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ON THE LIE GROUPS SO(3) AND SO(4)

Kostadin Trendevski

In this paper a description of the local Lie group for
SO0(3) is given, and all the matrices of SO(3) are also obtained.
This implies the well known fact that SO(3) is homeomorphic to
RP®. A description of the local Lie group for sO(4) is also gi-
v

1. Introduction

Let us consider the following 2x2 matrices

42
Aiqg =R, = ==
14t
(1.1)
_ _ 2t
Ay = Ay, = Py
1+t

where t€R, and the negative unit matrix -I corresponding to

t=1~, Then we obtain a set of matrices whizgzare continuous with
‘respect to each of the four elements, where teRPT. This set with
the matrix multiplication is in fact the Lie group SO(2). Now
the following question appears naturally: Is it possible to give
a similar description of the local Lie group for SO(n), and is
it possible to obtain all the matrices of SO(n)? We shall give
an answer to these questions in the next two sections for n=3

and n=4.

2. The structure of the Lie group SO(3)

Let Px,Py;PzeR. Then it is easy to verify that the following.
3x3 matrix '

= 2_p2_p2
A, = (1+P Py P_)/a
- —p2,p2_p23y.
A,, = (1 px+py P2)/a
A,, = (1-P2-p3+p2)/a
23 X'y 2z (2.1)
2 = 2(pz+pxpy)/a
A, = 2(prpypz)/a

A,, = 2(Py+Psz)/a
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A, = 2(-Pz+PxPy)/a
A,, = 2(—Px+Psz)/a
A, = 2(—Py+Psz)/a

where a=1+P;+P;+P:, is an element of SO(3). If P _=P =P _=0 we
obtain the unit matrix, and Aij are continuous functions of Px’
Py,Pz. Moreover, SO(3) is 3-dimensional Lie group and so the
matrices in (2.1) contain a neighbourhood of the unit element

in the group S0(3).

Suppose that Px'Py’Pz + *» guch that Px:Py:Pz=ax:ay:az.
Then (2.1) yield to the following matrix of SO(3) :

B,, = (a;-a;—a;)/a

B,, = (-a;+a;—a;)/a

‘B, ='(-a;—a;+a;)/a (2.2)
B, =B, = 2axay/a )
B,, = 531 = 2axaz/a

B, =By, = 2ayaz/a

=a24n24,2
=a2+aZ+ .
where a=aZ ag aj#0

Now we will prove that if (Px,Py,Pz) and (Pé,P§,Pé) deter-

mine the same matrix of the type (1.1), then P§=Px’ §=Py and
= ’ ’ ’

PZ Pz. Indeed, the vectors (Px,Py,Pz) and (Px,_Py

near to the vector (A_,-A,,,A,,~A, ,,A,,-A, ) and the moduls P

,Pz) are colli-

and P’ of the vectors (Px'Py’Pz) and (Pé,P&,Pé) are uniquely
determined by the following equalities '

A, +R,, +A,, = (3-P%)/(1+P?)

11 33
and

(3-P’2)/(1+P’2).

A11 + Azz +'A33

i . - ¥ r DIy —
Now it follows that (Px,Py,Pz) = (PX,PY

It is easy to verify that if (ax,ay,aé) and (a;,a§,§é) de~

,Pz).

termine the same matrix of the type (2.2), then there exists
k#0 such that (a&,a&,aé) =k(ax,ay,az). Mcreover, the matrices
of the types (2.1) and (2.2) belong to disjoint sets because
thece of the first type are not symmetric except the unit matrix,

but thece of the second type are symmetric. So there exists a
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bijection between RP® and the set M of the matrices of the first
and the second type. The topology on RP®> induces a topology oh
M, and all nine matrix components are continuous-with respect to
that topology. Since M is a compact set, it follows that (M,*),
where * is the matrix multiplication, is a Lie group, which is
obviously isomorphic to SO(3).

3. Description of the local Lie group of SO(4)

Let us suppose that P ,Pz,Qx,Qy,QzeR. Then one can veri-

x'Py
fy that the following 4x4 matrix

A

2 2 2 2 2
‘e (1+P;-P;—PZ—QX+Qy+QZ—S ) /o

N
N
"

eD21p2.p2.n2_~2,12_a2
(lpg@y?fﬁfoQzS)/“
= P2 .p24p2.1n2,12_A2_c2
= (1-P% Py+Pz+Qx+Qy Q,=8%)/a

= 2, n2,1p2_A2_Nn2_A2_c2
= (1+Px+Py+Pz-Qx Qy Q-8 ) /o

= 2(PZ+SQZ-Qny+PxPy)/a

2(PX+SQX-QyQZ+PyPZ)/a

[N
W

&
+

-
N

N
W

= 2(Py+SQy—QXQZ+PxPZ)/a

W
-

N
-

= 2(-PZ-SQZ-Qny+PXPy)/a

x-Qsz

(3.1)

= 2(-P_-SQ +PYPZ)/a

g u? e - T
N
]

Y
W

= 2(-Py—SQY—Q§QZ+PXPZ)/a
2(-Q,~SP,+P Q, ~P Q) /o

+PzQx-PxQz)/a

»
&
i

= 2(-QY—SP

N
&

y
2(-QZ-SPZ+PXQy—PyQX)/a
= 2(QX+SP —PZQY)/a

= 2(Qy+SPy+PZQx-PXQz)/a

w
&

xTP,0,

roop o P
&
I

£
[ V]

B 5 = 2(Q,*SP +P .0 -P.Q )/a

where a=1+P;+P;+P;+Q;+Q;+Q;+SZ and S=P,Q +P Q +P,Q,, is an ele-
ment of SO(4). If Px=Py=Pz=Qx=Qy=Qz=o then we obtain the unit
matrix, and Aij are continuous functions of Px’Py’Pz’Qx’Qy'Qz'
Moreover, SO(4) is 6-dimensional Lie group and so the matrices’
in (3.1) contain a neighbourhood of the unit element in the gro-

up SO(4).
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From (3.1) some other classes of orthogonal 4x4 matrices

can be obtained. For example, if Px,Py,PzeR and Qx’Qy'Qz > to

such that Qx:Qy;Qz=ax:ayzaz, then we obtain the following matrix

(3.2)

B,, = (-a;+a;+a;-sz)/a

B,, = (a;—a;+a;—sz)/a

By, = (a;+a§-a;-sz)/a

B““‘ =-1

B,, = 2(Saz—axay)/a

B,, = 2(Sax-ayaz)/a

By, = 2(Say—azax)/a

B,, = 2(-Saz—axay)/a

B,, = 2(-Sax—ayaz)/a

B,, = 2(—Say-azax)/a

B7y, = By = Byy = B;1 = By, =By =0
where q=a;+a;+a;+sz and $=axPx+a Py+asz. If Qx’Qy'QzeR and
Px,Py,Pz-+ to guch that Px:Py:Pz=ax:ay:az, then we obtain the
following matrix '

C,, = (a;-a;-a;-sz)/a

C,, = (-a;+a;-a;-sz)/a

Cay = (-g;-a;+a;-sz)/a

Chuu = (a;+a;+a;-sz)/a

C,, =C, = ZaXaY/a

C23 = C32 = 2ayaz/a

Csy = Cy3 = 2a,a,/a

Ciy ==Cuy = —ZaXS/u

Coy = =Cus = f2ays/u

C,, = =Cus = -2azS/a
where a=a;+a;+a;+s2 and S=a*Qx+ayQy+azQé.

If S=0, then the limits lim A
Vv,

v = Xty

i3
(P2+P2+P;,Q;+Q;+Q;,S) and v, =(»,=,0), do not exist, and

., i,3=1,2,3,4, where

so
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we are not able to determine now the topology of SO(4) as it
was done for the group SO(3).

However it is known that the fundamental group for SO(4)
is Z, and SU(2)@SU(2) is its universal covering group, and SU(2)
is homeomorphic to the sphere s® ([1], [2]).
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3A JIMEBHTE T'PYNIH SO(3) H SO(4)

Kocrtanun TpeHUYeBCKH
Pes3sumMme

Bo 0BO3j TPYyHn Cce JaBa ONHC HA CHTe MATPRUM opn JiHemaTa rpyna
S0(3) om xojmTO ce riema OekKka Taa Jluema rpyna e xomeomopdHa co
RP3. IIpu TOj xoMeomopdmszam Mery RP3 m SO(3), Ha BexToDpuTE Of
R3\{(0,0,0)} onmrosapaaT HeCHMETPHYHHTe MaTpPHUH on SO(3), Ha HyI- -
THOT BEKTOP OIroBapa eOUHUYHATAa MaTpHIA, a Ha 6ecKpajHHTE TOUKH
on RP3® opmromapaaT CHMeTpHYHHTe MaTpHud on SO(3). Hcro Taka mameH
e omMc Ha JIokanHara Jiuesa rpymna 3a SO(4), Kako M HEKOM KJIaCH Of
opTOroHanHY 4x4 MaTpHUM 4Ynja geTepMHHAHTa e 1.



