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ON THE SOLUTION OF ARBITRARY SYSTEM OF
LINEAR DIFFERENTIAL EQUATIONS

Kostadin Trendevski

Abstract. In this paper it is obtained the exact solution
for arbitrary system of linear differential equations.
The aim of this paper is to prove the following theorem.

Theorem. Let f (s)ec (i,je{1,...,n}), and let us define

the functlonsP[k] (1 ke{1,...,n}, 2e{0,1,2,...}) by
([ ple]

Pix’ = Sik

[+] _

Pix” = fix

[£+1] - d [“] . p[ ] [”](ze{l 2,3,...1).

(1)

If the series I [2](t s) (i,ke{1,...,n}) are convergent,
=0
and if it is admissible to differentiate them by parts, then the

general solution of the following system

dyi n
—d—é_ + ji1 fijyj = gi’ l::l,...'n (2)
of linear differential equations is given by
S n
n y - [2]
1 [2]( -s)*
y, = I J( L ==P., (t-s) )g (t)dt + Iz C z P (3)
i k=1) 1= 2171k k k=1 kz___0 Tt !
i=l,...,n
where Ck (ke{1,...,n}) are constants.
Proof.
dyi n ng « 1 dPEi}
— + 5z f£f,.y. = I J( L —z==(t~-s) )g (t)dt +
ds =4 1373 k=1° £=°2’ k
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A L [z](t ce) g (ae + 1 plg () +

N R =) 154 Ix e 1 Pix 9x‘'s)

o] \ .
(2]

¥ ki1ckzi°('1) 5~ T * Pik (E‘iT“ *
‘0z ?T(;—l-p[‘J [2] oyt (t)at +

j=1 k=1, ok 13 Tk Ik

n n
P e £ N

s Koo i3 jk BT

j=1 k
n T o dPEk] n [1] [R] (t-s)l
= I [( I + ¢ P;.,"PL Y)—T"")g, (£)dt +
k=1) g=o0 s] j=1 *3 jk o k
n o dP[l n
ik [11ple], (=) " s)
+ I.C_ I £+ 1 pl +q. -
=1 kl:o( ds j=1 ij jk gl(S)
s (<]
_ ? J( . _LP[2+1
k=1 g=o ! ik (t-s) zgk(t)dt -
_ tc s pla+i](=s)"
k=1 k2=o ik 2!
S
n
=g;(s) + I J( X P[i+1](t -s)* ,)gk(t)dt -
k=13 #=o )
n 2 _[a+4] 21
- i1j(ziopik (t—s) IT)gk(t)dt +
o
vz c, z P[i+i](—532 -
=9 =0 1 %
n L
- 1c 3 p[£+1]('53
ko1 Kgoo 1 2!
= gi(s). I

If fijécm, but they are continuous, then we can find a

series of polynomials ) such that max lf..(s)-TFk)(s)I < e
1 o<s<a *J +J

for k >N(e¢) and i,je{1l,...,n}. Since Tig)ecm, the solution of
the following system



~J4
(%]

(k)

dy. n
i (k) (k) _ =
ds ji1Tij yj = 95 i=1,...,n
can be found from the above theorem, and then one can prove that
yi(s) = 1lim y(k)(s)
’ ke
if se[0,A] and i€{1,...,n}.

Now we shall consider three simple examples, using the above
theorem.

Example 1. Let us consider the following linear differential
equation
7

y' + ay = g(s)

where a =const. Then it is obvious that PE%J = a2 (2€{0,1,2,...1),

and we obtain

o LY 2 2
j P 9" tghae v oy 2l
!
£=0 =0 *
s

at-as -as
fe

g(t)dt + Ce =

omas C+J aty(vyat|.
o
Example 2. Let us consider the following linear differenti-

al equation

(n n-1 .
v )+an_1y( )+...+a1y’+a°y =0

with constant coefficients. It yields to the following system

-

14 -
Yatap- Yatan Yot -ta,yy_taey = 0

I
i
H
i

yi-y, =0
YTy, =0

...yn--2 = (

Ly’—yn_1 = 0.

Since Qgr@ ree.,@

E

-1 are constants, we obtain from (1) that
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(o] _
F Inxn
&n-1 qn-2 < 8y 38
-1 0 e
p['] = 1o -1 .
0 0 e -1 0 |

v
and P[z] = (PL1])2 (2e{2,3,...}). Now we obtain from (3) the
general solution for y

n o« . -
y(s) = I¢C I r(P[1J)Z} A i? - Ic i (exp[ (- S)P[]])
k=1 =0 l_ nk ) k=1

Now let us suppnse that b1”"’bn are the roots of the
polinomial tP+a_ _ t"""+...+a , and suppose that by#by if i#j.
Then there exists a matrix Q such that

i :
b, 0 ... 0

-P[1] =Q0 b2 e O -

b

L nj .
because b"""bn are eilgenvalues for the matrix -P[1]. Using
this equality, we obtain the general solution in the following
form :

n b1 0
y(s) = b Q_.(exp s .. ) Q
r,i,k=1 ni 0 . bn rk k
n sb, 1
= I 0..8..e ToTlc
roi k=1 D1l ir rkk =
r r
n n sa
= 1E1(kE inQlka)e =
n so,
= I Cle .
i

i=1
Example 3. Let us consider the following system of differen-
tial equations
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+

vy *+ vis)y,(s) + u(s)y,(s)
yl + uls)y,(s) + v(s)y,(s)

g,(s)
g, (s)

where v{s) = —-—Eii———, u(s) = —~——2-—-—, a=const, and b=const.
{s+a)?+b? (s+a) 2+b?

From (1) we obtain
ple] = 1

[1] B v u
2x2’ F B -u v ’
[2] v/ u’ v ul[ v u v’ -u?+v? u’+2uv 0
P = + ’ = =
-u’ v’ ~-u Vvj|=-u v -n’-2uv v’/ -u?+v? 0
[2] 0 0
and hence P = if 2€{2,3,4,...}. Now we obtain from (3)
that

S s s
y,(s) = Jg1(t)dt - v(s)j(s—t)g1(t)dt - u(s)J(s-t)gz(t)dt +
o] o) o
+ C,(1-sv(s)) + C,(-su(s)),
s v s s
y,(s) = jgz(t)dt + u(s)J(s—t)g,(t)dt - v(s)J(s—t)gz(t)dt +
o o o

+

C1(su(s)) + Cz(l—sv(s)).
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3A PEWEHHETO HA IIPOM3BOJIEH CHCTEM OX JIMHEAPHH
IUOEPEHIUJAJIHH PABEHKHU

KocranuH TpeHUYeBCKH

Peszume-

Bo oBOj Tpyno ce IOOKaxXyBa clieHaBa TeopeMma: Heka fi.(s)ec”

H Hexa ce-gedudupaHy QYHKILIHUU Pgi] (i,xe{1,...,n}, 2€{0,1,2,...})

co (1). Axo penoBuUTe I I%P££]<(t—s)2 (i,x€{l,...,n}) ce KOH~-
g=0""

BEepreHTHH M akKo € IO3IBOJIeHO HHBHO nudepeHUuHpame 4JleH noO uieH,

Toram (3) mpeTcrasyBa OMUTO pPemeHHe Ha cucTeMoT (2).

Kako mwiycTpallija 3a KOPHCTeme Ha oOBaa Teopema, Ha KpajoT ce
IarneHH TPH IIDHMEDH .
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