Maremarnukun Bunaren ISSN 0351-336X
Vol.38 (LXIV) No.2

2014 (31-51) UDC: 517.417.12:517.518.28
Crkomje, Makenounuja

GENERALIZATIONS OF STEFFENSEN’S INEQUALITY
VIA n» WEIGHT FUNCTIONS

A. AGLIC ALJINOVIC, J. PECARIC, AND A. PERUSIC PRIBANIC

Abstract. New generalizations of Steffensen’s inequality are obtained by
means of weighted Montgomery identity with n different weight functions.
Instead for a nondecreasing (1-convex) function our generalization hold for a
n-convex function. Further, functionals associated to these new generaliza-
tions are observed and used to generate n—exponentially and exponentially
convex functions as well as to obtain new Stolarsky type means related to
these functionals.

1. INTRODUCTION

The well-known Steffensen’s inequality states (see [15])

Theorem 1. Let f,g : [a,b] — R be integrable mappings on [a,b] such that f is
nonincreasing and 0 < g (t) <1 fort € [a,b]. Then

b

b a+A
RCLE / f(tyg () de < / £ (1) dt (L1)

where A = f; g (t)dt.

J. F. Steffensen proved this inequality in 1918 and since then it was generalized
in numerous ways. Extensive overview of these generalizations can be found in

[10] or [14].

In the recent paper [3] the next weighted Euler identity is obtained:

Theorem 2. Let f : [a,b] — R be n-times differentiable on [a,b],n € N with f(™)
: [a,b] = R integrable on [a,b]. Let w; : [a,b] — [0,00), i = 1,..,n be a sequence
of n integrable functions satisfying f; w; (t)dt =1 and W; (t) = f: w; (z) dx for
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t € la,b], W;(t) =0 fort <a and W; (t) =1 fort > b, for alli=1,..,n. For any
x € [a,b] define weighted Peano kernel:

Wi(t), a<t<uz,

Py, (ic,t) =
W;(t)—1 x<t<b.
Then it holds
b n—2 b
@)= | w0 (0)dt - ( waN”@ﬁ>

k
</ / wq I’ tl H Wit t17t1+1)dt1 dtk+1>

1=

n—

b b
- / - / P, (m7t1 H Wit1 tl7t1+1) f(n) ( n) dty - - - dty. (1'2>
a a i

If we take w; = w, i = 1,..,n identity (1.2) reduces to identity obtained in
[1], and for n = 1, it reduces to the weighted Montgomery identity given by
Pecari¢ in [11]

b b
f@—/wﬁﬁ®ﬁ=/RM%MfMMH

The aim of this paper is to generalize Steffensen’s inequality by using the
weighted Euler identity (1.2). In a such way new generalizations Steffensen’s
inequality for a m-convex function are obtained in Section 2 and Section 3. In
case n = 1 Steffensen’s inequality (1.1) is recaptured since 1-convex functions are
monotonic (nondecreasing) functions. In such way we generalize for any n € N
results obtained in [6] for n = 1. In Section 4 estimates of the difference of the
left-hand and right-hand sides of the obtained inequalities are given. In Section 5,
three functionals associated to these new generalizations are considered and used
to generate n—exponentially and exponentially convex functions. In Section 6,
new Stolarsky type means related to these functionals are obtained.

2. THE DIFFERENCE BETWEEN TWO WEIGHTED INTEGRAL MEANS

Next, we subtract two generalized weighted Montgomery identities (1.2) to ob-
tain identity for the difference between two weighted integral means, each having
its own weight, on two different intersecting intervals [a, b] and [¢, d]. This identity
is given in the next theorem for both possible cases, when one interval is a subset
of the other [¢,d] C [a,b] and for overlapping intervals [a,b] N [¢,d] = [¢,b]. The
other two possible cases, when [a,b] N [c,d] # () we simply get by replacement
a <> ¢, b <> d. For that purpose we denote

n—2 b
1
T, (@) =" <,, / wiya (£) FEHD (1) dt)
k=0

fa W42 (t) dt Ja
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b b k
. (/ / Pw1 (‘T7t1)HPwi+1 (ti,tzqu)dtl -~'dtk+1> .
@ @ i=1

Theorem 3. Let f : [a,b]U[c,d] = R be n-times differentiable on [a,b]U[c,d] ,n €
N with f : [a,b] U[c,d] — R integrable on [a,b] U [c,d]. Let w; : [a,b] — [0, 00),
i =1,..,n be a sequence of n integrable functions, W; (t) = fat w; (z)dx fort €
[a,b], W;(t) =0 fort < a and W, (t) = f;wZ (x)dx fort > b, foralli=1,..,n
Also, let u; : [e,d] — [0,00), i = 1,..,n be a sequence of n integrable functions
U; (t) = fct w; (z)dz fort € [e,d], U; (t) =0 fort < c and U; (t) = fj u; (x)dx for
t>d, foralli=1,..,n. For any x € [a,b] U |[c,d] define weighted Peano kernel:

wWit), a<t<u,

Wi (b
Py, (z,t)= Wil(b) Wi(t)—1, z<t<b,
0, t ¢ la,bl,
caUi(t), c<t<ua,
Py(z,t) =3 ggUi(t) -1, <t <d,

0, t ¢ cd.

Then if W; (b) #0 and U; (d) # 0 fori=1,..,n, for any x € [a,b] N [c,d] it
holds

d b a,b c,d
Tt L ) F @) dt = grtess [ (0) £ (8 de = =T, (@) + T (@) =
= raxtbdd g b ) O (t) dt

min{a,c}
(2.1)
where
max{b,d} max{b,d} n—1
K(l’,tl,...,tn):/ / Pw1 <x7t1) HPw-;+1 (ti7ti+1) (22)
min{a,c} min{a,c} i=1
n—1
_Pul ('Iv tl) HPUi+1 (tia ti—i—l)] dtl e dtn—l
=1

Proof. We apply (1.2) with = € [a,b] N [¢,d] and n normalized weight functions
w; (t) /W, (b), t € [a,b], i =1,..,n and then once again with n normalized weight
(

functions w; (t) JU; (d), t € [e,d], i = 1,..,n. By subtracting these two identities
we obtain

L ; L . [a.t] fe.d
a— [u O Od - G [w@ @)=, @ + T, (@)
[%uy (2) dt/c [Pw (8) dt Ja : "

b b n—1
=/-~/J%AahH]RWJmJHﬂﬂm@mmy~wn

e @ i=1

d d n—1
7/ / Pul (xatl) H‘Puqt+1 (tiati+1)f(n) (tn)dtl"'dtn

¢ ¢ i=1
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max{b,d}
= / K (2t ... tn) fT) (t,) dt,

min{a,c}
and (2.1) is proved. O

Consider the sequence (B, (t) , k > 0) of Bernoulli polynomials which is uniquely
determined by the following identities:

B, (t)=kBr_1(t), k>1, Bo(t)=1
and
B (t+1)— B (t)=kt*" 1, k>o0.

The values By, = By, (0), k > 0 are known as Bernoulli numbers. For our purposes,
the first five Bernoulli polynomials are

1 1

Bo(t)=1, Bi(t) =t -3, B2(t):t2—t+6,
3 1 1
_ 43 Y42 - 3 2_7
Bs(t)=t 5 T 5t By (t) =t —2t° +t 20"

Let (Bj (t),k > 0) be a sequence of periodic functions of period 1, related to
Bernoulli polynomials as
By (t)y=Bi(t), 0<t<1, By (t+1)=B;(t), teR.

From the properties of Bernoulli polynomials it easily follows that Bf (t) = 1, Bf
is discontinuous function with a jump of —1 at each integer, while B} , k > 2, are
continuous functions.

Corollary 3.1. Let f : [a,b] U[c,d] — R be n-times differentiable on [a,b] U
[c,d],n € N with f(™ : [a,b]U[c,d] — R integrable on [a,b]U]c,d]. Letw : [a,b] —
[0,00) and u : [¢,d] — [0,00) be integrable weight functions, W (t) = fat w (z) dx for
t € la,b], W (t) =0 fort<aand W (t) = f:w(x)dxfort >b,U(t) = ft (x)dx
fort € le,d, U@®) =0 fort < cand U(t) = fd (x)dz fort > d. Then if
W (b) #0 and U (d) # 0, for any x € [a,b] N [e,d] it holds

# du _ 1 bw _ mfa,b] T [c,d] "
de(t)dt/ )7 ) at t)dt/ (t) £ (8)dt = 7o () + T ()

: Sy w(
) (D))

(‘Ib

”/:( [Bn 1(
(C(ln_)ly; 2/d< dpu {Bn ) (;C) ~- B, (2_2)} ds> £ (t) at

(2.3)
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o) = 52 U ([t (=2 o) (0 - 10)

k=0

Proof. We apply identity (2.1) with wy = w, w; = % i =2,..,n and u; = u,

a’

U = ﬁ, i =2,.,n. Then Py, (z,t) and P,, (x,t) for i = 2,..,n reduce to

=% a<t<u, e c<t<u,
P,y (x,t) = %, x<t<b, and P.q(z,t)= 3:‘1;7 x<t<d,
0, t¢]ab]. 0, té][ed.

Since the the next two identities hold (see [4])

b b Al (b—a)* r—a
e P, y(z,s1) H P, y(si,Sit1) | dsy---dsg = i By, D a
@ a i=1 '

and
b b n—2
/ / Py (z,51) HPa,b (Siy8i41) | ds1---dsp_2
@ @ i=1

_ W [Bnl (ﬁ_s) ~Bia (?Zﬂ

it follows that

b—a/ / (x,t1) HPab (tistivr)dty - dtpgy

_(b—k“!)l (/:Pw(x,t)Bk (Z_ )dt)
and

/ / (z,t1) Hpab (tistivr) f™) (t,) dty -- - dty,

_ %/b (/abpw (z,5) {Bn_l (Z:Z) _ B, (;__Zﬂ ds> £ (1) dt.

Consequently T Lﬁ’fﬁ],,wn (z) reduces to

qu}a,b} (Jj)

k
= = - (fa f Py, (x,t1) H ab (tistip1) dty - - dtk+1> (f®) (b) — ) (a))
1

_ st e (b, 0 3 (122) dl) (79 ) - 10 (@)

and similarly 7., (2) to T\ (z). Finally

max{b,d}
/ K (z,ty, .. tn) fT) (t,) dty

min{a,c}
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— (lzn_a):)f/ab (/awa (z,5) [Bn_l <Z_Z> -B;_, (;_;)] dS) () at
e ([ e [ (522) - (322 ) 0 0

and identity (2.1) reduces to identity (2.3). O

Corollary 3.2. Let f : [a,b] U[c,d] — R be n-times differentiable on [a,b] U
[c,d],n € N with f(™ : [a,b]U[c,d] — R integrable on [a,b]U]c,d]. Letw : [a,b] —
[0,00) and u : [¢,d] — [0,00) be integrable weight functions, W (t) = fat w (z) dzx for
t € a,b], W (t) =0 fort<aand W (t) = f:w(m)dxfort >b,U(t) = fzu(x)dx
fort € [e,d], U(t) =0 fort < c and U (t) = fcdu(:v)dx for t > d. Then if
W (b) # 0 and U (d) # 0, for any x € [a,b] N [c,d] it holds

1 /d 1 b , p
e [ s [ @ d -1 @) + T @)
[Tu(tydt Je JPw(t)dt Ja ’ ’

max{b,d}

:/ K (z,ty, .. tn) f™ (t,) dt, (2.4)
min{a,c}
where

n—2
7l (@) = (1 [ww s dt)

b b k
: (/ / Py (x,t1) [ [P (tis tiza) dta - "dtk+1> ;
a a ;

n—2
Tl[f,;{j] (z) = (1 /du (t) F*HD () dt)

d d k
. </ / Py (z,t1) [ Pu (tiati+1)dt1"'dtk+1> )

i=1
and
n—1

Py (z,t1) [ [ P (ti,tis1)

i=1

=R max{b,d} max{b,d}
K(Ivtlv"'vtn):/ /

min{a,c} min{a,c}

n—1

= —P, (x,t1) HPu (%hﬂ)l dty - dt, 1

i=1
Proof. We apply identity (2.1) with w; = w, ¢ = 1,..,n. Then TJ;’;f’,]_,U,n (2),
Tl[fl’f,llun () and K (x,t1,...,t,) reduce to E[Uayl;] (2), quf;ii] (x) and K (x,t1,...,tp)
respectively. O
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Remark 2.1: Identity (2.3) was previously obtained in [2|. In a special case for
uniform normalized weight function w, for the case [¢,d] C [a,b] it was obtained
in [12] and for the case [a,b] N [e,d] = [c,b] in [5]. Identity (2.4), in a special case
for uniform normalized weight function w, for ¢ = d as a limit case and n = 2 was
obtained in [1], while for n = 3 it was obtained in [4].

Theorem 4. Let f : [a,b] U[c,d] = R be n-convez function on [a,b] U [c,d],n €
N. Let w; : [a,b] — [0,00), i = 1,..,n be a sequence of n integrable functions,
Wi (t) = fat w; (x)dx fort € [a,b], W;(t) =0 fort < a and W, (t) = fab w; (x) dz
fort > b.for alli=1,..,n. Also, let u; : [c,d] = [0,00), i = 1,..,n be a sequence
of n integrable functions, U; (t) = fct u; (x)dx fort € [e,d], U;(t) =0 fort < c
and U; (t) = fcdulv (x)dx fort>d, foralli=1,...,n. If

K >0 (2.5)
where K is the function defined by (2.2), then for any x € [a,b] N [c,d] it holds

; Z;U [a,b] T ; U; le,d] .
P 0 dt/a L () f (@) dt+TEY |, (2) < [RAC dt/C () f () dt+TM ().
(2.6)

Proof. Since f is a n-convex function, without loss of generality we can assume (see
[14, p. 293]) that f(™) exists and is continuous. By using the (2.1) and f(™ >0
the proof follows. O

Remark 2.2: Inequality (2.6) holds also if f is n-concave and K < 0. If f is
n-concave and K > 0 or f is n-convex and K < 0 the inequality (2.6) is reversed.

3. GENERALIZATIONS OF STEFFENSEN’S INEQUALITY

Corollary 4.1. Let f : [a,b] U [a,a+ A] = R be n-convex function on [a,b] U
[a,a + A],n € N. Let w; : [a,b] = [0,00), i = 1,..,n and u; : [a,a+ ] = [0,00),
i=1,..,n be two sequences of weight functions as in Theorem 3. If

K>0 (3.1)

where K is the function defined by (2.2), then for any x € [a,b]N[a,a + A] it holds:

b el
e o @) 7 (0 e+ T o (2) <

a+X ,a+ X\ (32)

< e Jo (0 £ (0 dt + TN @),

In case f is n-concave function inequality (3.2) holds if K < 0.
Proof. We apply Theorem 4 with [¢,d] = [a,a + )] O

Remark 3.1: For every differentiable, nonincreasing function f : [a, bJU[a, a + A] —
R and w : [a,b] — [0,00) and u : [a,a + A] = [0, 00) some weight functions such
that f: w (t)dt = f(:H_/\ u (t) dt inequality (3.2) for n = 1 reduces to

a+A

b
/w@f@ﬁé/ w(t) (1) dt

a
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while condition K < 0 reduces to

x T b
/u(t)dtz/ w(t)dt for @ € [a,a+ A and/w(t)dtZOforxe<a+A,b],

(3.3)
in case 0 < A <b—a and to

T T a+A
/u(t)dtZ/ w (t) dt for z € [a, b] and/ u(t)dt <0 for xz € (b,a+ A,

in case A > b —a.
Further for u = 1 we have f;w (t)dt = fa+)‘ u(t)dt =X Thusif 0 <w(t) <1

a

for t € [a,b] then A < b — a and it’s easy to see that (3.3) is fulfilled. In a such a
way the right-hand side of the Steffensen’s inequality (1.1) is recaptured.

Corollary 4.2. Let f : [a,b] U[b— A\, b] = R be n-convex function on [a,b] U
[b—Ab],neN. Let w; : [a,b] = [0,00), i =1,..,n and u; : [b— A, b — [0,00),
i=1,..,n be two sequences of weight functions as in Theorem 3. If

K<0 (3.4)

where K is the function defined by (2.2), then for any x € [a,b]N[b — A, b] it holds:

b @
e o @) 7 (0 e+ T () 2

b b—Ab (3.5)
> m fbjj(l (t) f(t)dt + Til,‘.,ul(x)
In case f is n-concave function inequality (3.5) holds if K > 0.
Proof. We apply Theorem 4 with [c,d] = [b— A, b]. O

Remark 3.2: For every differentiable, nonincreasing function f : [a, bJU[b — A, b] —
R and w : [a,b] — [0,00) and w : [b — A, b] — [0,00) some weight functions such
that f: w (t) dt = fbb_A u (t) dt inequality (3.5) for n = 1 reduces to

b b
/w(t)f(t)dtz/ w(t) f(8)dt

b—X

while condition K > 0 reduces to
xT

/ w(t)dt >0 for z € [a,b— A] and u(t)dtg/ w(t)dt forz € (b— b

(3.6)

b—A
incase 0 < A <b—a and to

/ u(t)dt <0 for z €[b— A al and/
b

-2 b—A

T

u(t)dtﬁ/xw(t)dt for z € (a,b],

in case A > b — a.
Further for u = 1 we have f;w (t)dt = fbbi/\ uw(t)dt =X Thusif 0 <w(t) <1
for ¢t € [a,b] then A < b — a and it’s easy to see that (3.6) is fulfilled since

x—b—i—)\:/bw u(t)dt</;w(t)dt:)\—/:w(t)dt.

-
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In a such a way the left-hand side of the Steffensen’s inequality (1.1) is recaptured.

4. L, INEQUALITIES

Here, the symbol L’[’a’b] (1 < p < o0) denotes the space of p-power integrable
functions on the interval [a, b] equipped with the norm

b :
111y oy = ( / f(t)l”dt>

and Lﬁf b denotes the space of essentially bounded functions on [a, b] with the norm

11l oo, fa,p) = €55 sup |f (t)].
t€la,
Theorem 5. Suppose that all the assumptions of Theorem & hold. Additionally
assume (p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, % + % =1,

and f™ € Lfa bUled]” Then the following inequality holds
1 ’ [a,0]
| m@)fO)dt=T5", ()
[%uy (t) dt/c ot
1

b
oo / wn (1) f (£) di+ T ()

<K (z.th e by, . ‘ H (n)H 4.1
IK (x, tq n—1 )||q7[mm{a,c}7mdx{bxd” f p,[min{a,c},max{b,d}] “1)

Inequality (4.1) is sharp for 1 < p < oo and for p =1 constant
I (z,t1,. . tno1, ')Hq,[min{a,c},max{b,d}] 18 the best possible.

Proof. By taking the modulus on (2.1) and applying the Holder inequality we
obtain

1/bw (t) f (t)dt + TleD ()
f;wl (t)dt a ! U yeeyUn

max{b,d}
/ K (z,ty, ... tn) f™ (t,) dt,

min{a,c}

<K (@t a1y )y it e el m H WH
H ( 1 1 )H‘Za[ {a,c} max{b,d}] f p,[min{a,c},max{b,d}]

Let’s denote C (t) = K (z,t1,...,tn—1,t). For the proof of the sharpness we will
find a function f for which the equality in (4.1) is obtained.
For 1 < p < oo take f to be such that

FM () = sgn C(t) - |C (t)]77 .
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For p = oo take
fM™ () = sgn C (t).
For p = 1 we shall prove that

max{b,d} (n) max{b,d} (n)
C@t)f\"™(t)dt] < max C(t / ‘ ™t ‘dt
/min{a,c} ( )f ( ) t€[min{a,c},max{b,d}] | ( )| min{a,c} f ( )
(42)

is the best possible inequality.

If n > 2 function C'(¢) is continuous except in points max {a,c} and min {b, d}
where it has a finite jump. If n = 1 it is continuous. Thus we have four possibilities:

1. |C(t)| attains its maximum at tp € [min {a,c},max {b,d}] and C (t7) > 0.
Then for € > 0 small enough define f. (¢) by

0, min{a,c} <t <ty—e,
fe®)=4 zmt—to+e)", to —e <t <o,
Lt—to+e)"",  to<t<max{bd}.

Thus

max{b,d}
/ C(t)f™ (1)t | =

min{a,c}

to 1 1 to
C(t)gdt‘ _ 7/ Cb)dt.
t

to—e € 0—¢€

Now, from inequality (4.2) we have

1 [t 1 to
L cwya < fC(to)/ dt = C(to).
€ t()—E € to—E
Since
1 [t

lim — C(t)dt = C(to)

e—0 € to—e

e>0 0

the statement follows.
2. |C(t)] attains its maximum at ¢y € [min {a, ¢}, max {b,d}] and C (t5) < 0.
Then for € > 0 small enough define f. (t) by

Lito—t)"", min{a,c} <t <tg—e,
o) =8 =L (to—1)", to —e <t <ty
0, to <t < max{b,d},
and the rest of proof is similar as above.
3. |C(t)] does not attains a maximum on the [min {a,c},max{b,d}| and let
to € [min{a, c},max {b,d}] be such that

sip |C()|= lm |f (to +¢)
t€[min{a,c},max{b,d}] 0

If lim5_>8 f(to +¢) >0, we take
£>

0, min {a, c} <t < to,
)= Zmt—to)", to <t <to+e,
L(t—t)"™", to+e<t<max{bd},
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and similar as before we have

max{b,d} to+e 1 1 [tote
/ C) £™ (1)t | = / C’(t)dt‘ _1 / Clt)dt,
to

min{a,c} € € Jto
1 to+e 1 to+e
D[ cmars et [ a=ci)
13 to 13 to
1 to+e
lim — C(t)dt = C(to)
e=0¢

e>0

and the statement follows.
4. |C(t)| does not attains a maximum on the [min {a, c},max{b,d}| and let
to € [min{a, c},max {b,d}] be such that

sup |C(®)|= lim | f (to + €)] .
t€[min{a,c},max{b,d}] 2;’8
If lime o f (to + €) < 0, we take
e>0
Lt—to—2e)"", minfa,c} <t <t
fe®) =9 —gut—to—e)", to <t <ty+e,
0, to+e <t <max{b,d},
and the rest of proof is similar as above. O
Corollary 5.1. Let f : [a,b] U [a,a+ A — R be such f' € Lpa b]U[a a+)\] and
g: [a b] — R integrable function such A = f g(t)dt. Let also G (z) = [ g(t

€ [a,b]. Then the following two sharp mequalztzes hold for 1 < p < o0 and for
0 <A<b—-a

/f dt—/aaﬁf(t)dt

a+A b é ,
< tfafthdth/ A= G| dt H H
/a | s [ p-co) I

while for A >b—a

- /aa+A fo

1
a-t+\ q
(/ [t—a—-G \th+/ |t—a—)\th> Hf

In case p=1 and 0 < X\ < b — a we have following two best possible inequalities

/f dt—/amf(t)dt

pila,max{b,a+A}]
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gmax{ max |t —a—G(t)], max )\—G(t)|}Hle

tela,atAl " telat A0l
while for A >b—a

b a+A
/f@gwﬁ—/ £ (1)t

§max{max [t —a—G(t)], max ta)\|}Hf/H .
t€la,b] te[b,a+A] 1,[a,max{b,a+A}]

1,[a,max{b,a+A}]

Proof. Applying Theorem 5 with n = 1 and weight functions w; (¢) = g (¢) for
t € [a,b] and uy (t) = 1 for t € [a,a+ \]. We have f;g(t) dt = fanrA dt = X and
consequently

Lﬂumwﬁ—LﬁﬁwMt

max{b,a+A}
A / K () (1) dt

where
tfaff;g(s)ds, te€la,a+ A,
A (1) = ifa+A<b,
ftbg(s)ds, t e {a+ A0,
t—a—fatg(s)ds, t € [a,b],
A (t) = ifa+A>b,
t—a—\ teba+ A,
and the proof follows. O
Corollary 5.2. Let f : [a,] U [b—Ab] — R be such f' € Lf, ;5 5, and

g : |a,b] — R integrable function such \ = ffg (t)dt. Let also G (z) = [T g(t)dt,
x € [a,b]. Then the following two sharp inequalities hold for 1 < p < oo and for
0<A<b—-a
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b

t— f (t) dt

< (/:_A|—G(t)th+/b: |t—b+)\—G(t)th>q s

while for A\ >b—a

b
/ FWygtydt— | f(t)dt
b—A

a b %
s(/ |t—b+>\|th+/ t—b+/\—G(t)|th> Hf
b—X a

In case p=1 and 0 < X\ < b — a we have following two best possible inequalities

/f t)dt — ’ F(t)dt

b—\

p;[a,max{b,a+A}]

p,[a,max{b,a+A}] ’

/

f

Smax{ max |-G (t)], max [t—b+ A— G()|}’
te

la,b—A] ) te[b—A,b] 1,[a,max{b,a+A}]

while for A\ >b—a
b
/ F(t)g(t)dt — f(t) dt

Smax{ max |t—b+)\| maX t—b+A—G(t }HfH
telb—N,a t€la, [a,max{b, a+)\}]

Proof. Applying Theorem 5 with n = 1 and weight functions w; (t) = g (¢) for
t € [a,b] and uy (t) = 1 for t € [b— A,b]. We have ['g(t)dt = [, dt = X and
consequently

b b
/ ft)gt)dt — f(t)dt = )\/ K (t)f (t)dt

min{a,b—A}
where
—G (), tefab— A,
A (t) = if at+X<b,
F-brA—G(), teb-\b,
t—b+ A, teb—\a,
AK () = if at+A>b,
t—b+A—G(), te€lab],

and the proof follows. O
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5. k—EXPONENTIAL CONVEXITY OF STEFFENSEN’S INEQUALITY VIA 1 WEIGHT
FUNCTIONS

Motivated by inequalities (2.6), (3.2), (3.5), and under assumptions of Theorem
4 and Corollaries 4.1 and 4.2, respectively, we define following linear functionals:

Li(f) = S /d uy (8) f (¢)dt + ToU ()
S8 (t) dt Je Uty tin
b
- W/ wy (8) f(t)dt — T, (x) (5.1)
_ ; oA U la,a+A] T
bl = [ uy (1) dt/a 1O dt+ T, (@)

1

’ [a,b]
oo [ a5, @ (5.2)

1 ’ fa,5]
= / wy (1) f (£)dt + TY ()

1 /b b—Ab
- ur (t) f (t)dt = TN () (5.3)
fbb_A uy (t) dt Jo—x o

Remark 5.1: Under the assumptions of Theorem 4 and Corollaries 4.1 and 4.2
respectively, it holds L;(f) > 0, i = 1,2, 3 for all n-convex functions f.

_ Also, we define Iy = [a,b] U [c,d], Iz = [a,b] U [a,a + A], I3 = [a,b] U [b— A, b],
I = [a,b] N e, d], Iz = [a,b] N [a,a + A] and I3 = [a,b] U [b— A, b]. Now, we give
mean value theorems for defined functionals.

Ls(f)

Theorem 6. Let f: I; - R (i = 1,2,3) be such that f € C™(IL;) . If for x € I;
inequalities in (2.5) (i = 1), (3.1) (i = 2) and (3.4) (i = 3) hold, then there exist
& € I; such that

Li(f) = f"(&)Li(p), i=1,2,3 (5:4)

where p(x) = ””n—':

Proof. Let us denote m = min f(™ and M = max f("). We consider the following
functions Fy(z) = MTfn — f(z) and Fy(z) = f(x) — mT“‘;n Then Fl(n) () = M —
f >0 and FQ(n) (z) = f™(z) —m >0, for z € I;, so F; and F are n—convex
functions. Now we use inequalities from Theorem 4 and Corollaries 4.1 and 4.2 for
n—convex functions F} i Fb, so we can conclude that there exists & € I;, i = 1,2,3

that we are looking for in (5.4). O

Theorem 7. Let f,g: I; = R (i = 1,2,3) be such that f,g € C"(L;). If forz € I
inequalities in (2.5) (i =1), (3.1) (i =2) and (3.4) (i = 3) hold, then there exist
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& € 1:1 such that
Li(f) _ F™(E)
Li(g)  g"™(&)
assuming neither of the denominators is equal to zero.
Proof. For fix 1 < 4 < 3 we define function ®;(z) = f(z)Li(g) — g(=
According to Theorem 6 there exists & € I; such that L;(®;) = o™ (f) (gp)
) =

Since L;(®;) = 0 it follows that £ (&)Li(g) — ¢\ (&)Li(f
proved. O

i=1,2,3. (5.5)

We use previously defined functionals to construct exponentially convex func-
tions, a special type of convex functions that are invented by S. N. Bernstein
over eighty years ago in [8]. First, let us recall some definitions and facts about
exponentially convex functions (see [13]).

Definition 5.1. A function v : I — R is k-exponentially convex in the Jensen

sense on I if
xr; +x
S e (%57 =0

1,7=1
holds for all choices &1,...,& € R and all choices x1,...,x € 1. A function
1 I — R is k-exponentially convex if it is k-exponentially convex in the Jensen
sense and continuous on I.

Remark 5.2: It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, k-exponentially convex
function in the Jensen sense are m-exponentially convex in the Jensen sense for
every m € N, m < k.

Definition 5.2. A function : I — R is exponentially convez in the Jensen sense
on I if it is k-exponentially convex in the Jensen sense for any k € N.

A function i : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

Remark 5.3: A positive function is log-convex in the Jensen sense if and only if
it is 2-exponentially convex in the Jensen sense.
A positive function is log-convex if and only if it is 2-exponentially convex (see

[9]).
Proposition 5.1. If f is a convex function on I and if x1 < y1, 22 < Yo, T1 #
To, Y1 F Y2, then the following inequality is valid

fxo) = f(z1) _ fy2) = f(y1)
Ty — X1 Y2
If the function f is concave, the inequality is reversed.
Definition 5.3. Let f be a real-valued function defined on the segment [a,b]. The

divided difference of order n of the function f at distinct points xg, ..., T € [a,],
is defined recursively (see [7], [14]) by

f[l‘z] == f(l‘i), (Z = O, PN ,’I’L)
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and
flz1, - o xn] — flzo, -+, Tt
flzoy .- an] = [ n] [ ° ]
Tp — To
The value f[zg,...,x,] is independent of the order of the points xq, ..., xy,.

The definition may be extended to include the case that some (or all) of the points
coincide. Assuming that fU=Y) () exists, we define

_ fU=D(x)
f[x,’_'t'. LT = A (5.6)

Now, we use an idea from [9] to generate k-exponentially and exponentially
convex functions applying defined functionals. In the sequel the notion log denotes
the natural logarithm function.

Theorem 8. Let Q = {f, : p € J}, where J is an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3 subset of R such that the function
p = fplTo, ..., xn] is k—exponentially convex in the Jensen sense on J for every
(n + 1) mutually different points xg,...,x, € I;, i = 1,2,3. Let L;, i = 1,2,3
be linear functionals defined by (5.1)-(5.3). Then p — L;(fp) is k—exponentially
convez function in the Jensen sense on J.

If the function p — L;(f,) is continuous on J, then it is k—exponentially convex
on J.

Proof. For {; €R, j=1,...,kand p; € J, j=1,...,k, we define the function

k
9(@) = > &mriiom (@):

J,m=1

Using the assumption that the function p — f,[zo, ..., 2,] is k-exponentially con-
vex in the Jensen sense, we have

k
g[IOa e a‘rn] = Z gjgmfpj*;’m [$07 e ,an] 2 07

jym=1

which in turn implies that g is a n-convex function on J, so it is L;(g) > 0, i =
1,2,3. Hence

Xk: §i€mLi (f;) > 0.

j,m=1
We conclude that the function p — L;(fp) is k-exponentially convex on J in the
Jensen sense.
If the function p — L;(f,) is also continuous on J, then p — L;(f,) is k-
exponentially convex by definition. O

The following corollaries are the immediate consequences of the above theorem:
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Corollary 8.1. Let Q = {f, : p € J}, where J an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3 subset of R, such that the function
p = folzo,...,zn] is exponentially convex in the Jensen sense on J for every
(n + 1) mutually different points xg,...,x, € I;. Let L;, i = 1,2,3, be linear
functionals defined as in (5.1)-(5.3). Then p — L;(f,) is an exponentially convex
function in the Jensen sense on J. If the function p — L;(fp) is continuous on J,
then it is exponentially convex on J.

Corollary 8.2. Let Q = {f, : p € J}, where J an interval in R, be a family of
functions defined on an interval I;, i = 1,2,3 subset of R, such that the function
p = fpl®o,...,zn] is 2-exponentially conver in the Jensen sense on J for every
(m + 1) mutually different points xg,...,x, € I;. Let L;, i = 1,2,3 be linear
functionals defined as in (5.1)-(5.3). Then the following statements hold:
(i) If the function p — L;(f,) is continuous on J, then it is 2-exponentially
convex function on J. If p — L;(fp) is additionally strictly positive, then
it 1s also log-conver on J. Furthermore, the following inequality holds true:

[Li(FN " < L) (LSO
for every choice r,s,t € J, such that r < s < t.
(i) If the function p — L;(f,) is strictly positive and differentiable on J, then
for every p,q,u,v € J, such that p < wu and q < v, we have

:u“pv(I(Li? Q) < :u‘u,U(Liv 9)7 (57)
where .
L7(fp) ) p=a
(Li(f ) g p# 4
,upvq(Li’Q) = qdiLi(fp) (5.8)
exp ( L) )  P=a
for fpa fq €.
Proof. (i) This is an immediate consequence of Theorem 8 and Remark 5.3.

(ii) Since the function p — L;(fp), 4 = 1,2,3 is positive and continuous,
according to (i) the function p — L;(f,) is log-convex on J, and thus the
function p — log L;(f,) is convex on J. Applying Proposition 5.1 we get

log Li(fp) —log Li(fq) < log L;(fu) — log Li(fv)’ (5.9)
p—q uU—v
for p <wu,q <v,p # q,u # v. Hence we conclude that
Mp7q(Li7 Q) S IU/uﬂ) (L»“ Q)

Cases p = q and u = v follows from (5.9) as limit cases.

O

Remark 5.4: Note that the results from above theorem and corollaries still hold
when two of the points xg,...,z, € I;, i = 1,2,3 coincide, say 1 = g, for a
family of differentiable functions f, such that the function p — f,[zo,...,zy] is
k-exponentially convex in the Jensen sense (exponentially convex in the Jensen
sense, log-convex in the Jensen sense), and furthermore, they still hold when all
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n+ 1 points coincide for a family of n-times differentiable functions with the same
property. The proofs use (5.6) and suitable characterization of convexity.

6. APPLICATIONS TO STOLARSKY TYPE MEANS

In this section, we present several families of functions which fulfil the conditions
of Theorem &8, Corollary 8.1, Corollary 8.2 and Remark 5.4. This enable us to
construct a concrete examples of exponentially convex functions.

Example 6.1. Consider a family of functions
O ={f, : R>R:peR}
defined by

eP”

() = { o

o
We have %1 (x) = eP* > 0 which shows that f, is n-convex on R for every p € R

dzm"
and p +— ‘f;{f () is exponentially convex by definition. Using analogous arguing
as in the proof of Theorem 8 we also have that p — fplzo,...,xy] is exponentially
convex (and so exponentially convex in the Jensen sense). Using Corollary 8.1 we
conclude that p — L;(f,),i = 1,2,3, are exponentially convez in the Jensen sense.
It is easy to verify that this mapping is continuous (although mapping p — fp is
not continuous for p=0), so it is exponentially convez.
For this family of functions, pipq(Li, 1), i =1,2,3, from (5.8), becomes

p#0,
p=0.

1
Li(, p=a
(LEJ’?’D : p#q
tp.a(Lis 1) = 4 exp %’i{;’) - %) » P=q#0,

1 Li(id-fo) g
XP\ g1 Lil(fo)o )’ p=q=0.

where id is the identity function. Also, by Corollary 8.2 it is monotonic function
in parameters p and q.

1
anf, P—q
We observe here that <;“}L:> (logx) = z so using Theorem 7 it follows that:

i

My o(Li, 1) =log pip q(Li, Q1), 1 =1,2,3
satisfies
min{a,c,b — A} < M, o(L;, 1) < max{a+ A\, b,d}, i =1,2,3.
So, My, ¢(Li, 1), @ =1,2,3 is monotonic mean.
Example 6.2. Consider a family of functions
Qo ={gp:(0,00) = R:peR}
defined by

gp(x):{ oGy PELLm—1)

(_1)n71:{]jljr'lg(a:n_1_j)ga p=j€{0,1,....,n—1}.
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Here, Uilmgf (x) =P = eP=INT 5 0 which shows that g, is n-convex for x > 0

and p — dmn 2 (x) is exponentially convex by definition. Arguing as in Ezample 6.1
we get that the mappings p — L;(gp),7 = 1,2,3 are exponentially convex. In this
case we assume that I; € RT. Functions (5.8) is now equal to:

1
(£e) ™" #a
_ L;
exp (1)1 (n - 1)1 e 4 5700 L ,,)
Hpa(Li 2) = p=q¢{0,1....,n—1},
exp (1)~ 1)1 5208+ T
p—qe{O,l,.. n—l}.

Again, using Theorem 7 we conclude that

L, P
min{a,c,b—A}S( (g,;)) <max{b,d,a+ A}, i=1,2,3,
Li(gq)

which shows that p, o(L;, Q2),7=1,2,3 is mean.

Example 6.3. Consider a family of functions
Q3 ={¢p:(0,00) > R:pe (0,00)}
defined by

bp(x) = { (x;plnpi)TH p#1
o p=1
Since d;ﬁf (x) = p~® is the Laplace transform of a non-negative function (see [16])
it is exponentially convex. Obviously ¢, are n-convex functions for every p > 0.
For this family of functions, u, 4(Li,Q3),1 =1,2,3, in this case for I; € RT, from
(5.8) becomes

—x

1
L o
(Lig;ig;) ; p#4q,
oL 93) = { oxp (CBltts _ a g,
1 L;(id-¢1) —
eXp\ ~ oyt Li(¢1)1 )’ p=q=1

This is monotone function in parameters p and q by (5.7). Using Theorem 7 it
follows that

M, 4(Li, Q3) = —L(p, q) log pp ¢(L;i, Q3), 1=1,2,3
satisfy
min{a,c,b — A} < M, ,(L;,Q3) < max{b,d,a+ A}, i =1,2,3.
So M, 4(L;,3) is monotonic mean. L(p,q) is logarithmic mean defined by

p—
Lip.q) = | er-iosa P74
2 p=gq.
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Example 6.4. Consider a family of functions
Q= {¢p: (0,00) 2 R:pe (0,00)}
defined by

Yp(x) =

n

Since ddw,f’ (x) = e~*VP is the Laplace transform of a non-negative function (see

[16]) it is exponentially conver. Obviously v, are n-convexr functions for every
p > 0. For this family of functions, pp q(Li,Q4),7=1,2,3 from (5.8) is equal to

1
L1(w )) p—q
(Tw;)) ) p 7& q,
L; (id-pp) _
eXp (* 5vpLi(0p) %) » P=9
where id is the identity function. This is monotone function in parameters p and
q by (5.7). Using Theorem 7 it follows that

Msyq(Li’Q‘l) = 7(\/;)+ \/a) logﬂ%q(LiaQél)a 1= 17233

satisfies min{a, c,b — A} < M, o(L;, Q) < max{b,d,a + A}, so M, 4(L;, ),
1 =1,2,3 is monotonic mean.

Mp,q(Li7 Q4) =
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