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SKEW OPERATION ON (n,m)-GROUPS

JANEZ USAN AND MALISA ZIZOVIC

Abstract. In this paper a skew operation of (n,m)—groups is defined as a
generalization of the notion of a skew operation of n—groups.

1. PRELIMINARIES

Definition 1.1. [1] Let n > m + 1 and (Q; A) be an (n,m)—groupoid
(A: Q" = Q™). We say that (Q; A) is an (n,m)—group iff the following state-
ments hold:

(|) For everyi,j € {1,...,n—m+1}, i < j, the following law holds

A A, 28 ™) = Al ATTY), 2™

[: <i,j > —associative law]'; and
(Il) For everyi € {1,...,n —m+ 1} and for every o} € Q there is exactly one
z* € Q™ such that the following equality holds

i—1 m n—m\ _ _.n
Aa7 2,0l ™™) = ap_ -

Remark. For m =1 (Q; A) is an n—group [3]. Cf. Chapter I in [11].

Definition 1.2. [6]: Let n > 2m and let (Q; A) be an (n,m)—groupoid. Also,
let e be a mapping of the set Q"™ into the set Q™. Then, we say that e is a
{1,n —m + 1}—neutral operation of the (n,m)—groupoid (Q; A) iff for every
sequence a?—2m over Q) and for every z* € Q™ the following equalities hold

A, a} ™ e(al™?™)) = 2 and A(e(a}™>™),al ™ ) = 2.

Remark. For m =1 e is a {1,n}—neutral operation of the n—groupoid (Q; 4) [5].
Cf. Chapter II in [11].

Proposition 1.3. [6]: Let n > 2m and let (Q; A) be an (n,m)—groupoid. Then
there is at most one {1,n — m + 1} —neutral operation of (Q; A).

b)
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1(@; A) is an (n, m)—semigroup.
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Proposition 1.4. [6]: Every (n,m)—group (n > 2m) has a {1,n—m+1}—neutral
operation.
See, also [10].

Remark. The paper [2] is mainly a survey on the known results for vector valued
groupoids, semigroups and groups (up to 1988).

2. AUXILIARY PART
Definition 2.1. Let (Q; A) be an (n,m)—groupoid; n > m. Then:
1
(a) A 4; an
(B) For every s € N and for every o{**V "™+ ¢

sj—ll(mgs+1)(n m)+m)défA(A(z.;(n m)—l—m) (s+1)(n—m +m)

' s(n—m)+m+1

Proposition 2.2. Let (Q; A) be an (n,m)— sengroup and s € N. Then, for every

gD O and for every t € {1,...,s(n —m) + 1} the following equality
holds
s+1 s
( (s+1)(n— m)+m) . A(xtl,_l A( t+n— 1) (s+1)(n m)+m)
Proposition 2.3. [1]: Let (Q; A) be an (n,m)—semigroup and (i,j) € N?. Then,

for every J:UH)(" B Q and for allt € {1,...,i(n —m) + 1} the following
equahty holds

(H' Y n—m)+ t+j(n—m)+ 1 i+7)(n—m)+
A (pranmtmy _ g1, Y (gtHnmbme [T A i
Prop051t10n 2.4. [1] Let (Q;A) be an (n,m)—group, n > 2m and let s € N.

Then, (Q;A) is an (s(n —m) +m,m) — group.

3. MAIN PART

Definition 3.1. Let (Q; A) be an (n,m)—group and n > 2m + 1. Further on, let
~ be a mapping of the set Q) into the set Q™. Then, we shall say that mapping ~ is
a skew operation of the (n,m)—group (Q; A) iff for each a € Q there is (evactly
one) @ € Q™ such that the following equality holds

(0) A("a" @) =4
Remark. For m = 1 skew operation is introduced in [3].

Proposition 3.2. Let (Q; A) be an (n,m)—group and n > 2m + 1. Then for all
i€{l,...,n—m+ 1} and for every a € Q the following equality holds

i—1 n—(i—14+m) m

A(Ca,a, "a )=a.
Sketch of the proof.
AT 998 >
A(ial’A(nam,_) n—(i— 1+m)) —A(z 1m n—(z—1+m)) i

AC, AT E), " ™) = A(Z)‘él
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i—1 n—(i—14m)

g ¥
AC, G add g ) = AG) =

- G —(i—1 — .
A", ACE 8T = A B
Afaa ™) =

Proposition 3.3. Let (Q; A) be an (n,m)—group and n > 2m + 1. Then for all
a, i € Q the equality
A(z;","—zfm,a) =g
holds.
Sketch of the proof.
A@m," 3", 8) =yl =
AAGep,"E",0), 3" = AP, W) 2
—m .

A(Em," 3™ A" dM) = AP, a2
Az, n_gm, '3) = A(y{","a’”) =
A, "a") = AP, ") 2 = o

Theorem 3.4. Let n > 2m + 1, (Q; A) be an (n,m)—group, e its {L,n —m +
1} —neutral operation and ~ its skew operation. Then for all a € Q the following
equality holds

a=e("d™).

Sketch of the proof.
—2m _.3. -2 = ,
Ap," " @) e A Ak, " e("a ™) e =
n—=2m n— 1.1(D)— n—2m
a=e{ a ).

AT, a ,a)= A(:ci",n—an,e( c%m))
Theorem 3.5. Let (Q; A) be an (n,m)—group, e its {1,n — m + 1} —neutral op-

eration, ~ its skew operation and n > 3m. Then for every sequence a?~ ™% over
Q the following equality holds
m m n—2m-1__ n—3m _ n—3m, -
E(al)""an—-m-'rl): A (an—m—ls apn—m+1,---,01, Qa1 )2;

where E is the {1,m(n — m) + 1} —neutral operation of (m(n —m) +m,m)—group
m

(@; A).

Sketch of the proof.

5
m n—2m-1 n—3m n—3m

é(n—ii—l(an—m—l’ Gnomits 581, 1), 1, ,Eln_m_l,x?l):"él

O e SN i RO R M0

n—-m_2(e( (f R )y« O s g oo o ,A(e(" a1m)a yla1m, 7111, 7(711,2), 7(71,13, . 7zln—m-1,.'l:in)
A (@M amme1), Gmemty ey G2, By Gy, 2T =

1.2
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-2 -3
A(e(n a?—m—l), " arr’:—-m—ly rgn——m—lq I;n) =
-2 -2 1.2
Ae(" @ n-m-1)," @ n-m-1,27") =T
n—m-—1

Hence, by Prop. 2.4 and Prop. 1.4, we conclude that for every sequence a;
over @ and for all z7* € Q™ the following equality holds
m n—2m-—1 _ - n—2 -3 1 m
A( A (e(n 0‘2"7:_"1_1)’" a:’irfr:—m—17'"7e(nalm)1na1m)’r&11'~'1aﬂ-m—lazin) ==
m
A(E(‘rgl) .. 7Tgn—m—.1)7&q1 e ’rgn—m—lam{n)a
where E is the {1, m(n —m) + 1}—neutral operation of (m(n —m) +m, m)—group

(@; :Z) Finaly, whence, by Def. 1.1, we conclude that the proposition holds.
For m =1 Th. 3.5 is reduced to:

Theorem 3.6. [13] Let (Q; A) be an n—group, e its {1,n}—neutral operation, ~

its skew operation and n > 3. Then for every sequence a?“z over @ the following

equality holds
n—3 _ -
e(al™) = A (En_g,nas_g, ...,01, ala).
Remark. See, also VIII-2.9 and Appendix 2 in [11].

Remark 3.7. In [9] topological n—groups for n > 2 are defined on n—groups as
algebras (Q; A,™1) of the type < n,n—1 > [[7],(8]; ¢f. Ch. II and Ch. IX
in [11]]. In [12] topological n—groups for n > 3 are considered on n—groups as
algebras (Q; A,~ ) of the type < n,1 > [[4]]. In[9] it is proved that for n > 3 these
definitions are mutually equivalent. The key roole in the proof had Theorem 3.6.
About topological n—groups see, also, Chapter VIII in [11].

REFERENCES

[1] G. Cupona, Vector valued semigroups, Semigroup Forum, 26 (1983), 65-74.
[2] G. Cupona, N. Celakoski, S. Markovski and D. Dimovski, Vector valued groupoids, semi-
groups and groups, in: Vector valued semigroups and groups, (B. Popov, G- Cupona and
N. Celakoski, eds.), Skopje (1988), 1-78.
[3] W. Doérnte, Untersuchengen iiber einen verallgemeinerten Gruppenbegriff, Math. Z. 29
(1928), 1-19.
[4] B. Gleichgewicht, K. Glazek, Remarks on n—groups as abstract algebras, Collog. Math. 17
(1967), 209-219.
[5] J. Usan, Neutral operations of n—groupoids, (Russian), Rev. of Research, Fac. of Sci. Univ.
of Novi Sad, Math. Ser. 18, 2 (1988), 117-126.
[6] J. Usan, Neutral operations of (n, m)—groupoids, (Russian), Rev. of Research, Fac. of Sci.
Univ. of Novi Sad, Math. Ser. 19, 2 (1989), 125-137.
[7] J. Usan, A comment on n—groups, Rev. of Research, Fac. of Sci. Univ. of Novi Sad, Math.
Ser. 24, 1 (1994), 281-288.
[8] J. Usan, n-groups as variety of type < n,n — 1,n — 2 > , in: Algebra and Model Theory,
(A.G. Pinus and K.N. Ponomaryov, eds.), Novosibirsk 1997, 182-208.
[9] J. Usan, On topological n—groups, Math. Mor. 2 (1998), 149-159.
[10] J. Usan, Note on (n,m)—groups, Math. Moravica 3 (1999), 127-139.
[11] J. Usan, n-groups in the light of the neutral operations, Math. Moravica Special Vol.
(2003), monograph.
[12] M. Zizovi¢, Topological analogy of Hosszi-Gluskin’s Theorem, (Serbo-Croatian), Mat. Ves-
nik 13(28) (1976), 233-235.



SKEW OPERATION ON (n,m)-—GROUPS 5

[13] M. Zizovi¢, On {1,n}—neutral, inversing and skew operations of n—groups, Math. Mor. 2
(1998), 169-173.

DEPARTMENT OF MATHEMATICS AND INFORMATICS,, UNIVERSITY OF NOVI SAD, TRG D. OBRADOVICA
4, 21000 NovI SAD, SERBIA AND MONTENEGRO

FAacuLTy OF TEHNICAL SCIENCE,, UNIVERSITY OF KRAGUIJEVAC, SVETOG SAVE 65, 32000
CACAK, SERBIA AND MONTENEGRO



