ON TOPOLOGICAL n-GROUPS
G. Cupona

In this note it is shown that each topological n-group can be embe-
dded into a topological group.
At first, some preliminary definitions and results .will be stated.

Let Q be a non-empty set and:

(o) D (XoseensXp) = (X v Xy)
[NT : (KosevnsrXn) = [Xpe e 2\ X] ¢}
[0 (gsensXn) 2 [Xg,/ Xp--0X5]

be three n+ l-ary operations on Q- Q is said to be an n-group if the
following identities are satisfied.

((xo"‘xn)“'xzn): (xo(xl---xn+1)--°x2n)=.-- =(xo---(x,,---x,n)) 2
Xy oo Xplxpge - X N\XD =X=([x"Xp -+« X1] X1+ + - Xp). (3)

An n-group Q is said to be a topological n-group if @ is a topolo-
gical space such that the operations (...), [..\\] and [ ~..] are continous
(in the all variables together).

The following result is known as Post’s Coset Theorem!). If Q is an
n-group then there is a unique (within to a canonical isomorphism) group
G such that:

G=Q0UQ*U...UQ" “

(Vag,...,an C Q) (@ Gp) =y -an })
1<i<jn a,, b, €0 > {a...a=b,...b; &

, ©)
& [i=j & Qcos Gy €D (o Cnt@---ay=(cy- Ccnyb,---by)]}.

1) [11 p. 37, or [5] p. 218



The group G is said to be the free covering of the given n-group Q.
Now we shall state and prove the following

Theorem. Let Q be a toopological n-group, and G the free covering
of Q. Define a collection 73 of subsets of G by:

B={4y- - Ay |1<k<n, A4;,...,A; are open in Q} )

Then we have:

(i) 7B is a base of a topology J on G.

(i) The given topology on Q is induced by & on @, and Q is an
open and closed subset of G.

(iii) G is a topological group.

@iv) If Q is a compact (Hausdorff) n-group then G is .a compact
(Hausdorff) group.

First, we prove three lemmas.

1. If 4y,...,4,C Q, and A4, is an open subset of @, then
(4, ++An)=A is an open subset of Q too.

Proof. If a;,...,a, are arbitrary elements of Q then the mappings:
f(x)=(ar---a,x) and f~'(x) = [@n - - @\ X] are continous, and therefore
f(x) is a homeomorphism. -

2. Let ay,....a5 by,... biCQ 1<{i<nand By,...,B; be (open)
neighborhoods of by,...,b;. If ay---a; —b -b; (in G) then there exist
neighborhoods 4,,...,4; of a;,...,a; such that A;---A;C B+ B,

Proof. By (6) there exist ¢5,...,cp4€ Q such that .c=(cy---
Cpei@y-+ @) =(Co-"Cn_sby++-b;), and (by 1) U=(cy...CpyBs... By is
a neighborhood of ¢. Therefore there exist neighborhoods C,,...,C,_;
of cg,...,Cpy, and Ay, ..., 4; of ay,...,a; such that

(Co++CpiAy---4)) S U=(co++ Cn—s By By)
Co"‘Cn—z'A1"'Ai£Co"'Cn—iAl"‘AiECo"‘cn—iBl'"Bi,

and thus we have A;...4;C B,...B;.

3. ay,....,a5 by,....0p & Q, and s=a,---a; (in G),

then
L =[b/bra;- - arbp_;-+ bylby--- by ®)

Proof. By (3) and (5) we have [x/x,---x;]=x x7'...x7}, and this
iimplies (8).
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Proof of Theorem. (i) By (4) and (7), G = U B. Assume that g¢
BEB
Ay...4; N\ By...B;, where 1<<i<n, and A,, B, are open in Q. Then
there exist a,< 4,, b, € B,, such that g=a,.--q; = b,--+b;. By 2, there
exist neighborhoods 4,,...,4; of a;,...,a; such that 4, ... 4/ C B, .-.
.-+ By, and thus gC 4," --- 4;" C A,---A;N\B,...B;, where 4,'=4,N4, .
This proves that 7B is a base of a topology T on G.

(ii) By (6) and (7), Q, Q%,..., and Q" are disjoint open subsets
of G, and therefore they are closed too.

If ACQ and if 4 is an open set in the given topolology on Q,
then 4 € 7B,i.e. A is open in G too. Convercely, if 4 is an open subset of G
and 4C Q, then A4 = U B;, where B; ¢ “B; by (6), for each i1, there

i€l
exist open sets Ay, ..., 4y, (1<Ck; < n) such that B; = 4, .- - Ay, and this,
implies that k; =1, i. e. B;=4, is an open subset of Q, and therefore 4
is an open subset of Q too. This proves fhat the given topology on Q is
induced by J.

(i) Let s=ay---a;, t=>b,---b;(i, j<n, a,, b, € Q) be two elements
of G, and g=s1. Let C€B and g¢& C. Then, if C=C, ... Cp(k<n),
where C,,...,C; are open sets in Q, there exist ¢;,..., ¢, € Q such that
¢, €C,, and g=1c¢, -+ c; Thus:

a]"'aibl"'bj=cl"'ck-

If i+j<<m then i+j=k, and by 1 there exist neighborhoods
Ay, ..y A4; of ay,...,0; and By, ..., B; of by,...,b; such that

Ay---A; B,---B;CCy---Cp=C, 9)

where A =A,-..4; is a neighborhood of s and B = B, --- B; is a neig-
hborhood of =

If i+j>n and if we put a=(ay---a;by--- bp_441), then we have
ab, iys--byj=cy---c; and k=i+ j——n; by 1 there exist neighborhoods
A" of a and Bn—i+2 yeeas Bj of bn—i+2 yeees bj such that 4’ Bn—i+2' B CC.
From the equation a=(a;---a; b,--- b, _44,) follows that there exist neig-
horhoods A;,...,4; of a;,...,a;and By,...,By_y4, 0f by, -+, by_4y, such
that (4;...4;By... By _441) C A’, and this implies that ABC C, where
A=A, -+Ay, B,---B;=B. This completes the proof that the operation "' . "
of the group G is continous.

Assume now that s=ga;---q;€G, where 1 < i<n, a,€Q. If
by,....b,_; are arbitrary elements of Q, then by 3 we have s~1=bb,- - b, ,,



where b=[by/bya;---ayby_;---by) If C=58 C2 -Cyp—i is a mneighbor-
hood of s1, then s—1 = b CorrCp—j=>bby+- by_;, where VER, ¢, €C.
By 2 there exist neighborhoods B, Bz,... B,_; of b, bz,.. bn i
such that BB,...B, 4C C. From b(CB and b = [by/bya;---a,by_;- - - by
follows that there exist neighborhoods B,’, B,” of b, A4,,... Ai of
a,....,a; and By, ..., B, ; of by,...,¥, ; such that [B//B," A,-..
-- By’ C B. Then we have:

z) 1= [bl/bl - Al bn-—i 2] b2 n——z -
':[31/31”141 . 'A1 i Bo] By e o+ By =

Thus we have proved that the mapping s —» s~ is continous, and
this completes the proof of the statement (iii).

(iv) If the given space Q is compact then each cartezian product
QX Q@x---Xx Q is a compact space, and hence Qk is a compact subset
of G, because the mapping (x;,...,x;) — X;-+- Xz is continous. Then G
is a compact space for it is a union of n compact subsets Q, Q%,..., Q"

Assume now Q to be a Hausdorff space, and let s=a, .- q;,
t=1>by.-b; (a, by € O, 1< i< j< n) be two different elements of G,
If i=£j, then Qi is a neighborhood of s, and @’ is a neighborhood of ¢,
where Q/ N\ QJ = @. If i =, then for arbitrary ¢,,...,c,_; € Q we have:

(co...cn__i al...at)=a¢b=(co...cn_i bl"'bi)’

and fherefore there are a neighborhood 4 of a and a neighborhood B of b

such that 4 M B= @. Also, there exist neighborhoods C,,...,C,_; of

CorevesCpeis Ary-vo Ay of @y, ... ,a; and By, ..., By of by,...,b; such that
(Co++ - Cpi 4,40 C 4, (Cy+--CpiBi+--B) CB,

whence follows

Co**Cpi AlAi(] Co'** Cn—g Bl"-'Bi=g:

i.e. ANB =@, where A=4,-- - A; is a neighborhood of s, and B= 2B, -- - B;
is a neighborhood of . This completes the proof that G is a Hausdorff group.

Some remarks

*a) It is well known ([S], p. 21) that the notions of T,, T; and T,
spaces are equivalent in the class of topological groups. Is the same sta-
tement true in the class of topological n-groups?



b) An algebra Q(...) with an n- 1 —ary operation (...) is said to
be an n-semigroup if the identities (2) are satisfied. Then ([2], p. 23) there
is a semigroup G (the free covering semigroup of Q) such that (4) and (5)
are satisfied. If in addition the operation (...) is continous (in the all va-
riables together) then Q is said to be a topological n-semigroup Are the
statements of Theorem true in the class of topological n-semigroups?

It is known ([3]) that every topological universal algebra A (£2) may
be (in a corresponding way) embedded into a topological semigroup S,
but even in the case when 4 is a topological n-semigroups, S is not the
free covering of A. :

c¢) A group G is said to be semitopological if G is a topological
space in which each translation (left or right) is continous. This notion for.
n- groups. can be generalized in an obvious way. Are the statements of
Theorem true for semitopological n-groups?
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3A TONOJOMKWUTE »-IT'PYIIU
I. Yyiiona
Pesume

Bo paboraBa ce IokaxyBa CleXHaBa

Teopema. Hexa Q e Tolonomka n-rpyna, a G rpymara IuTo € cio-
Sogna mokxpmBka Ha Q. Ako ‘B e dammiumjaTa IOAMHOXeCTBA HAa G OI-
peliesieHa co:

B={Ay,---Ag | 4,,..., Ay ce otBopenu Bo Q)
TOTau HMame:

(i) "B ¢ Daza Ha Tomojoruja J Han G, IPH LITO JafeHATa TOMOJOTHja
nag Q e wHaynupaHa o . Q € W OTBOPEHO H 3ATBOPEHO NOIMHOXKEC-
TBO BO G.

(ii) G e TomoJyolIka Ipyma BO OOHOC HA TomoJjiorHjata .

(iii) Axo Tomonoukara n-rpyna Q e komnakrHa (Xaycnopdosa), Toramt
U TomoJiomkata rpyma G e xommakTHa (Xaycaopdosa).

(Tlputoa, 3a anredbpata Q co Tpu n-+1— apuu omepaumu (...)[..\],
[/..] ce Benm nexa e n-Tpyma, ako ce HCHOJIHETH MacHTHTeTHTE (2) M (3);
rpynata G ¢ croboaHAa MOKpHUBKA HA mIpyHata @ ako ce HCHOJHETH YCIIo-
sure (4), (5) u (6); n-rpynata Q ce BHKa ToONOJOLIKa ak0 ( ¢ TOHOJNOIIKH
MPOCTOP, TAKOB INTO ONEpAlAUTE HA n-IpymaTa ce HelPeKHHATH.)



