YHTE 3A HEKOH IMPOBJIEMUA CO COIICTBEHU
BPEAHOCTH OJ IV PEJ

M. Hepuunkosa

Bo 0Boj Tpyn Ke pasriename moseke IPODIEMH CO CONCTBEHH BPEOHOCTH O
IV pen co ompenen Tun HA KOHTYPHHTE YCJIOBH.

ITorouHo ke TH pasriefaMe OPODIEMHTE CO CONCTBEHH BPEAHOCTH 3a
paBeHKaTa

4y yWthy =0, A=—k*
CO KOHTYDHHTE YCIOBH O ODJIHKOT
@ w0 (@) =y (B) =0
my (%), (a)+ny () (B)=py() (a)+g)(*) (b)=0,
Kame r H 5 3emaaT BpeaHocTH 0 ® | (T. ¢. camo CyImITecTBeHH KOHTYDHH YCJIOBH);
r
e
Hakyco, ke ru pasriegame npolieMHTe CO CONCTBEHH BpeaHocTH (1) ®

ry, T3: 51,53 3eMaaT spenHoctH 0, 1, 2, 3 a ") (x) =

©)] (rys5 1y 515 g 53). (KamkeosnTe 03HaKxH)

Baxsu npobnemu ce pasrienysanu Bo E. Kamxke [1], L. Collatz [2] u ap.

Osue npobnemu co conctBenu Bpemnoctd (1), (3), Mmokeme ma ru mobueme
HETIOCPEAHO O MPOdIJIEMOT CO COLCTBeHH BpexHOCTH (1) i

3
) Y ey @ + B OB =0,  u=1,23 4

y=0

33 OJIpe/eHH NOCeDHH BPEJHOCTH HA TApAMETPHTE oy, H [y, IITO CMe IO Beke
neranmuo obpabotune Bo TpygoT [4].
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Taxa 3a KapakTepuCTHYIHATa paBeHKa 3a COMNCTBEHUTE BPEAHOCTH HA Npo-
oaemor (1), (4) cMe ja noOuile paBeHKaTa
P, (k) ch K cos K -+ [P, (k) — P, (k)] ch K sin K
+ [Py (k) — Py (k)] sh K cos K-+-[P, (k)-+ P4 (k)] sh K sin K
5 + [Ps (k) + P; (k)] cos K + [Py (k) — Pg (k)] sin K
[P, (k) = P, (k)] ch K - [Py (k) — Pg(k)] sh K + P, (k)=0.

xane K =k (b—a), nonexa P, (k), Py(k), ..., Py(k); Py(k),. .., Py(k) ce nomuHoMH
no k NaJeHH CO HU3Pa3HuTe:

Py (k) = — det (o otag Bga Bag) k* + [det (0tag oy Loz Baa)
+ det (Byg Bay g %as) — 2det (otyg oag Bay Bas)
— 2det (B P % %s) + det (1o otag Byo Bao)
+ det(oyg ooy Bag Bag) + det (Byg Bas oo %ue)
+ det (s e Bay Pag)] K* — det (o3 0o o Bur)s

P, (k) =  det(zy % Bae Bu) A7 — [det (a0 % B3y Bua)
+ det (2 %as By B + det (2 %as Bre Bl £°
— [det (a9 2y By Bss) — det (19 %22 B Bao)

— det (219 %ss Buo Bin)] K — det (a9 22 Bag Ba0) K.

Py(k) =  det (oy3 %3 B3s Byg) k7 — [det (19 %as Bas 3ua)
= det (239 %z B3 Pas) + det (g s By Big)] K°
-+ [det (oyg ooy Pay Pus) — det (syg #as Bay Bus)
— det (aqp o Pao Bua)] A° — det (oy9 ooy Bap Bao) &,

Py (k) = ~ [det (otyq 0tog Baz Bag) —— det (211 0oy Baa Bag)
— det (otyq 0tog By Bua)] &° + [det (239 otg1 Bao Paa)
-+ det (0t 0ty Bay Baa) — det (ot oop Byo Ba2)] &3,

Py (k) = [det (ot ooy g Baz) — det (o1 otan Bag Bag)] £
— [det (ot oo Pog Bao) + det (atyg oty ooy Baz)
(6) — det (oy9 bty tgn Bag) — det oty tiop 0gg Bar)] &*
+ [det (o1 ooy, %ag Bao) — det (etqg ooy 0tge Par)] K%,
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Kako

Py (k) = — det (ctyy 0ty ttgg Byg) k7 + [—det (03 oao %gg Pas)
- det (oo Kay tas PBes) + det (o ogp oy Byy)] A°
- [det (ayq otay Otap 0tgn) + det (atyg oo ttyg Byg)
— det (o3 0ty 03 Ba)] &% — det (oy g 0ty Bap) K,

P, (k) = [det (049 ooy dgg Bag) — det (ogy otay tiag Bo)] k°
+ [det (otyg otay otgo Pug) + det (ctyg 0tap gy Bar)
— det (ay olgp tgg Bao) — det (sqp ooy g Bag)] 4
+[det (o 097 g2 Bar) — det (g %y ks Bao)] A2,

Py (k) = — det (o1 0rap oty Bas) K7 + [det (0110 0ton oyp Baa)
— det (o9 0top 0tgg B1a) — det (g ougp 25 Byy)] A°
+[det (ayg oy g Bae) + det (oyg otap g5 Bap)

— det (o) oty ogg By) K° -+ det (oqg %ty e Bao) &,

Py(k) = det (on ooy Byp Bug) K® + [det (a1 02 3o Puas)
-+ det (Byg oy %ap ttyg) — det (01 g Bag Bas)
+ det (a9 ooy Byy Baa) + det (Byo Bas oty %)
— det (ay; %os By Baa) + 2det (oy9 xpy 052 %)
—2det (310 Pay Baa Bua)l K* + det (oy9 a1 Bao Bar)-

Axo Bo P, (k)...... Po(k) mefycebHO ce cMmeHaT z M 35 ri nobusame noam-
romute P, (k)...... Ps(k).

[Mopaau moroJiemMa KOHUH3HOCT HA PE3yJTATHTE BO NMOHATAMOILHHOT TEKCT
ke ru ynoTpedume kpaTennuuTe Ha Kavxe

2 =cosKchK, yv=cosKshk
B=sinKshK, d=sinKchK

Uy (x, k) = chk(x—a)+ cosk (x —a)
y (x, k) = chk (x —a) — cosk (x —a)
uy (x, k) = shk (x —a) + sink (x — a)
uy(x, k) = shk (x —a) — sink (x — a).
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Tud KoHTYypHHTe yCIOBU H
’ T0CeOHATE BPEIHOCTH TpancuenIeETHATa paBeHKa

aB.
p Ha opy H pr

AMV= 1y (0; 0; 11; 22)
A=kbtay =1, 0gy=m, ays=p (mg -+ np)(y —38) + (mp-+nq)u, (bk) =0

Boo=1,Pa1 =1 Bas=9¢g

(0;0; 115 23) np (y — 8) — mgkB
tyg =1, ogy =m, o5y =p + nquy (b, k) — mpug (b, k) = 0

Boo=1, Bay=nBua=4¢

(0;0; 11; 32) mq (y — 8) + npkp
G =1, dgy =m, dg=p — mpkuy (b, k) + nqus (b, k) =0

Be=1Bu=n%=¢q

(0; 0; 11; 33)

ap=1L oy =m ag=p (mg-np)i—(mp—ng)u,(bk)=0
320.: 1, Bsy=m Bis=g

(0; 0; 12; 21) mgq (&« — 1) — 2npk?®p

Gy =1, gy =M, a4 =p + (mp —nq) kuy (b, k) = 0

Boo=1,Baa =1, Byy=¢g

(0; 0; 125 23) (2np + mq) B
Uy = 1, ttgy =M, Ogp =P — mpuy (b, k) —ngk® u, (b, k) =0

Baw=1,Psa=n, Pis=¢
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T,

paB.

|

KoHTypHHTE YCIOBH U
. IOCEDHUTE BPEAHOCTH,
Ha «py H p};v

TpaHCHEHAEHTHATA paBEeHKA

y¥=23iy (0;0;12; 31)

A=k* By=1 Paa=m, B =p

Boo =1, Baa=n, =4

mq (o — 1) + npk? (y -+ 8)
— ngkuy (b, k) — mpk®u, (b, k) = 0

(0;: 0; 12; 33)

o= 1, gy =m, o3 =1p

B =1, Bea=1n B =¢

npk (y + 8) —mqp
— mpuy (b, k) + ngkug (b, k) =0

(0:0;13;21)
=1, 05y =M, 243 =7p

=1 Bu==n Bh=¢g

o
|

mq (o — 1) + npks (¢ -+ 3)

— ngk® u, (b, k) +— mpkuy (b, k) =0

(0:0:13; 22)
%=1, agy =M, % =p

Bap=1,Bss=n, Bya =4

(0; 0; 13; 31)
tio =1, gy =, Oyg = p

Bao=1,Pes=n Pua1=¢g

(mpk* + mg) 8 +— (npk* —mgq) ¥
—mpuy (b, k) + ngk*uy (b, k) =0

(npk* —mgq) (x — 1)
+ (mp + nq) k*u, (b, k) =0

(0;0; 13; 32)
oy =1, 0g3 =M, ttgg = p

BN:L Bas =1 Paa=1¢

npk® (@ — 1) + mq (y — 3)
— mpkuy (b, k) — ngk®uy (b, k) = 0
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Konrypuute ycnosu u
Ang. noceSHHTE B
. PEAHOCTH TpancueHneHTHATA paBEHKA
pas.
Ha opy H pr

yi¥=1y (0;0;22; 31)

A=kt ayp=1, 0 =m ay=p (apk® -+ mq) 8 + (npk* — mq)y

Ba=1Psa=n Lu=9q

+ mpkug (b, k) — nquy (b, k) = 0

(0; 0; 22; 33)
wy =1, 030 =m, gy = p

=1 Pas=n vs=4¢q

(mgq + np) (v + 8) + (mp-+nq)us (b.k) = 0

(0; 0; 23; 31)
%=1 o3 =m, ayz=p

B=103u=mB8,y=gq

8

npk® (@ — 1) + mq (8 — )

—ngkuy (b, k) + mpktug (b, k) = 0

npk (2. — 1) — 2mgqB

+ (mp — nq) kuy (b, k) = 0

(0:1;10; 22)
G =1, tgy =m, a5 =p

Bar=1 Lap=n Bys=¢

np (Y — &) -+ makp — mpku, (b, k)

-+ nquy (b, k) =0

(0; 1; 10; 23)
%y = 1, @y =m, ayy = p

Baa=1 By =n, fy=gq

(mgk® — np) 8 + (mgk® + npyy

— (mp —ng) us (b, k) =0
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Tt 1 KoHTYpHHTE YCIOBH H
paB' NoceDHATE BPETHOCTH
) Ha opy H By

TpaHCUEHIEHTHATA DABCHKA

y¥=1y (0;1;10; 32)
A=kt Oy = 1, Ogy = M1, Oyg = P

Bar=1 Bs=n Baa=¢

(0; 1; 10; 33)
Oy =1, dga ="M, 03 =17p

Per =1, By =1 Bis=4¢

(mq + np) kp
+ mpk2ug (b, k) + nquy (b, k) =0

mgk (y + 3) + npp
+ nguy (b, k) + mpkug (b, k) = 0

(0; 1; 125 20)
oy =1, dgy =M, Oya =P

Bax=1Laa=1n By=¢

mq (o — 1) + mpk® (y + 8)
— mpk2uy (b, k) — ngk, (b, k) =0

(0; 1;12:23)
2y =1, &g =M, Xy =p

ga1=1.852=m,

o

I
)

(mg +~ np)k (v = 3)

— mpus (b, k) — ngk* u, (b, k) = 0

oy = 1, gy =1, %3 =P

Bay =1, Psa=1 Bao = ¢

(npk, — mq) o -+ npk* + mq
— mpk3uy (b, k) -+ ngkuy (b, k) = 0

(0;1; 12; 30)
oy = 1, ttgy =M, 83 =P

Bor =1, Baa=n, Bis=1q

npk (o + 1) —mgq (v + 3)
+ ngkuy (b, k) — mpug (b, k) =0



60 II. IMepuusKOBa

I KonTtypHuTE ycnosw n
paB. NoCeDHATE BPENHOCTH
HA opy H Byy

TpaHCIEHNEHTHATA PaBeHKA

yF=hy (0;1;13;20)
A=kt o= lag=m, w=p

Bax= 1, Bu=1n, Byu=g¢g

(2 npk*+ mq) & — mq

— k3 (mp -+ nqu) uy (b, k) =0

(0; 1; 13; 22)
o= 1, ag;=m, Gg2= P

Bs1= 1, Bas=n, Byy=¢q

2 npk?® & — mgf
+ ngk? u; (b, k) + mpuy (b, k) = 0

(0: 1; 13; 30)
ayp= L ag;=m, ag=7p

Bai= 1, Bu=1n,84=g

mq (1 — a)+npks (y — 9)
+npk? u, (b, k) — mpk® ug (b, k)=0

0; 1;13:32)
ayp= 1, 05;=m, ay=p

Bor= 1, Pas=1, Bya= ¢

npk?® (3 —vy) + mgp
+npk? uy (b, k)+mpkuy (b, k)=0

0; 1; 20; 32)
wi0= 1, agp= m, agg=p

Bar= 1, Peo= 1, Byp= ¢

mgk® (y+3) — npkp
+mpk® uy (b, k) — nqu, (b, k) = 0

(0; 1; 20; 33)
%30= 1, #g9= m, 0y3=p,

Bai= 1, Pao=1n, Bu= ¢

2 mgk® o — np3
+ mpk® u, (b, k) — nqu, (b, k) =0
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M.

pas.

KontyprHTE yCloBH W
noceDHHATE BPEIHOCTH

Ha oy H By

TpaHCIEHIGHTHATA PABEHKA

yr=ky (0;1;22; 30)

A=kt

%yg= 1, tga= M, yg=p

Ba1= 1, Bsa=1n, Byo=1¢

mpk® (a-+1)-+mg (y — 3)
+mpk® uy (b, k)+nqu, (b, k) =0

(0; 1; 22; 33)
®yo= 1, ttgoa= M1, Qy3=p

Bai= 1, Ps2= 1, Byy= ¢

(2mq + np) o + np
-+ (mp + nq) uy (b, k) =0

(0; 1;23;30)
%yp= 1, dga= M, dgg=p

B21= L Bua=1nByp=¢q

(npk* + mq) (v~ 3)
+ mpk3 uy (b, k) — ngku, (b, k) =0

(0; 1:23; 32)
%= L ag3= M, ay=p

B21= 1L Bu=nB=4q

(mq — npk®) 3+ (nq — npk®) y

+ (mp — ng) ku, (b, k) = 0

(1;1; 00; 22)
L19= 1, Lzp= Mi; Lyo= P

Bar=1, Pao=n, Bia=¢q

(mp —np) & + (ng — mp) u, (b, k) =0

(1; 1, 00; 23)
@y1= 1, tge= M, ay5=p

Bar= 1, Pap= 1, Pis= ¢

mak (y + 8) — npB
— mpuy (b, k) -+ ngkuy (b, k) =0
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I. TIepuunKosa

Hudp.
pas.

KoHnTypHuTEe ycnosu m
NoceOHATE BPEXHOCTH
HA oy M By

Tpancuei-meﬂma.Ta PaBEHKA .

y¥=hky (1;1;00;32)

r=kt

%11= 1, dgg=m, atgg=p

Bar= 1, Bao= 1, Bes= ¢

npk (y + 8) + mqp
+ nqu, (b, k) 4+ mpkuy (b, k) = 0

(1; 1; 00; 33)
Ly1= 1, Ugp= M, Agg= P

21= 1, Bae= 1, By=¢q

(mq-+np) (v+3)
+ (mp + ng) us (b, k) = 0

(1;1; 02, 20)
x31= 1. @ge=m, agy=p

Bai= L Bay=n,84=¢

(mpkt—+ mg) (2. — 1)
— (mp + ng) k* uy (b, k) =0

(1; 1;02; 23)
o= 1, age=m, agy=p

Bar= L, Bss=1n,Bua=gq

npk? (@ — 1) + mgk (v + 3)
— mpuy (b, k) — ngk® uy (b, k) = 0

(1; 1; 02; 30)
®y1= 1, dgg=m, ugy=p

Bai=1, Bae=mn, Bo=q

mq (. — 1) + npk® (§ — )
— ngk® uy (b, k) + mpk? uy (b, k) =0

(1;1;02; 33)
%31 = 1, Ugp== M, Ggg= D

Bar= 1, Bsa=n, Pyy= ¢

(mg + npk?®) 8 + (mgq — npk?) vy
-+ mpug (b, k) — ngk® u* (b, k) = 0
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Hud.

pas.

KonTypHuTe YCIOBH H
noceSHHTE BPEIHOCTH
Ha H Xpy apv

TpaHcenaeHTHATa PaBeHKa

yW=xy (L;1;03;20)

r=k*

®y11= I, agy= M, &tys=p

Bar= 1, Bgg = 1, Bay= ¢

mq (& — 1) + npk® (y — 3)
— mpk? uy (b, k) — nqk® uy (b, k) = 0

(1;1;03; 22)
oy = |, ctgg= M, otyp=p

Bai= 1, Bss= 1, Pya= ¢

npk® (y — 8) + mqf
— mipugy (b, k) + ngk® uy (b, k) = 0

(1;1;03; 30)
x11= ]g Rgg=— M, Agg= P

831= L. Bu=1,Be=1¢

mq (o« — 1) + 2 npk®

+ (mp — nq) k3 uy (b, k) =0

(1; 1:03; 32)

(2npk* - mq) 3-+-mpku, (b, k)

+ ngk? u, (b. k) = 0

(1;1;22; 33)
11— I, Ugo== M, Lgg= P

Bar= 1, 090= 1, By= ¢

(mg — np) (y —3)

+ (mp+nq) ug (b, k) =0

(1;1;23;32)
o= 1, dge= M, dg=p

Bar= 1, Buy= 1 Baa= ¢

mq (o — 1) — 2 npk?® B

+(mp — nq) kuy (b, k) =0
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D. Peréinkova
SUR QUELQUES PROBLEMES AUX LIMITES DE IV ORDRE
“(Résumé)

On considére 48 ‘problémes aux limites de IV ordre avec un type deter-
miné des conditions ux limites, c’est-a-dire I’équation différentielle

(n YWV b Ay =0, A=—Fki
avec les conditions aux limites d’une forme
2 ¥ (@) =y (B =0
m ¥ (a) + n 0 () = p 32 (a) + g )42 (b)) = 0,

ou r et 5 prennent les valeurs 0 et 1 (C’est-a-dire les conditions aux limites

T v
essentielles), tandis que 7y, r,: 5;, 5, les valeurs 0, 1, 2, 3; ") (x) :Z—x;‘_ ;
ou
2" (r; 5370 54515 89) (les désignations de Kamke).

On peut obtenir ces problémes aux limites (1), (2') directement du pro-
bleme (1) et

3
3 ‘.ZO[M}W Y (@) + By (B)] =0, n=1, 2, 3, 4

pour les valeurs particuliéres des paramétres wyp,, Bu,. Ce probléme a été con-
sidéré dans I'étude [3].

Voici, quelques de ces problémes aux limites et les équations transendantes
pour leur valeurs propres.
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Ainsi
pour (0; 0; 11; 22) on obtient (mg + np) (y—23)
+ ((mp + nq) uy (b, k) =0,
pour (0; 0; 11; 32) on obtient mq (y — 8) + npk
—mpk uy (b, k) 4 nquy (b, k)=0
pour (0; 1; 10; 23) on obtient (mgk®—np) 8 + (mgk® 4 np)y
—(mp—ngq)u, (b, k) =0
pour (0; 1; 22; 33) on obtient 2 mgq -+ np)o + np
+ (mp + ng)uy (b, k) =0
etc.
Tous.les problémes sont donnés dans les pages 56 — 63.
Ici
a=cos KchK, y=cosKshkK
B=sinKshK, d=sinKchK, K=k(b—a)
et

u(bky=chK+coskK, w(bk)=shK-+sink.
us(b,k) =chK—cosK, uy(b.k)=shK—sink.

5 Bunten



