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Abstract. This paper emphasises the contribution of Prof. Dr. Ilija A. Shapkarev in the 

field of differential equations, particularly in the existence and construction of 

polynomial solution of the ordinary differential equation (ODE) of n-th order, or 

equivalently, of system of n equations of first order. The method that he uses is called 

the method of differentiation and transformation (MDT). With this paper we give a 

review of his work and extension of the application of his method. 

 

 

 

1. INTRODUCTION 

 

One of the most common problems in the theory of ordinary differential equations is 

the existence and uniqueness of the solution. When the ODE is linear, it might be of 

help to reduce it to a system of ODE’s.  

An important problem is to find a polynomial solution. Its importance can be treated 

from many aspects. For instance, it is widely known that the orthogonal polynomials as 

a solutions of differential equations, are of great importance in numerical mathematics. 

Great number of numerical methods is based on polynomial solutions of differential 

equations. Also, it is well-known how eigenvalues and eigenfunctions are connected to 

polynomial solutions of differential equations. 

Existence and construction of polynomial solution need lot of methods from 

mathematical analysis. The existence conditions always contain positive integer.  

Prof. D-r Ilija A. Shapkarev, doyen in this field in Macedonia, had been worked on 

this problem in many of his scientific papers. The papers, in which he transforms the 

differential equations in the equations of the same type, are of special importance. These 

results allowed wide generalization of the classes of solvable equations. In the most of 

his papers he uses method of differentiation and transformation (MDT). 
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2. OVERVIEW OF PROF. SHAPKAREV’S WORK 

 

In this section we will focus only on one class linear differential equations of third 

order, reducible to a system. 

Let’s consider the differential equation of the following type:  

2
2 1 0 1 0( )( )( ) ''' ( ) '' ( ) ' 0x a x b x c y x x y x y y               ,  (2.1)  

where 2 1 0 1 0, , , , , , , ,a b c        are real constants and , ( )a b c y y x   . 

In [6], the conditions for existence and construction of polynomial solutions of (2.1), 

of orders m, n, p, are obtained as well as the reduction to a system of equations is 

shown. In [2], [3] and many other papers based on MDT, a special class of differential 

equations is treated and the corresponding conditions for existence of polynomial 

solutions are obtained. 

In [1], [4], equation of the type (2.1) is also treated from the existence and 

construction of polynomial solutions point of view and some special cases for its 

reducibility to a system of linear equations of first order is obtained: 

1 2

2 3

3

( ) ' 0,

( ) ' 0,

( ) ' 0,

x a y A y A z

x b z B z B w

x c w C w

   

   

  

        (2.2) 

where 1 2 2 3 3, , , , , , ,a b c A A B B C  are real constants and , ( ), ( ),a b c y y x z z x     

( )w w x . 

The method of successive differentiations and method of elimination performed over 

the system (1.2), will yield to the following differential equation of third order 

3 1 2

3 2 1 2 1 2 3 1 2

( )( )( ) '''

[ ( )( ) ( 2)( )( ) ( 1)( )( )] ''

[ ( )  ( 1 )( )] '  0

x a x b x c y

C x a x b A x b x c B x a x c y

C B x a A B A B x c y C A B y

   

          

        

   (2.3) 

and the following differential equation of second order 

2 3 3 2( )( ) " [( 1)( ) ( )] ' 0.x b x c z B x c C x b z C B z        
   

(2.4) 

The equations (1.3) and (1.4) and the equation  

3( ) ' 0x c w C w            (2.5) 

correspond to the system (1.2). 

Successive solutions of the system (2.2) are  

3

32 2

31 1 2 2

1

1
2 3 1

1 1
3 2 2 3 1

( )

( ) [ ( ) ( ) ]

( ) { ( ) ( ) [ ( ) ( ) ] }

C

CB B

CA A B B

w K x c

z x b K B K x c x b dx

y x a K A x - a x b K B K x c x b dx dx



 

   

 

    

      



 

    (2.6) 
     

where 1 2 3, ,K K K  are arbitrary constants. 

 Actually ([4]), these are the formulas for the general solutions of the equations (2.3), 

(1.4) and (1.5). 
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The system (2.2) is important, because it is equivalent to a differential equation of 

third order, whose general solution is polynomial with three particular polynomial 

solutions. That is the equation 

2( )( )( ) ''' {( 3 2 3)  [ (2 2 2 ) ( 2 )

( ) ( 2 3 )] – ( ) ( ) ( 2 )} ''

{[( )(3 2) ( 1)( 1)] ( )[ ( ) (2 ) ]

( –1)( )} ' ( )(

x a x b x c y n m p x n a b c m a b c

p b c a b c x n ab bc ac mc a b pbc c a b y

n m n m p p n x n m n a b n m p c

p c nb y n n m n m p

             

           

               

      ) 0,y 

   (2.7) 

whose general solution is given by the following formula: 

( 1) ( 1)
3 2 1( ) { ( ) ( ) [ ( ) ( ) ] }n m p n m p n m n n my x a K x a x b K K x c x b dx dx                   (2.8)  

and the corresponding system is ([4], [12]) 

( ) ' ( ) 0,

( ) ' ( ) 0,

( ) ' 0.

x a y n m p y z

x b z n m z mw

x c w nw

     

    

  

     (2.9) 

 

3. APPLICATION OF MDT  

 

In [3,13] the authors treat the problem of reducibility of a class of a linear 

differential equations of second order with polynomial coefficients of the following type 

1 0 0( )( ) '' ( ) ' 0,x a x b y b x b y c y          (3.1) 

where 1 0 0, , , ,a b b b c  are real constants and , ( )a b y y x  .  

Using the conditions for existence of the general polynomial solution of the 

differential equation (3.1) a class of linear differential equations of second order of the 

type  

( )( ) '' [(2 1) ( ) ( 1) ] ' ( ) 0x a x b y n m x r n b m n r a y n n m y              ,   (3.2) 
   

where , , ,   {1,2,..., 1}m n r r m  
 
has general solution given by formula  

1 1 ( )
1

1 1 1 ( )
2

( ) ( ) [( ) ( ) ]

( ) ( ) [( ) ( ) ( ) ( ) ]

n r n m r r m r n

n r n m r r m r r m r n

y C x a x b x a x b

C x a x b x a x b x a x b dx

       

         

    

      
   

(3.3) 
 

Moreover, it is shown that the equation (3.2) can be reduced to the following system of 

differential equations: 

( ) ' ( 1) ( 1) 0,

( ) ' ( 1) ( 1) 0.

x a y n r y r z

x b z n m r z m r y

      

        
     (3.4) 

Let’s now consider the system 

( ) ( ) 0,

( ) ' ( 1) ( 1) 0,

(

'

) ' ( 1) ( 1) 0,

x a y n m p y z

x b z n r z r w

x c w n m r w m r z

     

      

        

     (3.5) 

where , , , ,   {1,2,..., 1}m n p r r m   . 
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By method of differentiation and transformation the last system can be transformed in 

the following differential equation of third order:  

2( )( )( ) ''' {( 3 2 3) [ (2 1) (2 2 3)

(2 2)] ( 2) ( ) ( 1) } ''

{[( 1)(2 1) ( )] ( 1)( )

( 1)( 1) ( ) } ' ( )(

x a x b x c y n m p x a n m b n m p r

c n m p r x n m p bc n r ac n m r ab y

n m p n m n n m x n m p n r c

n m p n m r b n n m a y n n m n m

               

              

            

            ) 0.p y 

  (3.6) 

The second and third equations of the system (3.5) are of the type (3.4). In accordance 

with the formula (3.3) and using the first equation, the general solution of the equation 

(3.6) will be given by the formula 

1

( ) 1 1 ( )
2 2

1 1 ( )
3

( ) {

{( ) ( ) ( ) { [( ) ( ) ]

[( ) ( ) ( ) ( ) ] }} }

n m p

n m p n r n m r r m r n

r m r r m r n

y x a C

C x a x b x c C x b x c

C x b x c x b x c dx dx

 

          

     

  

     

    




  

(3.7) 

By this, the following theorem is proved: 

 

Theorem: The general solution of the differential equation of third order with 

polynomial coefficients (3.6) is a polynomial, given with the formula (3.7). Also, it can 

be reduced on a system of differential equations (3.5). 

 

Remark. The equation (1.7) is a special case of the equation (3.6), for 1r m  , while 

the system (1.9) is a special case of the system (3.5). 

 

 

4. CONCLUSION 

Prof. Dr. Ilija A. Shapkarev has a great contribution in development and research in 

the field of ordinary differential equation in Macedonia (and wider), especially with his 

method of differentiation and transformation. In this paper we made an overview of a 

part of his work and we gave an example of a differential equation of third order, where 

his method can be applied for obtaining the polynomial solution. 
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