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ON SOME CONSEQUENCES OF THE GENERALIZED
GAUSS~-BONNET THEOREM

Kostadin Trendevski

Abstract. In this paper two‘consequences of the generalized
Gauss-Bonnet theorem are obtained. It is proved in theorem 1 that
if M2D is a compact and orientable differentiable manifold such
that X (M*?)#0 and B_,-=0, then there does not exist an orientable
subbundle of the tangent bundle with fiber R2% on M2", In theorem
2, it is Eroved that if sM2P*' is a compact manifold and x (aM*P7")#0,
where M2M*1 is an orientable differentiable manifold, then M2DH!
does not admit an orientable subbundle E of the tangegt bundle
with fiber R2M gsuch that the restriction of E on 3M2P™' is the
tangent bundle of 3M®N*+?_ Two consequences of these two theorems
are obtained.

Characteristic classes are subject of consideration of topo-
logy, but they can be considered from a view point of differen-
tial geometry, using the differential forms [2]. Using the Gauss-
Bonnet theorem and dealing with differential forms, in this pa-
per two theorems are obtained, which were not known to the author
‘before. As an immediate corollary of the theorem 1, we obtain in
this paper aproof of the problem 9C (p.102-103) in [3]). Theorem 3

is a consequence of the theorem 2.

It is well known that if M2" is a compact and orientable
differentiable manifold such that X(Mzn)#o, then there does not
exist an orientable subbundle of the tangent bundle with fiber
R23*1 | In theorem 1 we shall see what happens with the orientab-
le subbundles of the tangent bundle with fiber rR29,

We will denote by Br (r-th Betti number) the rank od the
group Hr(Mzn,Z), and by x the Euler characteristic.

Theorem 1. Let M2" be a compact and orientable differentiab-
le manifold such that X(Mzn)#o. If B2q=0, then there does not
exist an orientable subbundle of the tangent bundle with fiber

r29 on M>31,
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Proof. Suppose that the assumptions of the theorem are sa-
tisfied and assume that E is an orientable subbundle of the tan-
gent bundle with fiber rR24, Sinde M*? is an orientable manifold,
there exists a complementary orientable subbundle E’ of the tan-
gent bundle with fiber R*"729, et w and w’ be the corresponding
closed differential forms which represent the Euler characteri-
stic classes for E and E’. Since B =0, it follows that w is an
exact differential form, i.e. w=d¢i and hence

f
wWAW' = l (de¢)Aw’ = l d(eAw’) = J dAwW’ = 0,
M M2 M7 aM2 1

On the other hand, wAw’' is a closed differential form which rep-

=2n

resents the EBuler characteristic class for the tangent bundle on

M2D, and the generalized Gauss-Bonnet theorem implies that

in wAw'! = X(Mzn) # 0.
M

This contradiction proves the theorem. |
Corollary. If g#0 and g#n, then the sphere 52" Joes not ad-
mit an orientable subbundle of the tangent bundle with fiber R29,

2N*1 ;5 an orientable differentiab-

Theorem 2. Suppose that M
le manifold such that 3M*™" is a compact manifold and x (sM2""7)#0.
Then M2+ does not admit an orientable subbundle E of the tan-
gent bundle with fiber R2", such that the restriction of E on

M2t is the tangent bundle of aM2 0t

Proof. Suppose that the assumptions of the theorem are sa-
tisfied, and assume that there exists an orientable subbundle E
of the tangent bundle of M2t Lith fiber R?n, such that the
restriction of E on 3M2™" is the tangent bundle of aM2Pt'. ret
w be the corresponding closed differential 2n-form which repre-
sents the Euler characteristic class for E. Then we obtain a

contradiction, because
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o=l dw = l w = X(am2Py # o,
M2t am>0t? '

and this proves the theorem. ||

Let D? be a 2-dimensional disc, and let a continuous vector
field al of non-zero tangent vectors of S$'=3D* be given. It is
well known([S], p.288)that the vector field Ai can not be conti-
nuated to a continuous vector field on D® which is non-zero at
each point. Using the theorem 2, now we shall obtain a similar
result.

2n+1

Theorem 3. Let M be a differentiable manifold such that
2n+1 2n+1)¢0. Tf 8M2n+1

IM is a compact manifold and x(3M admits
2n continuous vector fields A?1),...,A?2n), which are linearly

independent at each point, then these 2n vector fields can not

continuously be continuated over M2™7 such that they are linear-
ly independent at each point of M0+
Proof. Suppose that B?1),...,B?2n) are continuous vector

2N+1

fields which are linearly independent at each point of M and

20+1 are the vector fields

2n+1

such that their restrictions on M

A%1)""’A%zn)' It follows ([6]) that M is an orientable ma-

nifold. The vector fields B?1)""’B?zn) generate an orientable
subbundle E of the tangent bundle with fiber R2® on M2, and
the restriction of E on M2™" is the tangent bundle on 3M2n+1.

This contradicts the theorem 2. ||
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3A HEKOU IMOCHENUMUN OF I'EHEPAJIM3UPAHATA
TAYC ~-BOHET-OBA TEOPEMA

Koc¢Ttanue TpeHUYEeBCKH

Pes3sumMe

Bo oBOJ TPyl ce nob6uHeHM IBe IoCnenuui oI I'eHepanusypaHaTa
Tayc-BboHeT~OBa Teopema. BO teopeMa 1 ce OokaxyBa JekKa: ako M2
€ KOMINaKTHO ¥ OPHEeHTaGMIHO nudepeHnujabHIHO MHOryofpasue TaKBO
wTo X(Mzn)#o )74 B2q=0, TOTram He IOCTOU OPHEHTAaGHIIHO nhompaciojysa-
be 0§ TaHIeHTHOTO pacrojyBawme co cnoj R?*9 ma. M2D, Bo Teopema, 2.
Ce mOKaXyBa Jeka: ako aM2™? o xommaxTHO MHOTryoBpasue u X (3M "y #0,
Kane mto Mzn e OpPHeHTabuIHO nudepeHunjabumwiHo MHOryobpasue, TO-
ram M27+1 He JonyuTa OpPHeHTABWIHO nogpacrnojyBame E on TAHT@HTHO=
TO paclyiojysame CO CJIOJ Rzn, Taka mTo gecrpnxunjara on E Bp3 aM* +1
na 6HOe TAHTeHTHOTO pacilojysame Ea oM n+1. BO TpynoT ce INOOHUEHH
yuire OBe INOCJIeNHIH O OBHE OBe TeDDIMH,



