-chorded cycle C∼14
2n , n ≥ 3 where

the chord is vtwt, 1 ≤ t ≤ n− 1 is given by

S(C∼14
2n ) =

(2n− 2)t2 − (2n2 − 2n)t+ 2n3 − 3n2 + n

2
.

Proof. Similar reasoning as used in the proofs of Theorem 2.4 and Proposition 2.2
it su�ces to consider:
(a) Total vertex stress of cycles C2t+1 and C2(n−t)+1 as well as;
(b) Total vertex stress of paths u1v1v2 · · · vn−1u2 and u1wn−1 · · ·w1u2 as well as;
(c) Total vertex stress of paths v1v2 · · · vtwtwt−1 · · · , w1 and wn−1wn−2 · · ·
wtvtvt+1 · · · vn−1.

Therefore, S(C∼14
2n ) = (2n−2)t2−(2n2−2n)t+2n3−3n2+n

2 , where the chord is vtwt,
1 ≤ t ≤ n− 1. �

Corollary 2.5.2. Up to isomorphism the total vertex stress of C∼14
2n , n ≥ 3,

1 ≤ t ≤ n− 1 has:
(a) A maximum decrease for chord vtwt, t = 1.
(b) A minimum increase for chord vtwt, t = dn2 e if n is odd.
(c) A minimum increase for chord vtwt, t = n

2 if n is even.

Remark. The solutions (a) t = n−1, (b) t = bn2 c are valid. Due to isomorphism
these solutions are not included in the corollary. Some readers might hold the
philosophical view that they should be included.

3. Certain cycle related graphs

The previous section showed the di�culties encountered with 1-chorded cycles
by using brute force counting. The reason is that for a �xed n the graphical
structure can vary between 1-chorded cycles. For a comparison we present results
for certain families of cycle related graphs which all have well-de�ned graphical



TOTAL VERTEX STRESS ALTERATION IN CYCLE RELATED GRAPHS 157

structure and elegant symmetry properties. Only the order of these graphs vary.
Six well known cycle related graph families will be discussed.
(a) A wheel graphWn, n ≥ 3 is obtained from a cycle Cn = v1v2v3 · · · vnv1 (or rim
vertices) by adding a central vertex v0 together with the edges (or spokes) v0vi,
1 ≤ i ≤ n.
(b) A helm graph Hn is obtained by attaching a pendent vertex (or leaf) ui to vi,
for all i.
(c) A �ower graph Fln is obtained from a helm graph by adding the edges v0ui,
for all i.
(d) A sunlet graph S�n , n ≥ 3 is obtained by taking cycle Cn together the isolated
vertices ui, 1 ≤ i ≤ n and adding the pendent edges viui.
(e) A sun graph S�n , n ≥ 3 is obtained by taking the complete graph Kn on the
vertices v1, v2, v3, . . . , vn together the isolated vertices ui, 1 ≤ i ≤ n and adding
the edges viui, uivi+1 and n + 1 ≡ 1. The boundary cycle of a sun graph is the
cycle Cb = v1u1v2u2v3u3 · · ·unv1.
(f) A prism graph (or circular ladder) L◦n, n ≥ 3 is obtained by taking two cycles
of equal order n. Label as, C1

n = v1v2v3 · · · vnv1 and C2
n = u1u2u3 · · ·unu1. Add

the edges viui, 1 ≤ i ≤ n. A circular ladder can be viewed as Hc
n − v0.

Proposition 3.1. For a wheel graph Wn it follows that:
(a) S(W3) = 0.

(b) S(Wn) = n(n−1)
2 , n ≥ 4.

Proof. (a) W3 is a complete graph.
(b) Let n ≥ 4. Without loss of generality consider any vertex vi. In respect of the
vertices vi−2, vi+2 (modular counting applies) the vertex vi induces total vertex
stress equal to 4 since there exist two shortest vivi−2-paths as well as two shortest
vivi+2-paths.
Case 1. Let n be even. In respect of vertices V (Wn)\{v0, vi−2, vi−1, vi, vi+1, vi+2}
vertex vi induces vertex stress equal to 1 on transit through v0 only. Therefore,

S(Wn) = n + n(n−3)
2 . After simpli�cation, the result follows through immediate

induction for n ≥ 4 and even.
Case 2. Let n be odd. The result follows by similar reasoning to that in Case
1. �

Proposition 3.2. For a helm graph Hn it follows that:
(a) S(H3) = 15.
(b) S(Hn) = n(4n+ 1), n ≥ 4.

Proof. (a) The vertex ui through all shortest uiuj-paths, i 6= j induces vertex
stress of 2 on vertex vi. Also in respect of vertices v0, vj , j 6= i the vertex ui
induces vertex stress equal to 3 on vi. Therefore, S(H3) = 3× 2 + 3× 3 = 15.
(b) Consider helm graphs Hn, n ≥ 4.
Due to symmetry of the graphical structure and without loss of generality consider
vertex ui. Note that by considering any vertex ui the vertex labeling can be
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changed through consecutive modular counting say clockwise, to obtain vertices
ui, ui+1, ui+2, . . . , ui+(n−1). The rim vertices are relabeled accordingly as well. In
respect of vertices vi+1, vi−1 the vertex ui induces vertex stress of 2 on vertex vi.
In respect of vertices ui+1, ui−1 the vertex ui induces vertex stress of 2 on vertex
vi. In respect of vertices ui+2, ui−2, vi+2, vi−2 the vertex ui induces vertex stress of
8 on vertex vi. In respect of vertex v0 vertex ui induces vertex stress of 1 on vertex
vi. In respect of vertex uj , vj , j 6= i, i+1, i−1, i+2, i−2 the vertex ui induces vertex
stress of 2 on vertex vi. There are n−5 such paths. Thus the total contribution of
ui to the vertex stress on vi is 13 + 2(n− 5). Also, of the shortest ui+1ui−1-path,
ui+1vi−1-path, ui−1vi+1-path contribute vertex stress of 3 on vi. Thus total vertex
stress of vi is 16 + 2(n− 5). The vertex stress contributed by shortest uivj-paths
on v0 is given by 3[(n− 3) + (n− 3) + (n− 4) + (n− 5) + ....+ 3 + 2 + 1].
Finally, the total vertex stress for the wheel Wn must be accounted for. Hence,
total vertex stress in Hn is given by

S(Hn) = n(16 + 2(n− 5)) + 3[(n− 3) +
(n− 3)(n− 2)

2
] +

n(n− 1)

2
= n(4n+ 1).

�

Proposition 3.3. For a �ower graph Fln it follows that:
(a) S(Fl3) = 15.
(b) S(Fln) = 2n2, n ≥ 4.

Proof. (a) Since the wheel W3 is complete the only shortest paths to be con-
sidered are, u1v0u2, u1v0u2, u2v0u3 and u1v0v2, u1v1v2 and u1v0v3, u1v1v3 and
u2v0v3, u2v2v3 and u2v0v1, u2v2v1 and u3v0v1, u3v3v1 and u3v0v2, u3v3v2. Hence,
S(Fl3) = 15.
(b) Since there is no shortest path passing through ui, stress of ui is 0. Consider
the vertex vi. In respect of vertices vi+1, vi−1 the vertex ui induces vertex stress
of 2 on vertex vi. This is the only contribution of the paths ukvj and ukuj . Now
consider the contributions of ui to the vertex the stress of v0. For each i, the
shortest uiuj-path, uivj-path and viuj-path contribute 3 to the stress of v0 for
j = i+ 1, i+ 2, ..., n. The total vertex stress for the wheel Wn must be accounted
for. Thus the total vertex stress

S(Fln) = n× 2 + 3[(n− 1) + (n− 2) + ...+ 2 + 1] +
n(n− 1)

2
= 2n2.

�

Proposition 3.4. For a sunlet graph S�n , n ≥ 3 it follows that

S(S�n ) = 2nbn
2
c(bn

2
c+ 1).

Proof. Since ui is a pendant vertex its vertex stress is zero. On all shortest paths
from a ui to vj with d(ui, vj) ≤ bn2 c and from ui to uj with d(ui, uj) ≤ bn2 c, the
vertex vi is an internal vertex. Hence, ui induces 4bn2 c vertex stress in respect vi.
Also ui+j and vi+j for j = 1, 2, ...bn2 − 1c cumulatively contribute 4bn2 − jc to the
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vertex stress of vi. Summation over all vertices followed by simpli�cation yield the
result

S(S�n ) = 2nbn
2
c(bn

2
c+ 1).

�

Proposition 3.5. For a sun graph S�n , n ≥ 3 it follows that S(S�n ) = n(6n−15).

Proof. Clearly there is no shortest path with an internal vertex ui. The shortest
paths uivi+1ui+1, i = 1, 2, 3, . . . , n and n+1 ≡ 1 contributes exactly 1 to the vertex
stress of vi+1. The shortest uivj-paths, j 6= i, i + 1, and shortest ui+1vj-paths,
j 6= i+ 1, i+ 2 contribute exactly 1 to the vertex stress of vi+1. Furthermore, for
j 6= i− 1, i+ 1 there exist two shortest ui+1uj-paths with the internal vertex vi+1.
Similarly for j 6= i, i + 2 there exist two shortest ui+1uj-paths with the internal
vertex vi+1. In conclusion, SS�

n
(vi+1) = 2(n− 2) + 4(n− 4) + 1 = 6n− 15. Hence,

S(S�n ) = n(6n− 15). �

Proposition 3.6. For a prism graph L◦n, n ≥ 3 it follows that

S(L◦n) = 2n
[bn2 c(b

n
2 c+ 1)(bn2 c+ 2)]

3
+ 2S(Cn).

Proof. Consider the vertex vi. There is no shortest ukuj path having vi as an
internal vertex. Hence, for the vertex stress of vi the contributions are from the
shortest ukvj-paths and the shortest vrvj-paths. The contribution from the vrvj-
paths is SCn

(vi). There are 2bn2 c number of these uivj-paths and each contribute
1 to the stress of vi. Now, for j = 1, 2, ..., (bn2 c− 1), there are (bn2 c− j) number of
shortest ui+jvk-paths and each contributes j+1 to the vertex stress of vi. Similarly
for the shortest ui−jvk-paths. Thus through 'mirror image' summation,

SL◦n(vi) = 2[bn
2
c+ 2(bn

2
c − 1) + 3(bn

2
c − 2) + ...+ (bn

2
c − 1)2 + bn

2
c] + SCn

(vi).

That is

SL◦n(vi) = 2
[(bn2 c)(b

n
2 c+ 1)(bn2 c+ 2)]

6
+ SCn

(vi).

Since L◦n is vertex transitive the result follows after simpli�cation. �

4. Heuristic algorithm: Total vertex stress

De�nition 4.1. For a set X = {xq, xk, xp, xh, . . . , xs} the set of 2-element distance-
subsets is de�ned as

{{xq, xk}, {xq, xp}, {xq, xh}, . . . , {xq, xs}}.

Let graph G be a �nite undirected, simple connected graph of order n ≥ 1 with
V (G) = {v1, v2, v3, . . . , vn}.

A heuristic algorithm for total vertex stress in G is described as follows:
Step 0: Let t = n, j = 0, set of vertex-sets Lj = {∅}, source V (G). Go to Step 1.
Step 1: Let i = j + 1. If i = t, go to Step 3. Else, let Vj = {vk ∈ V (G) : j + 1 ≤
k ≤ n} and Xi = {vi} ∪ Vj\N [vi]. If Xi = {vi} then let Xi = ∅. Go to Step 2.
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Step 2: List Li = Lj ∪Xi and let j = i and go to Step 1.
Step 3: Source Lt−1. For ` = 1, 2, 3, . . . , |Lt−1| relabel the elements of Lt−1
to Lt−1 = {X1, X2, X3, . . . , X`}. Now generate the corresponding sets Y` of 2-
element distance-subsets for each X` ∈ Lt−1. Label the 2-element subsets as Z`,q,
1 ≤ q ≤ |X`|−1. Go to Step 4.
Step 4: Let ` = 1, 2, 3, . . . , |Lt−1| and q = 1, 2, 3, . . . , |X`|−1. For each Z`,q =
{va, vb} ∈ Y` utilize the GeeksforGeeks algorithm1 [6] to determine the set,

Pt(Z`,q), 1 ≤ t ≤
|Lt−1|∑
j=1

|Yj |,

of all shortest (vavb)-paths. Go to Step 5.

Step 5: Let ∇ =
|Lt−1|∑
j=1

|Yj |. Let m =
∇∑
t=1
|Pt(Z`,q)|. Let Q(G) =

m⋃
t=1
Pt(Z`,q) =

{P1, P2, P3, . . . , P|P1|︸ ︷︷ ︸
P1(Z1,1)

, P1+|P1|, P2+|P1|, P3+|P1|, . . . , P|P1|+|P2|︸ ︷︷ ︸
P2(Z1,2)

, . . . , Pm}.

Construct a (m× n)-matrix A = [aij ] where an entry,

aij =


0, if vj /∈ V (Pi), Pi ∈ Q(G);

0, if vj ∈ V (Pi) and an end-vertex of Pi ∈ Q(G);

1, if vj ∈ V (Pi) and an internal vertex of Pi ∈ Q(G).

Go to Step 6.

Step 6: Let the string S = (Σ(c1),Σ(c2), . . . ,Σ(cn)) where, Σ(cj) =
m∑
i=1

aij ,

1 ≤ j ≤ n. Exit.
Clearly, SG(vi) = Σ(ci) and S(G) =

n∑
j=1

Σ(cj).

Claim 4.1. The Heuristic algorithm: Total vertex stress, converges (exits after
�nite number of iterations) and yields an unique outcome.

Proof. Step 0 is well-de�ned. The commutative property of vertex labeling cannot
yield an ambiguous outcome.
Step 1 has a well-de�ned counting protocol and the test i = t is unambiguous
hence, after n − 1 iterations Steps 1 and 2 will terminate and Step 3 will initi-
ate. Furthermore, when the test, if Xi = {vi} is true then vi is adjacent to all
other vertices in G, hence, vi induces zero vertex stress in G and can be discarded.
Therefore, let Xi = ∅ for purposes of the union of sets. The sets Vj , Xi as well as
Li (in Step 2) are well-de�ned from set theory and subject to the counting protocol
of Step 1.
Sourcing Lt−1 and relabeling to Lt−1 = {X1, X2, X3, . . . , X`} are well-de�ned and
a �nite procedure. Thereafter, Step 3 relies on De�nition 4.1 which in itself is

1Professor Sandeep Jain is the founder of GeeksforGeeks. It began as a blogging page
and evolved into a successful portal to access amongst others, proven algorithms for various
applications.
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well-de�ned and the derivatives of the sets Y` may result from di�erent vertex
labeling. The aforesaid in itself does not yield a di�erent outcome on conclusion.
Step 4 utilizes the GeeksforGeeks algorithm [6] together with a well-de�ned count-
ing protocol. Completion of this step after �nite iterations is guaranteed to proceed
to Step 5.
Steps 5 and 6 are well-de�ned and interchanged rows and columns may result from
di�erent vertex labeling. However, the number of rows will remain equal amongst
derivatives. Furthermore, since the ′+′ operation is well-de�ned and the commu-
tative law holds true, both the steps are �nite and yield �nite and equal results,

i.e. S = (Σ(c1),Σ(c2), . . . ,Σ(cn)), Σ(cj) =
m∑
i=1

aij , 1 ≤ j ≤ n and SG(vi) = Σ(ci)

and S(G) =
n∑

j=1

Σ(cj).

Assume the results are not unique following relabeling of the vertices. This means

that there exists a result S = (Σ(c1),Σ(c2), . . . ,Σ(cn)), Σ(cj) =
m∑
i=1

aij which is

not equal to all other results. This implies that a vertex labeling is possible which
yields a di�erent number of distinct shortest paths between at least one pair of
distinct vertices in G. The aforesaid is a contraction as vertex labeling cannot
change the adjacency matrix of graph G. Also can di�erent vertex labeling not
invalidate the integrity of the GeeksforGeeks algorithm. Hence, the results are all
equal. Therefore, the claim that the outcome is unique. �

5. Conclusion

The study suggests that to calculate total vertex stress for graphs through brute
force requires e�cient decomposition. Based on this observation the next problem
is open.

Problem 1. Can the decomposition of specialised graphs into cycles and paths
as used in Theorem 2.4 and Propositions 2.2 and 2.3 be formalized into an e�cient
algorithm?

Note that the total vertex stress of path P5 is S(P5) = 10. By adding the edge
v1v4 the graph G = P5 + v1v4 has S(G) = 10.

Problem 2. If possible, characterize the graphs for which an edge can be added
without a change in the total vertex stress.

It is the view of the authors that brute force is unsatisfactory. Studying real
world applications frequently requires large and complex graphs. It is suggested
that the heuristic algorithm be formalized and coded and that complexity analysis
be reported. Evidently Steps 5 and 6 can easily be integrated for e�ciency. Such
ICT application will assist the study of time dependent graph structures such as
neural networks and other social media networks. Studying the converse i.e. "what
is the minimum decrease or maximum increase in the total vertex stress by the
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deletion of one edge" remains open. It is evident that a wide scope for further
research exists.

Spontaneous transmission of information A (real or fake) is the mechanism
of unintentionally transmitting the information from a vertex v which contains
information A, to neighboring vertices when information B is intentionally send
and transmits through v. It means that an e�ective method of "spreading the
news" would be to initially send information A to the subset of vertices which all
have maximum vertex stress in the network. Thereafter, all other communication
through the networks completes the messaging. This observation opens an avenue
for applied research.
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